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PREFACE 


his book is meant for students who aspire to join the Indian Institute of Technologies (IITs) and 

various other engineering institutes through the JEE Main and Advanced examinations. The content 
has been devised to cover the syllabi of JEE and other engineering entrance examinations on the topic 
Functions and Graphs. The book will serve as a text book as well as practice problem book for these 
competitive examinations. 


As a tutor with more than thirteen years of teaching this topic in the coaching institutes of Kota, 
I have realised the need for a comprehensive textbook in this subject. 


I am grateful to McGraw-Hill Education for providing me an opportunity to translate my years of 
teaching experience into a comprehensive textbook on this subject. 


This book will help to develop a deep understanding of the topics through concise theory and 
problem solving. The detailed table of contents will enable teachers and students to easily access their 
topics of interest. 


Each chapter 1s divided into several segments. Each segment contains theory with illustrative ex- 
amples. It is followed by Concept Problems and Practice Problems, which will help students assess the 
basic concepts. At the end of the theory portion, a collection of Target Problems have been given to 
develop mastery over the chapter. 


The problems for JEE Advanced have been clearly indicated. 


The collection of objective type questions will help in a thorough revision of the chapter. The 
Review Exercises contain problems of a moderate level while the Target Exercises will assess the students’ 
ability to solve tougher problems. For teachers, this book could be quite helpful as it provides numerous 
problems graded by difficulty level which can be given to students as assignments. 


I am thankful to all teachers who have motivated me and have given their valuable recommenda- 
tions. I thank my family for their whole-hearted support in writing this book. I specially thank Mr. Devendra 
Kumar and Mr. S. Suman for their co-operation in bringing this book. 


Suggestions for improvement are always welcomed and shall be gratefully acknowledged. 


Vinay Kumar 
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BASICS 


1.1 | INTRODUCTION TO 
FUNCTIONS 


A function is any process where numerical input 
is transformed into numerical output with the 
operating restriction that each unique input must 
lead to one and only one output. 


Function Name 


Processing 
Rule 


A function f from a set A to a set B is a rule 
of correspondence that assigns to each element x 
in the set A exactly one element y in the set B. 
The set A is the domain which is the set of inputs 
of the function f, and the set B is the co-domain 


Input Side Output Side 


CHAPTER 


which contains the outputs. The actual set of out- 
puts is called the range of the function. 

Usually, after having agreed on a domain and 
a co-domain, f is given by a rule, e.g. f(x) = x’, 
f(t) = sin t, fn) =n+ 1. 

We sometimes use a diagram to describe a 
function; for example, the diagram below de- 
scribes the function f : A — B, where A = {-2 , 
—1, 0, 1} is the domain of f, B = { 0, 1, 2, 4} is its 
co-domain, and f= {(1, 1), (1, 1), (0, 0), (-2, 4)}. 
The set f(A) = {0, 1, 4} is the range. 


Observe that the range of f is always a subset of 
the co-domain. Observe carefully the distinction 
between f(x) and f : whereas f(x) is an element of 
the co-domain, fis the rule of assignment, conve- 
niently expressed as a subset of A x B. 
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Here, we will only study real valued func- 
tions of a real variable. These are functions where 
both the input and output variable must be a real 
number. 

We often drop the formal notation, which in- 
volves its name, specifications of domain and co- 
domain, direction of relation etc. Rather, we work 
with the rule alone. For example, 

f(x) =x? + 2x+3 

This simplification is based on the fact that 
domain, co-domain and range are subsets of real 
numbers. In case these sets have some specific in- 
tervals other than “R” itself, then we mention the 
same with a semicolon (;) or a comma(,) or with a 
combination of them: 


f(x) = V(x +1)? -1:x<-2,x>0 


Note that the interval “x <—2, x > 0” specifies 
a subset of real numbers and defines the domain 
of function. In general, co-domain of real func- 
tion is “R”, 

In some cases, we specify domain, which in- 
volves exclusion of certain value(s), like: 


f(x) = eal 
l-x 


This means that domain of the function is 
R - £1}. 

The domain of a function may be explicitly 
described along with the function, or it may be 
implied by the expression used to define the func- 
tion. The implied domain is the set of all real 
numbers for which the expression is defined. 


For instance, the function f(x) = has an 


2 
x? - 
implied domain that consists of all real x other 
than x = +2. These two values are excluded from 
the domain because division by zero is undefined. 
Another common type of implied domain is used 
to avoid even roots of negative numbers. For ex- 
ample, the function f(x) = Vx is defined only for 
x > 0. Hence, its implied domain is the interval 


[0, °9). 
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The range of a function is more difficult to 
find, and can best be obtained from the graph of 
the function. 


| EXAMPLE 1.1 Find the domain of each of 


the following functions. 


(1) f: {(-3, 0), (-l, 4), (0, 2), (2, 2), (4, — 1)} 


‘ 4 
(ii) Volume of a sphere : V = 5 m° 


(ili) g(x) = Gv) h(x) = v4—x 


| SOLUTION 


(i) The domain of f consists of all first coor- 
dinates in the set of ordered pairs, and is 
therefore the set {-3, —1, 0, 2, 4}. 


(ii) For the volume of a sphere we must choose 
positive values for the radius r. Thus, the 
domain is the set of all real numbers r such 
that r > 0. 


(iii) Excluding x-values that yield zero in the 
denominator, the domain of g is the set of 
all real numbers with x #—5. 


(iv) Choose x-values for which 4 — x > 0. The 
domain is all real numbers that are less than 
or equal to 4. 


The Graph of a Function 


Earlier we studied functions from an algebraic 
point of view. Here we will study functions from 
a geometric perspective. The graph of a function 
f is the collection of ordered pairs (x, f(x)) such 
that x is in the domain of f. The following is the 
geometrical interpretation of x and f(x). 

x = the directed distance from the y-axis. 

f(x) = the directed distance from the x-axis. 


| EXAMPLE 1.2 Using the graph of the func- 


tion f, shown in figure (i) find the domain of f 
(11) find the function values f(—1) and f(2) (ai) find 
the range of f. 
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Domain 


(-1, —2) 


| SOLUTION 


(i) The closed dot (on the left) indicates that 
x = -1 is in the domain of f, whereas the 
open dot (on the right) indicates x = 4 is not 
in the domain. Thus, the domain of f is all x 
in the interval [-1, 4). 


(11) Because (—1, —5) is a point on the graph of 
f, it follows that f(—1) = —5. Similarly, be- 
cause (2, 4) is a point on the graph of f, it 
follows that f(2) = 4. 


(iii) Since the graph lies between fl) = —5 and 
f(2) = 4, the range of fis the interval [-5, 4]. 


The Vertical Line Test 


Which curves in the xy-plane are graphs of func- 
tions? This is answered by the following test. 

A curve in the xy-plane is the graph of a func- 
tion of x if and only if no vertical line intersects 
the curve more than once. 


The reason for the truth of the vertical line test 
can be seen in the figure. If each vertical line x =a 


Basics 


intersects a curve only once, at (a, b), then exactly 
one functional value is defined by f(a) = b. But 
if a line x = a intersect the curve twice, at (a, b) 
and (a, c), then the curve cannot represent a func- 
tion because a function cannot assign two differ- 
ent values to a. 


For example, the parabola x = y” — 2 shown in 
Figure (a), is not the graph of a function of x be- 
cause, as you can see, there are vertical lines that 
intersect the parabola twice. 

The parabola, however, does contain the graphs 
of two functions of x. Notice that the equation 
x = y’ —2 implies y? =x + 2, so y = +Vx4+2. 
Thus, the upper and lower halves of the parabola 
are the graphs of the functions 


f(x) = vVx+2 [Figure (b)] and 


g(x) =—vx+2 [Figure (c)]. 


(a) y2=x+2 


(b) y = Vx+2 
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(c) y =—yxt2 
Polar Coordinates 


Up to now we have located points in the plane 
with rectangular coordinates. We can also locate 
them with polar coordinates. This is done as follows. 
Let P be a point distinct from the origin. Suppose 
the line segment joining P to the origin has length 
r > 0 and makes an angle of @ radians with the 
positive x-axis. 

The two numbers r and 0 are called polar co- 
ordinates of P. They are related to the rectangular 
coordinates (x, y) by the equations 

x =rcos 0, y =rsin@ (1) 


The positive number r is called the radial dis- 
tance of P, and @ is called a polar angle. 
The radial distance r is uniquely determined, 


r= x’ +y” , but the polar angle 0 is determined 
only up to integer multiples of 27. 

The set of all points with polar coordinates 
(r, 0) satisfying r = f(0) is called the graph of f in 
polar coordinates. The equation r = f(Q) is called 
the graph of f in polar coordinates. The equation 
r = f(Q) is called a polar equation of this graph. 

For some curves, polar equations may be sim- 
pler and more convenient to use than Cartesian 
equations. For example, the circle with Cartesian 
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equation x” + y” = 4 has the simpler polar equation 
r=2. The equations (1) show how to convert from 
rectangular to polar coordinates. 


Graphical Solution of Equations by 
Intersection of Graphs 


An equation is a statement that two algebraic 
expressions are equal. To solve an equation in x 
means to find all values of x for which the equa- 
tion is true. Such values are solutions. For instance, 
x = 41s a solution of the equation 3x — 5 = 7, be- 
cause 3(4) — 5 = 71s a true statement. 

To solve the equation f(x) = g(x) graphically, 
we draw the graphs of y , = f(x) and y, = g(x). The 
x-coordinate of any point of intersection of the 
two graphs is a solution of the equation. 

Consider the graph shown below: 


From the graph, we observe that the equation 
f(x) = g(x) has two solutions. The solutions of the 
equation are x, and x,, which are the x-coordi- 
nates of the points of intersection. 

An equation that is true for every real number 
in the domain of the variable is an identity. For 
instance, x” — 9 = (x + 3) (x — 3) is an identity 
because it is a true statement for any real value 
of x. Similarly, x/(3 x 2) = 1/x), where x # 0, is 
an identity because it is true for any non-zero real 
value of x. 


Inequality 


Inequality is an important concept in understand- 
ing function and its properties — particularly do- 
main and range. Many function forms are valid 
in certain interval(s) of real numbers. This means 
definition of function is subjected to certain 
restriction of values with respect to dependent 
and independent variables. The restriction is gen- 
erally evaluated in terms of algebraic inequalities, 
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which may involve linear, quadratic, higher de- 
gree polynomials or rational polynomials. 
Standard deductions on inequalities: 


(i) Equal numbers can be added or subtracted 
to both sides of an inequality. 


(ii) Both sides of an inequality can be multi- 
plied or divided by a positive number with- 
out any change in the inequality relation. 


(iii) Both sides of an inequality can be multi- 
plied or divided by a negative number with 
reversal of inequality relation. 


(iv) Both sides of an inequality can be squared, 
provided expressions are nonnegative. As a 
matter of fact, this conclusion results from 
rule that we can multiply both sides with a 
positive number. 


(v) When both sides (with same sign) are replaced 
by their reciprocal, the inequality is reversed. 

Equivalently, we may state the above deduc- 
tions as: 
If x> y, then: 

xta>yta 

ax>ay; a>0O 

ax<ay; a<0 

x >y, x, y>0 

1 1 

x < oo when x and y have same sign. 

It is evident that we can deduce similar conclu- 
sions with the remaining three inequality signs. 


&> 


(i) Posittve number means x > 0 (excludes “0”). 

(11) Negative number means x < 0 (excludes “0”). 

(111) Non-negative number means x > 0 (includes 
“0”), 

(iv) Non-positive number means x < 0 (includes 
“0”). 


Graphical Solution of Inequality by 
Intersection of Graphs 

To solve the inequality f(x) < g(x) graphically, 
we draw the graphs of y, = f(x) and y, = g(x). 
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The x-coordinates of the points of intersection 
of the two graphs are solutions of the equation 
f(x) = g(x). 

The solution of the inequality f(x) < g(x) con- 
sists of x-coordinates of all points lying on the 
graph of y, = f(x) which lie below the graph of 
Y¥2 = g(x). 

In the figure shown above, the solution of the 
inequality f(x) < g(x) is x} <x < X. 


1.2 | IMPORTANT TYPES OF 
FUNCTIONS 


In mathematics, we deal with specific real func- 
tions, which are characterised by specific domain, 
range and rules. Some of the familiar functions 
are polynomial, rational, irrational, trigonometric, 
exponential, logarithmic functions and piecewise 
defined functions, etc. These functions are further 
combined to form more complex functions fol- 
lowing certain definition or rule so that the func- 
tion is meaningful for real values. 

There are varieties of functions. These func- 
tions are broadly classified under three headings: 


(i) Algebraic Functions 


An algebraic function is one which is obtained 
by performing with the variable and known con- 
stants any finite number of operations of addition, 
subtraction, multiplication, division and extrac- 
tion of integral roots. Polynomials, rational and 
irrational functions are algebraic. 

The function y = f(x) is an algebraic function 
of x, if y is the root of an equation of the nth de- 
gree in y whose coefficients are polynomial func- 
tions of x, 

Py (x) y"+P, (x) y™ +... +P, @y +P, (&) = 0 
where n is a positive integer and Pp (x), P, (X)........... 
are polynomials in x. 

x2 —9x3/2 


For example, y = x*-3x+2,y = ; 
x — 


etc. are algebraic functions. 
We shall assume that the above equation is 
irreducible, that is to say it is incapable of reso- 
lution into factors whose coefficients are also 
rational functions of x. 
For example the equation y* — x? = 0 is 


2 
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reducible, since it implies that either y” + x = 0 
or else y” — x = 0, and each of these equations is 
irreducible. 

y= Ix | is an algebraic function, since it satis- 
fies the equation y* — x” = 0. 

Note that y= 1+x+x?+x?+... +c ig not an 
algebraic function. 


(ii) Transcendental Functions 


All functions which are not algebraic like trigo- 
nometric, inverse trigonometric, exponential and 
logarithmic functions are called transcendental. 
This is a wide class of functions, and includes 
such well known functions as sin x, cos x and 
log x, as well as many which are less familiar. 


(iii) Piecewise Defined Functions 


These are functions which are defined by differ- 
ent formulae in different parts of their domains, 
like modulus, greatest integer, least integer, frac- 
tion part functions, etc. 


| EXAMPLE 1.1 A function f is defined by 


F l1-x if x<l 
x)= 
9) x? if x>1 


Evaluate f(0), (1) and f(2) and sketch the graph. 


| SOLUTION For this function the rule is as 


follows: 

First look at the value of the input x. If it happens 
that x < 1, then the value of f(x) is 1 — x. On the 
other hand, if x > 1, then the value of f(x) is x”. 

Since 0 < 1, we have f(0) = 1-0=1 

Since 1 < 1, we have f(1) = 1-—1=0 

Since 2 > 1, we have f(2) = 27 = 4. 

How do we draw the graph of f ? We observe 
that if x < 1, then f(x) = 1 — x, so the part of the 
graph of f that lies to the left of the vertical line 
x = 1 must coincide with the line y = 1 — x, which 
has slope —1 and y-intercept 1. If x > 1, then 
f(x) = x’, so the part of the graph of f that lies to 
the right of the line x = 1 must coincide with the 
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graph of y = x’, which is a parabola. This enables 
us to sketch the graph. The solid dot indicates that 
the point (1, 0) is included on the graph; the hol- 
low ring indicates that the point (1, 1) is excluded 
from the graph. 


1.3 | LINEAR FUNCTION 


A real polynomial, simply referred as polynomial 
in our study, is an algebraic expression having 
terms of “x” raised to nonnegative numbers, sepa- 
rated by “+” or “—” sign. 

A real polynomial function in one variable is 
an algebraic expression having terms of real vari- 
able “x” raised to nonnegative numbers. The gen- 


eral form of representation is: 
f(x) =a) + a,x + ax +... +a,x" 


or f(x) = ax" + a,x") +a x"? +. ta, 

Here, ap, a), ......, a, are real numbers. For real 
function, “x” is real variable and “n” is a non- 
negative number. An expression like 2x” + 2 is 
a valid polynomial in x. But, x + 1/x is not as 
I/x = x has negative integer power. Also, 
3x1? + 2x is not a polynomial as it contains a 
term with fractional power. 

Sum and difference of two real polynomials is also 
a polynomial. Its domain is the real number set R. 

A polynomial function is further classified on 
the basis of 


(1) numbers of terms, eg., monomial, binomi- 
al, trinomial, etc. 


(ii) numbers of variables involved, eg., func- 
tion in one or two variables and 
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(iii) degree of the polynomial, eg., linear, qua- 
dratic, cubic, biquadratic, etc. 


Degree of Polynomial Function 


The highest power in the expression is the degree 
of the polynomial. The degree of the polynomial 
x? + x*+ 3 is 3. The degree “1” corresponds to 
linear, degree “2” to quadratic, “3” to cubic and 
“4” to biquadratic polynomial. The general form 
of quadratic function is: 

f(x) = ax? + bxt+c; a,b,c Ee R;a#0 

Note that “a” can not be zero because degree of 
function reduces to 1. Extending this requirement 
for maintaining degree of polynomial, we define 


a polynomial of degree “n” as: 
f(x) = ax" + ayx™ }t+a x" 7+... + ay ay #0 


Zero Polynomial 


The function is defined as: y = f (x) = 0 

The polynomial “0”, which has no term at all, 
is called zero polynomial. The graph of zero poly- 
nomial is the x-axis itself. Clearly, domain is the 
real number set R, whereas range is a singleton 
set {0}. 


Constant Function 


It is a polynomial of degree 0. The value of con- 
stant function is constant irrespective of values of 
x. The image of the constant function (y) is con- 
stant for all values of pre-images (x). 


y =f(x)=c 
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The graph of a constant function is a straight 
line parallel to x-axis. As “y = (f(x) =c” holds for 
real values of x, the domain of constant function 
is R. On the other hand, the value of y is a single 
valued constant, hence range of the constant func- 
tion is a singleton set {c}. 

For example, f:R—R 

f(x) =1 


EXAMPLE 1.1 If f(x) = cos 4x — 8 cos'*x 


+8 cos’x, find f(1/9). 


| SOLUTION 


f(x) =2 cos” 2x — 1 — 8 cos*x + 8 cos’x 


= 2( 2cos2 x — 1)? -— 1-8 cos*x + 8 cos’x 


=2-1=1 
Thus, f(x) = 1, is a constant function for x € R. 
. f(7/9) = 1. 


Linear Function 
Linear function is a polynomial of degree 1. 


f(x) =apx +a, 
It is also expressed as: 


Functions and Graphs for JEE Main & Advanced 


f (x) =mx+c 


The graph of a linear function is a straight line. 
The coefficient of x i.e. m is slope of the line and 
cis y-intercept, which is obtained for x = 0 such 
that £(0) =c. It is clear from the graph that its do- 
main and range both are real number set R. 

The graph of y = ax + b when b > 0 and “a” 
changes sign is shown below. 


Identity Function 


The dependent (y) and independent (x) variables 

have same value. It is a linear function in which m=1 

and c = 0. An identity function is represented as: 
f:A—-A 
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y =f (x) =x. 


The graph of identity function is a straight line 
bisecting first and third quadrants of the coordi- 
nate system. 


Note 


That slope of straight line is 45°. It is clear from 
the graph that if its domain is R then the range is 
also R. 
For example, f:R—R 
f(x) =n e* =x, is an identity function 
forxe R 


However, y = e"™ = x, is an identity function 
for x € R°. Its graph is shown below. 


| EXAMPLE 1.2 Let f be a linear function for 


which (6) — f(2) = 12. Find the value of f(12) — (2). 


PSOLUTION Since the slope of linear func- 


tion is constant 
S(6)-f(2) _ f2)- f(2) 
6-2 12-2 


= f (12) -f(2)=30. 


Linear Inequalities 


Each of the inequalities 
2x+3>4,3x-4<2x+5,and3 >-5x+ 4is 
a linear inequality in the variable x. 
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| EXAMPLE 1.3 Solve the linear inequality 


5x —7>3x + 16. 


PSOLUTION 5x —-7> 3x + 16 


5x > 3x + 16 

5x —3x > 16 

2x > 16 

x >8 

Thus, the solution set consists of all real num- 
bers that are greater than 8. The interval notation 
for this solution set is (8, co). The number line 
graph of this solution set is shown in the figure. 


Oo > 
—$- $j $$ ___} > 
6 7 8 9 10 * 


Solution interval: (8, °) 
| CAUTION Remember that when you 
wm Multiply or divide an inequality 
by a negative number, you must reverse the 
inequality symbol. 


tEXAMPLE 1.4 Solve the linear inequality 


3 ; 
] - = > x — 4 algebraically as well as graphi- 
cally. 


vs) 


| SOLUTION !- . a4 
2-—3x>2x-8 
—3x > 2x — 10 
—5x >—10 
xs 2, 

The solution set consists of all real numbers that 
are less than or equal to 2. The interval notation for 
this solution set is (—c°, 2]. The number line graph 
of this solution set is shown in Figure (a). 


0 l 2 3 
Solution interval: (— °°, 2) 
(a) 
Graphically, the given inequality can be solved 
by sketching the graphs of the left and right sides. 
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3x 


f(x)=1- es and g(x)=x-4. 


f(xy=1-— 
w=1--; 


(b) 

From Figure (b) the graphs appear to intersect 
at the point (2, —2). This is confirmed by the fact 
that {(2) = —2 = g(2). Moreover, the graph of f 
lies above the graph of g to the left of their point 
of intersection, which implies that f(x) > g(x) for 
x= 2, 


EXAMPLE 4.5 Find the values of “a” for 


. 2x-3 ,x<l 
which the function f(x) = 
ax+2a-3 ,x21 


is negative for all real x. 


| SOLUTION Since fis negative for all real x, 


fl) =3a-3<0 >a<1. 
Further the slope should be nonpositive when 
f(x) =ax + 2a-—3 
=>ac< 0. 
Hence, a € (—°, OJ. 


| EXAMPLE 1.6 Find the values of “a” for which 


f(x) < g(x), for x € R, 


x+l , xs2 
where f(x)= 5 a , x=2 and 
4-x , x>2 
o 4, x<4 
X) = 
: 0, x24 


| SOLUTION We solve this problem graphically. The 


idea is that the graph of f should lie below the graph of g 
for all x. 
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We can see that f(x) < g(x), for x ER ifa<4. 


Region Represented by a Linear 
Inequality 


To find the region represented by linear inequalities 
ax + by <c and ax + by >c, we proceed as follows: 
(i) Convert the inequality into equality to ob- 
tain a linear equation in x, y. 
(11) Draw the straight line represented by it. 
(iii) The straight line obtained in (11) divides the 
xy-plane in two parts. 

To determine the region represented by the in- 
equality choose some reference point, for example, 
origin or some other point on the coordinate axes. 

If the coordinates of the reference point satisfy 
the inequality, the region (half-plane) containing 


Telegram @unacademyplusdiscounts 


the reference point is the required region, other- 
wise the region not containing the point is the re- 
quired region. 


| EXAMPLE 1.7 Mark the region represented by 


3x + 4y < 12. 


| SOLUTION Converting the inequality into equa- 


tion we get 3x + 4y = 12. 

This line meets the coordinate axes at (4, 0) 
and (0, 3) respectively. We join these points to 
obtain a straight line represented by 3x + 4y = 12. 

This straight line divides the plane in two 
parts. One part contains the origin and the other 
does not contain the origin. Clearly (0, 0) satisfies 
the inequality 3x + 4y < 12. So, the region con- 
taining the origin is the region represented by 
3x + 4y < 12. This is shown in the figure here. 


WI PRACTICE PROBLEMS [A] 


1. Find the domain of each of the following functions: 


(i) y =f(x) = V2x-3 
(iii) y = f(x) = 1/(x’-1) 


Solve the inequality, ax < 1 


Solve the inequality, a” + ax <1-x. 


as So oe 


one solution. 


Gi) y=f(x) = 1/(x+ 1) 
(iv) y=f(x)= v-1/x 
Solve the following equation , (a” — 9) x =a° + 27. 


rand s are integer such that 3r > 2 s—3 and 4s>r-+ 12. Find the smallest value of - 


Find the number of positive integral roots of the equation m x =m+ 15x,m EN 


Find the complete set of values of ‘a’ for which the system ax — 1 <0, x —4a> 0 possesses at least 


8. Determine all non-negative integral pairs (x, y) for which (xy — 7)? =x’? + y’. 
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1.4 | QUADRATIC FUNCTION 


The second degree polynomial function 


f(x) = ax*+bx+c, a#0, 


is called a quadratic function. The domain of the 
function is x € R. The graph of the function is a 
parabola with vertical axis. 


In general, y =ax’+bx+c 


b\/ b* — 4ac 
=s y=a\x+—]| - 
2a 4a 
(s+3) -2 
— y= x+—] -— 
2a 4a 


where D = b* -4ac. 


The graph of y = ax? + bx + c is a parabola with 
b b 6 D ; 
axis x = — — and vertex (-3..-2] , which 
2a 2a 4a 
opens upward if a > 0 and downward if a < 0. We 
first draw the graph of y = x’. 


The graph of y = x’ is symmetric about the 
y-axis. The point of intersection of the parabola 
with its axis of symmetry is called the vertex of 
the parabola. The vertex of the parabola y = x’ is 
origin (0, 0). 


Also note that the function y = x” increases on 
the interval (0, eo) and decreases on the interval 
(00, 0). 

The graph of f(x) = -x* - 6x -— 8 = +(x +3)+1 
is shown in the figure. 
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f(x) =—x2- 6x — 8 
=(x+3)2 +1 


(-6,-8) (0, —8) 


The parabola is the graph of y = x’, translated 
3 units to the left and 1 unit upward. It opens 
downward because of the negative sign before 
(x + 3)’. The line x = -3 is its axis of symme- 
try, since if it were folded along this line, the two 
halves would coincide. The vertex, (—3, 1), is the 
highest point on the graph. The domain is (—c°, 2) 
and the range is (—-c°, 1]. The function increases 
on the interval (—ce, —3] and decreases on [-3, 9). 
Since f(0) = -8, the y-intercept is -8 , and since 
f(—4) = f(-2) = 0, the x-intercepts are —4 and —2. 


Concavity 


f(x) = ax* + bx +, f(x) = ax* + bx +c, 


a>0 a<0 
This graph is This graph is 
concave up. concave down. 


Using the quadratic function graph as an illus- 
tration, we see that if a > 0, the graph is at all 
times opening upward. If water were to be poured 
from above, the graph would, in a sense, “hold 
water.” We say that this graph is concave up for 
all values in its domain. On the other hand, if 
a < 0, the graph opens downward at all times, 
and it would similarly “ dispel water” if it were 
poured from above. In this case, the graph is con- 
cave down for all values in its domain. 

A formal discussion of concavity will be done 
later. 
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Maximum/ Minimum Values of a Qua- 
dratic Function 


For the quadratic function f(x) = ax’ +bx+c, 


(a) 


(b) 


—b -D)\. 
if a> 0, the vertex (=. =} is called the 


a 4a 
minimum point of the graph. The minimum 
—b —D 
value of the function is f (=) — 
2a 4a 


if a < 0, the vertex (=. =} is called the 
2a 4a 
maximum point of the graph. The maximum 


value of the function if f (=) = = 
2a 4a 


The figures illustrate these points. 


x 


f(x) = ax? + bx +c, 
a>0 


2, -D is the minimum point 
2a Aa P ; 
(a) 


Y 


f(x) =ax?+bx+c, |/zb., -D 
a<0 


es , al is the maximum point. 


(b) 
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| EXAMPLE 1.1 Give the coordinates of the 


extreme point of the graph of each function, and 
the corresponding maximum or minimum values 
of the function. 

(a) f(x) = 2x*+ 4x - 16 

(b) f(x) =-x?-6x-8 

SOLUTION 


(a) The vertex of the graph of this function is 
(—1, 18). It opens upward since a> 0, so the 
vertex (—1, —18) is the minimum point and 
—18 is the minimum value of the function. 

(b) The vertex (-3, 1) is the maximum 
point and f(—3) = 1 is the maximum value 
of the function. 


End Behaviour of the Graph of a Quadratic 
Function 


We know that if the value ofa is positive for the quadrat- 
ic function f(x) =ax’ + bx + c, the graph opens upward, 
and if ais negative, the graph opens downward. The sign 
of a determines the end behaviour of the graph also. If 
a > 0, as x approaches —ce or oo (writing x — —co or 
x — co), the value of f(x) approaches © (written f(x) > 
co), The other situations similar to this are summarized 
below. 


f(x) = ax? + bx +c. f(x) = ax? + bx +c. 


If a> 0, Ifa <0, 
as xX — —00, f(x) — ©9; as x — co, f(x) > — ©; 
as X — co, f(x) > ©, as x > ©, f(x) > — ©», 
The graph of a quadratic function can be con- 
structed with the following technique : 


(i) Plot the axis x = -> and the vertex 
a 


(ii) Find the real roots of the quadratic func- 
tion, if any, and plot the corresponding 
points of the parabola on the x-axis. 
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(iii) Mark (0, c), the point of intersection of the 
parabola with the y-axis. 


(iv) The parabola is drawn, with mouth open- 
ing upwards if a>0 and downward if a<0. 


It is easy to check that the x coordinate of the ver- 


. at 
tex is p where a, B are roots of the quadratic 


function. So, once we mark the roots (real) on the 
X-axis, we draw the axis of the parabola as a ver- 
tical line midway between the roots. If the roots 
are equal, the axis is drawn there itself. 


| EXAMPLE 1.2 Construct the graph of 


(a) y =—2x*-4x+6 
(b) y =2x’-4x-1 


| SOLUTION 


(a) The vertex is (-1, 8) using the formula 
D 
——,—— |. The axis of symmetry is x =-1. 
2a 4a 
y = —-2x* — 4x + 6 = -2(x — 1x + 3). 
Hence the roots are x = 1, —3. Observe that 


1+(-3 , 
Pa) = —] is the abscissa of the vertex. 


The graph has an y intercept of 6 units. 
Since a =-— 2 < 0, the parabola is drawn 
opening downward. 


(b) We can transform y = 2x” — 4x — 1 as 
y = 2(x- 1)*-3. Hence the vertex is (1, -3). 


3 
The roots are 1 + fe : 
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| EXAMPLE 1.3 Construct the graphs of 


(a) y=x’-4x+4 
(b) y=-x’+2x-2 
SOLUTION 


(a) The vertex is (2, 0). Notice that the graph 
will touch the x-axis at (2, 0) where x = 2 
appears as a repeated root. The graph cuts 
the y-axis at (0, 4). 

(b) The vertex is (1, —1). Since there are no 
real roots, the graph does not intersect the 
x-axis. The y intercept is —2. 


-EXAMPLE 1.4 The quadratic polynomial 


p(x) has the following properties: p(x) = 0 for 
all real numbers, p(1) = 0 and p(2) = 2. Find the 
value of p(0) + p(3). 
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SOLUTION As p(1)=0and ptx)> 0, 

hence let p(x) = k(x — 1)’, k > 0 
p(2)=k=2 => k=2 

“ p(x) =2(x-1l* = p(0)+ pB)=10. 


| EXAMPLE 1.5 If a, b, c are distinct positive 


real number such that b(a + c) = 2ac, then show 
that the roots of ax” + 2bx + c = 0 are imaginary. 


2ac 
,SOLUTION b= z 


+C 


means that b is the H.M. 
of ‘a’ and ‘c’ 

Now, the discriminant of ax? + 2bx +c = 0 is 

D = 4(b’ - ac) 

Since the G.M. of ‘a’ and ‘c’ is Vac and b is 

their H.M. and G.M. > H.M., we have Vac >b 
. ac>b? = D<90. 

Hence, the roots of ax* + 2bx + c = 0 are 

imaginary. 


| EXAMPLE 1.6 Consider the quadratic poly- 


nomial f(x) = x” — px + q where f(x) = 0 has prime 
roots. If p + q = 11 and a = p” + q’ then find the 
value of f(a) where a is an odd positive integer. 


| SOLUTION x” — px + q = 0, where roots a, B are 


prime.a+B=p, aB=q 
Given p+ q=11 


. a+B+oaP=11 
a(1+ B)=11-8 
1+8 1+8 
With B = 2, a= ; = 3; check that B 4 5. 


Hence a=3 and pp =2 
S p=5 and q=6 
p’+q*=25+36=6l=a 
f (a) = f (61) = (61)°-6- 61+6 
= 61-56 + 6 =3416 + 6 = 3422. 


Range of Quadratic Function 
Consider the quadratic function f(x) = ax” + bx +c 
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(i) Range whenxe R 
If a>0 = 


a<0 = 


Maximum or minimum value of 
y = ax?+ bx +c occurs at x = —(b/2a) 
according asa<Qora> 0. 


| EXAMPLE 1.7 Find maximum or minimum 


values of the following quadratic functions over 
xER. 


(i) f(x) =4x?- 12x + 15 
(ii) f(x) =-3x*+5x-4 


| SOLUTION 


(i) f(x) =4x?- 12x + 15 


As a=4>0 
f(x) has the minimum value at vertex 
—D —b 
La =—— at a 
da 2a 
D =(-12)*-4x4x 15 = 144-240 =- 96 
—(-—96 6 -12 3 
= tg, = PD 6 2 23 
4x4 16 2x4 2 
fpin = 6 at x= > 
Z 
ee ae 
Alternative 
Method of perfect square 


Let us isolate a perfect square 


fix) =4 (x? — 3 42) +15-9 


f.. 


3 
min = ~6 at X= = 


(ii) f(x) =-3x?+ 5x-4 
As a=-3<0 
f(x) has the maximum value at vertex 
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| a aie 
4a 2a 
D = (5)? — 4(-3) (4) = 25 — 48 = 23 
(-23) 23 (5) 5 
—— =— —— = —- — at x = ——_ = - 
4(-3) 12 2(-3) 6 
—23 5 
max ~ 4A at xX = — 
12 6 
fii eid 
Alternative 


Method of perfect square 


f(x) = -a(x? ~3x+3)-442 


36 12 
2 
Z -3( -=) _ 23 
6 12 
—23 5 
max at x= — 
12 6 


(ii) Range in restricted domain 


Consider f(x) = ax’ + bx + c, where x € [d, e]. 
We evaluate f(x) at the following points and 
choose the least and greatest values of f: 


(i) fd) 
(ii) f(e) 
Gi) Ifx= —- (d, e) then find f (-=.) 
2a 2a 


or — — 
4a 


otherwise leave the vertex point since it does not 
lie in the restricted domain. 


f(d) 


If the least value is m and the greatest value is M 
then the range is [m, M]. 
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If x belongs to a union of several intervals then 
the range is equal to the union of ranges found on 
each of these intervals. 


| EXAMPLE 1.8 _ Find the range of 


f(x) = 2x* —3x + 2 in [0, 2]. 


| SOLUTION 1[(0)=2 


f(2) =4 

(=) = “ici 0 
4 8 4 
3 


f (=) is the least value and f(2) is the greatest 


value. Thus, the range is 7. 4 


Alternative 
Method of perfect square 


2 
f(x) = 2{ x - 7 +o .xe [0, 2]. 


To obtain the least value x = - is required to make 


the square zero. The greatest value is obtained 


3 3 
using x = 2 since |2 — —|> 0-7. 
4 4 


Hence the range is 7, 4 


| EXAMPLE 1.9 Find the range of 


y = 3 -2sin’@ — 6sin9. 


| SOLUTION Letx=sin0,x ¢€ [-1, 1]. 


f(x) = 3 - 2x” - 6x, x [-1, 1] 
f(-1)=3-2+6=7 

fl) =3-2-6=-5 
—b —6 —3 
Hse Seb 1 
2a 2x2 2 
Hence, we donot include the vertex. 
The range is y € [-—5, 7]. 
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Alternative I. 


f(x) 


II 

Les) 

| 

we) 
——, 
mA 

bo 

+ 
be 
oe) 

ra 

+ 
—, 
bo | Wo 
bo 
i 
+ 
No | \o 


3\2 
= =~ 2{x+3) ,x€E[-l, ]] 


The least value is obtained when the square is 
made larger using x = 1. 

The greatest value is obtained when the square 
is made smaller using x =—1. 

Here we cannot make the square zero since 


3. 
x= a is not available. 


| EXAMPLE 1.10 Find the maximum vertical 


distance d between the parabola y = -2x’ + 4x + 3 Il. 


and the line y = x — 2 throughout the bounded 
region in the figure. 


| SOLUTION The vertical distance is given by 


= -2x* + 4x + 3 - (x — 2) =-2x7 + 3x +5, 
which is a quadratic expression with a < 0. 
Its maximum value is the y-coordinate of the 
vertex which has x-coordinate equal to 
—b —3 3 


2a 2(-2) 4° 


3)\° 3 
The y-coordinate, then, is —2 (=) +3 (=) + 5 


-9 18 40 49 
+—+ 


8 8 8 8 
Quadratic inequalities 


Different positions for graphs of quadratic func- 
tions with related inequalities are shown below: 


IIL. 
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a>OandD<0O 
f(x) 


xX 
Question Solution Set 
f(x) = 0 ? 
f(x) <0 o 
f(x) > 0 (—©0, o°) 
a>0Oand D=0 
f(x) 
(a, 0) xX 
Question Solution Set 
f(x) =0 {a} 
f(x) <0 
f(x) > 0 (ee, a) U (a, 22) 
a>Oand D> 0 
f(x) 

(a0) (B,0) xX 
Question Solution Set 
f(x) = 0 {a, B} 
f(x) <0 (a, B) 


f(x) > 0 (—ee, a) U (B, °°) 
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IV. a<OandD<0 


a 
Xx 


f(x) 
Question Solution Set 
f(x) =0 
f(x) <0 (],°) 
f(x) > 0 d 

V. a<OandD=0 
(a, 0) 

X 

f(x) 
Question Solution Set 
f(x) = 0 {a} 
f(x) <0 (9, a1) U (0, °°) 
f(x) > 0 o 


VI. a<xOandD>0O 


Question Solution Set 

f(x) = 0 {a, B} 

f(x) <0 (9, a) U (B, 2°) 
f(x) > 0 (a, B) 


Consider some examples of solving quadratic 
inequalities : 


(i) The solution set of x? + 2x + 4> 0 consists 
of the entire set of real numbers, (—c°, ©) 
since a> 0 and D < 0. In other words, the 
quadratic x” + 2x + 4 is positive for every 
real value of x. (Note that this quadratic in- 
equality has no critical numbers. In such a 
case, there is only one test interval — the 
entire real line.) 
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(ii) The solution set of x* + 2x + 1 < 0 con- 
sists of the single real number, —1, because 
a> 0 and D = 0, in which case the quadratic 


is zero atx = —. 
2a 


(iii) The solution set of x* + 3x + 5 <0 is empty 
since a > 0 and D < 0. In other words, the 
quadratic x” + 3x + 5 is not less than zero 
for any value of x. 


(iv) The solution set of x? — 4x + 4 > 0 consists 
of all real numbers except the number 2. 
In interval notation, this solution set can be 
written as (—e°, 2) U (2, ©). 

(v) The solution set of x* — x — 6 <0 is the 
interval ( —2, 3). The roots of the quadratic 
f(x) = x? -x — 6 are x, =3 and x, =—2. This 
means that the inequality is equivalent to 
(x —3) (x +2) <0. 
Applying the sign scheme as discussed 
above, we find that the set of all solutions 
of the inequality is the interval ( —2, 3) 


| EXAMPLE 1.11 Determine interval of a for 


which graph of y = x? + (a— 1) x + 16 lies above 
the x-axis. 


| SOLUTION Here coefficient of x’ is positive. Now, 


the graph of quadratic function lie above x-axis when D 
<Oanda>0. 


D=(a-1)’-4.1.16<0= (a- 1)’-64<0 
= (a-1)’-8’<0> (a-1+8)(a—1-8)<0 
= (a+ 7) (a—9) <0 


=> -7<a<9, 


| EXAMPLE 1.12 If the quadratic polynomi- 


als defined on real coefficients P(x) = a,x” + 2b,x + 
c, and Q(x) = ayX° + 2b,x + c, take positive values 
V xe R, then prove that g(x) = a,a)x” + b,b5x + 
C,C, attains only positive values. 


PSOLUTION D, = 4b,2—4a,c, <0 


ie.a,c,> b? (1) 
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Hence, a,c, > b5 (2) 
Multiplying (1) and (2) 

a)aC\C) > by bj 
Now consider for g(x) 

D= by bS —4aja, c,c, < by bs — 4b; bs 


=—3b? b; 
.. D<0O Also a, > 0 anda, >0= a), a,>0 
g(x) >OVxeR. 


EXAMPLE 1.13 If f(x) = 4x7 + ax + (a-3) 


is negative for atleast one negative x, find all pos- 
sible values of a. 


| SOLUTION 


Case I: 
if f (0) <0 
a-3<0>a<3 
ae (—, 3) 


Case II: 
If f (0) > 0 and D > 0 and - = <0 
a 


Y 


Now, f(0) > 0 givesa—3>0 
D> 0 gives a’ — 16(a—3) >0 
= a*-16a—48>0 => (a—- 12)(a—4) >0 


=>a>3_...(1) 


=> a>12 or a<4 ...(2) 
2 ies 20 Sae 0 . (3) 
2a 8 


From (1), (2) and (3), ae [3, 4) U (12, ©) 
Finally, a € (—°, 4) U (12, ©) 
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-EXAMPLE 1.14 If set of values of ‘a’ for 
which f(x) = ax” - (3 + 2a)x+6,a40 
is positive for exactly three distinct negative in- 
tegral values of x is (c, d] then find the value of 


(c* + 16d”). 


| SOLUTION 


f(x) = ax” — (3 + 2a) x + 6 = (ax — 3) (x —2) 
; Here, roots of the equation f(x) = 0 are 2 and 
— , and f(0) = 6. 
a 

f(x) should be positive for exactly three nega- 
tive integral values of x. Therefore, graph of f(x) 
must be a downward parabola passing through 


x=2andx= — 
a 


3 
and -—4< — <-3. 
a 


=> c= sides” 
4 


9 


= ¢7+16d?= 1+16~x 7 =1+9=10. 


| EXAMPLE 1.15 _ Find all values of k such that 


the quadratic equation — 2x” + kx +k? + 5 =0 has 
two distinct roots and only one of the roots satisfies 
0<x<2. 


| SOLUTION 


f (0) -£(2) <0 
(k? + 5)(k? + 2k - 3) 
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k* + 2k-3 <0 = 2x(x —2)+3(x—2)=0 
(k + 3)(k- 1) <0 => x=2 or x=-3/2 
~3<k<1 


Other root does not lie in (0, 2). 
If one root is x = 2 — k=1 is not possible 


— ss i‘ i A oe Similarly when k= — 3, the roots are 2,—7 
aan 2 722 = k=-—3 1s also not possible 
If k=1, 2x°-x-6=0 


— Ix? Ay + 3x = 6= 0 Finally, we have -3 <k <1. 


a PRACTICE PROBLEMS [B] 


1. Draw the graph of the following functions: 
(a) y=3x-x’-2 (b) y=2x-x*-1 
(c) y=x-x’-1 


i) 


. Solve the following inequalities : 
(i) x?-3x-4>0 (ii) 4x°+4x+1<0 
(iii) 2x*-x+5>0 


. Solve the following system of inequalities : 


we) 


x*-4>0 
Gi) 4x?-2x-820 
—-x? +5x-420 
4. Determine the intervals of the increase of the function: 


(a) y= oxttx— V2 (b) y =-2x*+ 8x -3 


(i) 2x? —5x+2=0 
x-2<0 


oa) 


At what values of a does the function f(x) = — x* + (a— 1) x +2 increases on the interval (1, 2) ? 


6. Find the maximum and minimum values of the functions f(x) = 2x” — 6x + 3 where 
qi) xER (ii) xe [2, 09) 
(iii) xe [1, 5]. 


7. The point x is said to be a fixed point for the function f if f(x) =x. Find all the fixed points of 
f(x) = (x-2)*. 


8. Solve x’ + ax + a> 0 for different real values of a. 
9. Find all values of a for which the inequality (a— 1) x*-—(a+ 1)x+a+1> 0 is satisfied for all real x. 
10. Find all values of ‘a’ for which the inequality (a + 4)x? — 2ax + 2a—6 < 0 is satisfied for all x e R. 


11. Find the least and the greatest value of the functions in the indicated intervals : 
(a) y =3x*—x+5 on the interval [1 , 2] (0) y =-4x’+5x—8 on the interval [2 , 3]. 


12. Find the difference between the least and greatest values of y = —2x” + 3x — 2 for x €[0, 2]. 
13. Find the range of y = 3*"'-2.3°*-2 
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14. Find the values of k so that the least value of the expression x* + 2kx + k? + 3k for 


x € [0, 2] is 4. 


15. Find x when the least value of 2x* + By" under the conditions x + y = 2, x >0, y = 0 occurs. 


M4 


2 
X 


2 2 
16. Prove that the expression [5 + s] — ( 
y 


different from zero. 


y 


—+ Y) + 10 is non-negative for any real x and y 


X 


17. Prove that the inequality x? + 2xy + 3y’ + 2x + 6y + 4> 1 holds for any real x and y. 


18. Prove that if 2x + 4y = 1, the inequality x* + y” > = is fulfilled. 


1.5 | POLYNOMIAL FUNCTION 


A polynomial function is written in the form 


f(x) =a x" + a,x" + a,x"? 


saree; Ome Pag: ee 

If a) # 0, then we say that the polynomial is of 
degree n. If itis not known whether the coefficient 
a, is zero or not, then we say that the polynomial 
is of a degree not higher than n. 

From this definition it follows, in particular, 
that polynomials of degree zero are numbers dif- 
ferent from zero. The number zero is also consid- 
ered to be a polynomial, being the only polynomi- 
al which is not assigned a degree. The following 
notations are used: 

P(x), Q(x), , ROX), p(X), G(X), r(x). 

If we want to emphasise that the polynomial 
P(x) is of degree n, we write P,, (x). 

Two polynomials, which are integral with re- 
spect to x, are identical if and only if their de- 
grees are equal and the coefficients in like powers 
of x are equal. 


Remainder Theorem 

The remainder of the division of the polynomial 
P(x) by the binomial (x — a) is equal to the value 
of the polynomial P(x) for x = a, i.e. r = P(a) 


Factor Theorem 
The polynomial P(x) is exactly divisible by the 


binomial (x — a) if and only if the value of the 
polynomial is zero for x = a,, i.e. P(a) = 0 


Roots of a Polynomial 


The number « is a root of the polynomial P(x) if 
P(a) = 0. 


| EXAMPLE 1.1 Without actual division prove 


that 2x* — 6x* + 3x” + 3x — 2 is exactly divisible 
by x?-3x+2. 


| SOLUTION Let f(x) =2x*— 6x? + 3x?+ 3x —2 and 


g(x) = x” — 3x + 2 be the given polynomials. Then 
g(x) =x’ -3x+2=(x-1)(x-2) 

In order to prove that f(x) is exactly divisible 
by g(x), it is sufficient to prove that x — 1 and x —2 
are factors of f(x). For this it is sufficient to prove 
that f(1) = 0 and f(2) = 0. 

Now, f(x) = 2x* — 6x? + 3x7 + 3x -2 

= f(1)=2x1*-6x 13+3x17+3x1-2 
and, f(2)=2x2?-6x2°>x27+3x2-2 
=> f(1)=2-6+3+3-2 

and f(2) =32-48+12+6-2 

= f(1) = 8-8 and f(2) = 50-50 

=> f(1) = 0 and f(2) = 0 

=> (x — 1) and (x — 2) are factors of f(x). 

= g(x) =(x— 1) (x-2) isa factor of f(x). 
Hence, f(x) is exactly divisible by g(x). 


| EXAMPLE 1.2 A polynomial in x of degree 


greater than 3 leaves the remainder 2, 1 and —1 
when divided by (x — 1), (x + 2) and (x + 1) re- 
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spectively. Find the remainder, if the polynomial 
is divided by (x? — 1) (x + 2). 

| SOLUTION Given that f (1) = 2, f (-2) = 1, 
f(-1)=-1 
Let f (x) = p(x). (x?- 1) (x +2) +ax*+bxtc 
Hence, at+b+c=2 

4a-2bt+c=l 

and a-b+c=-1 


. q 2 3x 2 
Solving we get f(x) = — x° + — —- —. 
g we get f(x) - . Se 
| EXAMPLE 1.3 If p(x) is a cubic polynomial 


with 
p(1) = 1, p@) = 2, pG) = 3, p(4) = 5, find p(6). 


| SOLUTION Put g(x) = p(x) — x, which is a polyno- 


mial of degree 3 and vanishes at 1, 2, and 3. 
Thus g(x) =A(x- 1) (x-2) (x-3). 
Since 2(4) = p(4) —4= 1 we get 1 
1 = g(44) =A(4- 1) 4-2) 4-3) soA= 6 


(x —1)(x — 2)(x - 3) 


Thus p(x) =x + g(x) =x + F 


and p(6) = 16. 


tEXAMPLE 1.4 Find all cubic polynomials 


p(x) such that (x — 1)’ is a factor of p(x) + 2 and 
(x + 1)’ is a factor of p(x) — 2. 


| SOLUTION If (x — a) divides a polynomial q(x) 


then q(a) = 0. Let p(x) = ax? + bx? + ex + d. Since (x — 1) 
divides p(x) + 2, we getat+bt+ce+d+2=0. 
Hence d = —a —-b—c-—2 and 
p(x) + 2=a(x°- 1) + b(x*- 1 t+ ce(xK-1) 
=(x — 1) {a(x? + x+]1 + b(xt+) 
iC}, 

Since (x — 1)” divides p(x) + 2, we conclude 
that (x — 1) divides a(x? +x + 1) + b(x+ Do. 
This implies that 3a + 2b + c = 0. Similarly, using 
the information that (x + 1)” divides p(x) — 2, we 
get two more relations: -a+b-—c+d-2=0; 
3a — 2b + c = O. Solving these for a, b, c, d, we 
obtain b = d = 0, and a= 1, c = -3. Thus there is 
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only one polynomial satisfying the given con- 
dition: 
p(x) = x° —3x. 


| EXAMPLE 1.5 Let p be the product of the 


non-real roots of the equation x* — 4x° + 6x” — 4x = 
2008, then find p. 


| SOLUTION «x*— 4x? + 6x?— 4x + 1=2009 


(x — 1)* = 2009 
(x — 1)? = +V2009 
As we want only the product of non-real roots, 
(x — 1)? =-J2009 =-7V41 
x?-2x+1+ 7V41 =0 
=> product of roots = 1+ 7 V41 


. p=1+7V41 


| EXAMPLE 1.6 Compute 
4 (1000000)(1000001)(1000002)(1000003) +1 


without a calculator. 


| SOLUTION Put x = 1 000 000 = 10°. Then 


x(x + L(x + 2)(K + 3) = x(K + 3)(x + 1)(x + 2) 
= (x” + 3x)(x? + 3x +2) 

Again, put y = x’ + 3x. 

Then x(x + 1)(x + 2)(x + 3) +1 
= (x? + 3x)(x?+ 3x+2)+1 
=y(yt+2)+1=(y+1)’ 

All this gives, (x(x +1)(x + 2)(x+3)+1l=yt+1 
=x?+3x+1=10%+3.10°+1 
= 1 000 003 000 001 


Roots using sign change of function 


If the graph of a continuous function f(x) crosses 
the x-axis between B, and f, then f(x) changes 
sign between f, and f, ie. f(B,) and f(B,) have 
opposite signs. 

Hence, if f(B,) and f(B,) have opposite signs, 
then f(x) = 0 has atleast one real root between f, 
and B,. 
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If f(x) is a polynomial function then it is con- 
tinuous for all x and hence, if f(a) and f(b) are of 
opposite signs, then atleast one root of the equa- 
tion f(x) = 0 must lie between a and b. 

As x changes gradually from a to b, the func- 
tion f(x) changes gradually from f(a) to f(b), 
and therefore must pass through all intermediate 
values; but since f(a) and f(b) have contrary signs 
the value zero must lie between them; that is, 
f(x) = 0 for some value of x between a and b. 

It does not follow that f(x) = 0 has only one 
root between a and b; neither does it follow that 
if f(a) and f(b) have the same sign f(x) = 0 has no 
root between a and b. 

If there are two values of polynomial f(a) and 
f(b) such that f(a)f(b) > 0, then there are either no 
real roots or there are even numbers of real roots 
between a and b. The condition f(a)f(b) > 0 means 
that function values f(a) and f(b) are either both 
negative or both positive, 1.¢., they lic on the same 
side of x-axis. Since graph is continuous, it may 
not cross at all or may cross x-axis several times. 
Clearly, there is either no real root or there are 
several real roots. 


| EXAMPLE 1.7 If a < b < c< d, then prove 


that the roots of the equation (x — a) (kx —c) +2 
(x — b) (x — d) = 0 are real and distinct. 


| SOLUTION Consider 


f(x) = (x —a) (x-—c) +2 (x—b) (x-d) 

f(a) = 2 (a—b) (a-d) > 0 

f(b) = (b -a) (b-c) <0 

f(c) = 2 (c —b) (c -d) <0 

f(d) = (d-—a) (d-c)>0 
Note that f has degree 2 and hance can have at 
most two real roots 

We see that f(x) changes sign between a and b 
and again between c and d. Hence f(x) = 0 has one 
real between a and b and other between c and d. 


Note 


1. Every equation of an odd degree has at 
least one real root whose sign is opposite 
to that of its last term, provided the leading 
coefficient is positive. 
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In the function f(x) if we substitute for x the 

values ce, 0, —co successively, then we get 
iGo) = 0, 1(0) = ida, We) Se, 

If a, is positive, then f(x) = 0 has a root 

lying between 0 and —-, and if a, is nega- 

tive f(x) = 0 has a root lying between 

0 and co, 


Study Tip 
2 


If f(x) = apx” + ayx™ t+ ayx™? + a,, then for 
sufficiently large values of x, f(x) has the same 
SIQN aS ap. 

2. Every equation which is of an even degree 
and has its last term negative has atleast 
two real roots, one positive and one nega- 
tive, provided the leading coefficient is 
positive. 


In the function f(x) if we substitute for x 
the values oo, 0, -co successively, then we 
get 

f(c0) = 00, £(0) = ay , £20) = 00, 
Since a, is negative, f(x) = 0 has a root lying 
between 0 and © and a root lying between 
—co and 0. 


3. If f(x) is a polynomial function and the ex- 
pressions f(a) and f(b) have contrary signs, 
then an odd number of roots of f(x) = 0 
will lie between a and b; and if f(a) and 
f(b) have the same sign, either no root or 
an even number of roots will lie between a 
and b. 


| EXAMPLE 1.8 Show that the equation 


10x? — 17x? +x+6=0 


has atleast one root between —1 and 0. 


SOLUTION Let f(x) = 10x° - 17x’ +x +6=0 


f(-1) = -10 -17 -1+ 6 =-22 <0 
f(0) = 6>0 
Since f-1). f(0) < 0, f(x) = 0 has atleast one 
root between —1 and 0. 
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To determine the nature of roots of some equa- 
tions the following statements are helpful: 
(i) Ifthe coefficients are all positive, the equa- 
tion has no positive root; thus the equation 
x? + 4x° + 2x + 1 = 0 cannot have a positive 
root. 

(11) If the coefficients of the even powers of x 
are all of one sign, and the coefficients of 
the odd powers of x are all of opposite sign, 
the equation has no negative root. Thus the 
equation 
x) +x°—3xt+ x3 -3x7+ 2x-5=0 
cannot have negative roots. 

(iii) If the equation contains only even powers 
of x and the coefficients are all of the same 
sign, the equation has no real root. Thus the 
equation x*® + 3x* + 2x* + 1 =0 cannot have 
a real root. 

(iv) If the equation contains only odd powers 
of x, and the coefficients are all of the same 
sign, the equation has no real root except x = 0. 
Thus the equation x” + 4x° + 5x°*+ 3x = 0 
has no real root except x = 0. 


Graph of Polynomial Function 


Graph of polynomial is continuous and non-peri- 
odic. If degree is greater than 1, then it is a nonlin- 
ear graph. Polynomial graphs are analysed with 
the help of function properties like intercepts, 
slopes, concavity, and end behaviours. They may 
or may not intersect x-axis. This means that it 
may or may not have real roots. As the maximum 
number of roots of a polynomial is atmost equal 
to the degree of the polynomial, we can deduce 
that graph can at the most intersect x-axis n times, 
as maximum numbers of real roots are n. For 
drawing graphs of polynomial functions refer to 
the chapter of graphs. 


Polynomial Inequalities 


| EXAMPLE 1.9 Solve the inequality 


x3 —3x7-x+3>0 
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SOLUTION The roots of the polynomial can 

be easily found. 

In fact, x° — 3x? -x +3 =x’ (x-3)-(x-3) 

=(x-3)«-]D(«+t)1). 

The inequality can now be written as follows: 

(x-—3)(x-1) (k+1)>0. 

The critical numbers of the polynomial are 

x=-l,x=1,x=3 

These points partition the number line into 
4 subintervals. Letus mark the points on the number 
line. Todeterminethe signof the polynomialoneach 
subinterval, we can do the following: note that for 
x > 3 all the linear factors in the polynomial are 
positive and, consequently, on the interval (3, ©) 
the polynomial assumes only positive values. We 
mark the interval (3, oe) with plus sign. 


When passing from the interval (3, -) to the 
interval (1, 3), through the point x = 3, only one 
of the linear factors, x — 3, changes sign and, con- 
sequently, the polynomial becomes negative. So 
we mark the interval (1, 3) with negative sign. 

Proceeding to the left, to the interval (-1, 1), 
we find that only the factor x — 1 changes sign. 
This means that on passing through the point x = 
1 the left-hand side of the inequality changes sign. 
Finally, the passage to the last interval, (ce, —1) is 
again followed by a change of sign of the function. 

The inequality being strict, the critical num- 
bers themselves are not the solutions. 

Hence the solution set is (—1, 1) U G, ©). 


| EXAMPLE 1.10 Solve the inequality 


(x* — 3x + 2)(x° -— 3x2)(4-— x’) > 0 (1) 


| SOLUTION Since the identities 


x’? —3x+2=(x-2)(x- J), 

x? — 3x7 =x? (x —3) 

4-—x*=-(x - 2)(x + 2) 
hold true, it follows that inequality (1) is equiva- 
lent to the inequality 

[x -(-2)]x* (x - 1) x —2)° (x -3) <0. (2) 
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We first solve the equation 
[x —(2)}x* («- 1) «-2)°(«-3)=0 GB) 
It has only five roots: x, = —2, x, = 0, x; = 1, 
x, = 2, and x, =3. Then we solve the strict inequality 
[x — -2)}x* (K- 1) &- 2)’ (K-3)<0 4) 
using the method of intervals. The set of all its 
solutions is the set (—c°, —2) U (1, 3) — £2}. 


ile ae Mea 
=) 0 RA A 


Uniting the set of solutions of equation (3) and 
that of the strict inequality (4), we get the set of 
all solutions of inequality (1): 

(—e, -2) U {03 U [I, 3] 


+ 
Xx 
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EXAMPLE 1.11 Prove that 


f(x) =x’? - x? +x*-—x + 1 is positive for all x. 


SOLUTION f(x)=x?-x9+x4-x+]1 

=X (x-ltx(xe-ltl 
In (--,-1),x°<0,x°-1<0, x<0 
= f(x)>0 
In (1, ),x’?>0, x°-1>0,x>0 
= f(x)> 0 
In (0, 1),0<x’<1,-1<x*-1<0,0<x<1 
=> (x? +x)<1,x°(-l+x(-)>-l 
=> 1+x?(x*°-1)+x(x*-1)>0 


Similarly we can prove for (— 1, 0). 


PRACTICE PROBLEMS [C] 


1. Find a polynomial in x of the third degree which will vanish when x = 1 and x = —2 and will have 
the values 4 and 28 when x = —1 and x = 2 respectively 


2. The polynomial p(x) satisfies p(—x) = —p(x). When p(x) is divided by x — 3 the remainder is 6. 
Find the remainder when p(x) is divided by x? - 9. 


Solve (x + 4)° (x + 3)° (x + 2)’ (x- 1° <0 
Solve x* — 3x + x?+ 3x-2>0 

Solve x* + 6x? + 6x7 + 6x +5 <0. 

Solve (x + 3)'+ (x—1)*> 82. 


Find the minimum value of x for which 2x° — 5x*+x+2>0. 


a DE 


In each case, find all polynomials p of degree < 2 which satisfy the given conditions for all real x. 
(a) p(x) = pl —x) (b) p(x) = pd + x) 
(c) p(2x) = 2p(x) (d) p(3x) = p(x + 3) 
9. Solve 
(a) (x?-x)*+3(x*-x)+2>0 
(b) x(x t+ I+ 2)K + 3) < 48 
10. Find the maximum value of 
f(x) =x? — 3x if xt + 36 < 13x’. 
11. Find the number of real roots of the equation 


(1 +x)®+(1 +x?) = 2x4. 
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12. Prove that the equation x* + 2x” + x + 4 = 0 has exactly one root in the interval (-3, —2). 


13. The polynomial p(x) has integral coefficients and p(x) = 7 for four different integral values of x. 


Show that p(x) never equals 14. 


14. Let f(x) = (2x- 1)’ (x?+x-l)”= AysX + AyyX + .... +.a,)X + a, be a polynomial of degree 45. 


Find 

(1) a 
(ill) a) —a, + ayt+... — ayy + gy — Ags 
(v) ay tagtast... +aq3 + ays 


1.6 | RATIONAL FUNCTION 


Rational function is defined in similar fashion as 
rational number is defined in terms of numerator 
and denominator. Implicitly, we refer to “real” 
rational function here. It is defined as the ratio 
of two real polynomials with the condition that 
polynomial in the denominator is not a zero poly- 
nomial. 


Rational function is not defined for values of x 
for which denominator of the polynomial evalu- 
ates to zero as ratio “p(x)/0” is not defined. Some 
examples of rational function are: 


2x*-x+] 1 
f(x) = >" ox 4-=, x43 
2x” = 5x =3 2 
x+1 
».¢ — 
a) 2x? —x4+] 
4 2 
x—-l 


&> 


Observe the second function, g(x) above. There 
is a no exclusion point for this rational polyno- 
mial. The denominator polynomial is 2x” — x + 1, 
whose discriminant is negative and coefficient of 
x’ term is positive. It means denominator of g(x) 
is positive for all values of x. 

We should also note that values of x being ex- 
cluded are points — not a continuous interval. 

Domain of rational function is domain of nu- 
merator polynomial minus exclusion points as de- 


(ii) agta,t+a,t+...t ay, t+ ays 
(iv) agta, tat... + ag, tagy 


termined by zeroes of denominator polynomial. 
Since domain of polynomial is R, domain of ra- 
tional polynomial is R minus exclusion points de- 
termined by denominator. The domains for three 
rational functions given above are: 


Domain of f(x) = R - {5.3} 


Domain of g(x) =R 
Domain of h(x) = R - {-1} 


| EXAMPLE 1.1 Solve the equation 


3x 2x 3x —6 
x-1 x+2 (x-I1)(x+2) 


| SOLUTION Any solution of this equation is 
also a solution of the equation 
3x (x + 2) —- 2x (x- 1) =3x - 6, 
which results from multiplying the given equa- 
tion by (x — 1) (x + 2). This equation is, evidently, 
equivalent to the following quadratic equation: 
x7 +5x+6=0. 

We can find its roots x = —3 and x = -2. Con- 
sequently, only the numbers — 3 and —2 can be so- 
lution of this equation. Verification confirms that 
the number —3 is its root while the number —2 is 
not since for x = —2 the sides of the given equation 
are not defined. The solution is {-3} 


| EXAMPLE 1.2 If for any real x, we have 


2 
+nx—2 

-l< —_-=o <2, then find the values of n. 
x" —3x+4 
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| SOLUTION The right hand inequality can be 


written as 


2 
_, x ae > 0 
x” —3x+4 

=> x’?-(n+6)x+10>0 

[As x*-3x+4>0V xe R since D<0Oanda> 0] 

The above inequality will be tue V xe Rif 
its D <0 

This gives -V40 -6 <n< V40 -6 (1) 

The left hand inequality can be written as 

x? +nx—2 
+ 


1>0 
x —3x+4 


2 
2x uaa) se > 0 
x” —3x +4 
= 2x?+(n-3)x+2>0 
The above inequality will be true V x € Rif D 
<0 which gives—-1 <n<7 
Drawing the number lines for inequalities (1), 
(2) and taking their intersection gives x € [-l, 


40 — 6]. 
eo —__-® 
~(V40-6) V40 —6 
oo —_—_—_—_-® 
| 7 


Linear Fractional Functions 


; +b , 
The function f(x) = = ,xeE R-{-d/c}, isa 
cx+d 
called a linear fractional function whose graph is 
a rectangular hyperbola. 


The graphs of rectangular hyperbolas 


1 —] 
y = — and y = — are shown below : 
x X 
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1 
The graphs of y = 
x+2 


—] 
and y = eT hea be 
X+ 


drawn using shift of origin. 
1 —] 


KZ a x41 


y= 


= 


| EXAMPLE 1.3 Draw the graph of y = — 


and find its range. — 


| SOLUTION 


_ x 1 = x—2+1 = 1 
? x—-2 x-2 x—-2 
1 
me _ ad 


From the graph we observe that, the domain is 
x € R-— {2} and the range is y € R- {1}. 


+b 
In general, the range of the function y = ax 
cx+d 


isy € R-{* 
C 


1-2 2 
For example, the range of y = . is R—- {- ;| 
3x —4 3 


Range of Rational Function 


Let us consider a rational polynomial of degree 2 
(we mean that the highest degree of polynomials 
involved in the ratio is 2). In order to find real val- 
ues of rational function for real x, we rearrange 
the given rational function to form a quadratic 
equation in x. 
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i yos es 
a,x’ +b,x +c, 

Rearranging to form a quadratic equation in x, 
we have: 

y (ayx° + box +c) =a,x? +b xtc, 
= (yay —a,) x” + (yb) — by) x +xy —c, = 0 
For x to be real, D > 0. Hence, 

(yb, — b,)” — 4x (yay — ay) (xy —¢,) 20 

We see that discriminant itself is a quadratic in- 
equality. Depending on the nature of coefficient 
of “y”” in the quadratic equation and discriminant 
of the corresponding quadratic equation, the in- 
equality is solved for “y”. This, in turn, allows us 
to determine the real interval(s) of y correspond- 
ing to real x. 


| EXAMPLE 1.4 If x be a real, show that the 


x? +2x—-11 


x — 


expression can take all values 


which do not lie in the open interval (4, 12). 


x? +2x-11 
tSOLUTION Let y = a 


Writing this as a quadratic equation in x, we have 
x* + x(2-y) + By - 11) =0 (1) 
The values of x and y are related by this equa- 
tion and for each value of y, there is a value of x, 
which is a root of this quadratic equation. In order 
that this x (or root) is real, discriminant > 0. 
(2-y)* -4By -11)>0 
y’ — l6y + 48> 48 
(y-4) (vy -12)>0 
. y<4 or y>12 
Hence y (or the given expression) does not 
take any value between 4 and 12. 


Note 


If any value between 4 and 12, say 5, is given for 
y the equation (1) becomes x’ —3x + 4 = 0 whose 
roots are imaginary. 


Basics 


PEXAMPLE 1.5 Show that, by giving real 


4x? +36x +9 


12x? +8x+1 
sume any real value. 


2 
PSOLUTION Put 2= 1% *26x+9 


12x? +8x+1 

then x? (4-122) + 6-8) x+9-2=0. 

Now in order that x may be real it is necessary 
and sufficient that 

(36 — 82)? — 4(4 - 122) 9-2) > 0, 

or that 47—82+72>0, 
or (1-4)? + 56> 0, 
which is clearly true for all real values of 1. Thus 
we can find real values of x corresponding to any 
real value of i. 


EXAMPLE 1.6 Find the value of x for which 


values to x, can be made to as- 


2 
; —6x+5 
the function f(x) = —— has the least value. 
x° +2x+1 
x? —6x+5 
| SOLUTION y= ———_ 
x° +2x+4+1 


Rearranging to form a quadratic equation in x, we 
have: 
yx’? + 2yx ty =x?-6x+5 
=> (y-1)x?+2(y+3)x+y—-5=0 
For x real, D > 0. 
= Aty +3)°- Ay - I(y — 5) >0 
= (y* + 6y + 9)-(y?-6y +5) >0 
=> 12y+4>0 


ga 
oe 


The values of y, therefore, lies in the interval 
[-1/3, ©). The least value of y is —1/3. Now, we 
calculate value of x corresponding to y as: 


This point belongs to the domain of the 
function. Hence, the least value of y is attained 
at x = 2. 
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| EXAMPLE 1.7 Find the range of the func- 


tion 


2 
x" —5x+4 
=10- =... 
x —3x+2 


| SOLUTION Wesee that discriminants of nu- 


merator and denominator polynomials are posi- 
tive. On factorising, 
x? —5x+4 _ (x -1l(«-4) 
x?-3x+2 (x-I)(x-2) 
Clearly, the rational function is not defined 
for x = 1 and x = 2. Domain of the function is 
R- {1, 2}. Forthe sake of determining range, the limit- 
ing values of function for these values of x are obtained 
by canceling (x — 1) from numerator and denominator: 
(x — 4) 
(x — 2) 

For x = 1, y =3. For x = 2, however, the function 
value is infinity. In totality, we need to exclude 
y =3 from the interval of real values of y. Now, in 
order to determine real values of y, we rearrange the 
given function to form a quadratic equation in x: 

yx’ —3yx + 2y =x’ + 4 
= (y—1)x’+(5-3y)x+2y-4=0 

We should analyse for coefficient of “x”” in the 
quadratic equation. For quadratic equation, coef- 
ficient of “x”” can not be zero i.e. y — 1 #0. For 
real x, we have D > 0. 

For y = 1. Putting this value in the quadratic 
equation, 

0+(5-3)x+2-4=0 
=>x=] 

We see that x = 1 is not part of domain. This is 
actually the value which reduces denominator to 
zero. Hence, we should exclude y = 1 from the 
real values of y. Now for D => 0, 

D = (5 —3y)’-4(y - 1) Qy-4) 20 
= 25 + 9y*—30y —4{2y”- 6y +4} >0 
= 25 + 9y* -— 30y —4(2y? - 6y + 43 >0 

The coefficient of y? is positive. The discrimi- 
nant is 0. Clearly, following sign rule, f(x) > 0 
for all real values of y. Hence, the values of y are 


yo 


>y= 
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real number set R. However, we need to exclude 
y = {1, 3) as discussed above. Therefore, range of 
given function is R — {1, 3}. 

Alternative 

Once, exception points are noted, we can find the 
range from the reduced form: 


Solving, 


clearly, y # 1. But we have seen that y #3 as well. 
Hence, range of the function is R —{1, 3}. 


+EXAMPLE 4.8 Find the values of m for 


2x? —5x+3 


which the expression can take all 


x—-m 
real values for 
xe R- = . 
2x? — 5x+3 
| SOLUTION Let y= —————— 
4x —-m 


= 2x*-(4y +5)x+3+my=0 
= As xis real , discriminant > 0 
= (4y + 5)°- 83 +my)>0 
= l6y?+(40-8m)y+1>0 
A quadratic in y is nonnegative for all values 
of y if coefficient of y* is positive and discrimi- 
nant < 0. 
= (40 - 8m)’ - 4(16) (1) <0 
= (5—-m)’-1<0 
=> (m—-5-1)(m-5+1)<0 
= (m-6) (m-4) <0 
=> me [4, 6] 
Consider m = 4 


_ Ox-3)@-1) 
Ax =D 
oo xz] 
4° 
Since xeLy 4-7 
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Hence y cannot take all real values for m = 4. 
So m = 4 is not acceptable. 
Similarly m = 6 is to be rejected. 
So for the given expression to take all real values, 
m should take values: m € (4, 6). 
I CAUTION In such problems the endpoints 
pees §=6Of the result are rejected, in gen- 
eral due to cancellation of common factor from nu- 
merator and denominator and the resulting expres- 
sion being incapable of assuming all real values. 
Procedure for solving rational inequalities 


1. Write the inequality so that one side is 0. 


2. If necessary, combine terms on the other 
side into a single quotient. 


3. Locate points on the number line for which 
the quotient is zero (numbers making the 
numerator zero) or undefined (numbers 
making the denominator zero). These criti- 
cal numbers will divide the number line 
into test intervals. 


4. Choose one representative number for 
each test interval. If substituting that value 
into the original inequality produces a true 
statement, then all real numbers in the test 
interval belong to the solution set. The so- 
lution set is the union of all such test inter- 
vals. 


x 1 
| EXAMPLE 1.9 Solve > 
x-2 x+3 
x 1 
| SOLUTION x2 -— 


2 xt+3 


Basics 


x7 +3x-x+4+2 : 
(x —2)(x +3) 


x7 +2x+2 

ee 

(x — 2)(x +3) 
The discriminant of the numerator is 

b*-4ac =4-8=-4<0 
which indicates that the numerator has no zeros. 
Therefore, x = 2 and x = —3 are the only critical 
numbers 
Critical numbers: 
Test intervals: 


x=-3,x=2 
(—ee —3), (3, 2) @, ©) 


2 
+2x+2 
Test : Is Soe >0? 
(x —2)(x +3) 
+ = + 
4-7 
4 2 


By testing these intervals, we can determine that 
the rational expression (x + 2x + 2)/[(x — 2)(x + 3)] 
is positive in the open intervals (—ce, —3) and (2, ©). 
Therefore, the solution set of the inequality is 
(co, —3) U (2, ©). 


| EXAMPLE 1.10 Find solution of the rational 


inequality: 


3x7 +6x —15 . 
(2x -1)(x +3) _ 


PSOLUTION We first convert the given in- 


equality to the form f(x) => 0. 
3x7 +6x -15 


5 fe 
(2x -1)(x + 3) 


3x* + 6x —15—(2x -1)(x +3) 


> 0 
(2x —1)(x +3) 7 
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x7 +x-12 = 
(2x —1)(x +3) © 
x* + 4x —3x—12 
(3x —1)(x + 3) 
(x —3)(x + 4) _ 
(2x -—1)(x +3) © 
Critical numbers are —4, —3, 1/2, 3. The corre- 
sponding sign scheme is: 


+ = + = + 
————$—_+____+—__++— 


The solution of inequality is: 

x € (-co, — 4] UC3, 1/2) u [3, ©) 
We do not include “—3” and “1” as they reduce 
denominator to zero. 


| EXAMPLE 1.11 Solve the inequality 


4 3 
(x —1)"(x -3) +0 
(x +5) 
| SOLUTION We first find the sign scheme of 
the function 
(x =1)"(x=3) 
(x +5) 


There is repetition of sign at such points which 
appear even number of times. The sign changes alter- 
nately at points which appear odd number of times. 
Hence, the solution of the inequality is 

xe {1} U3, 5) UG, ©). 


| EXAMPLE 1.12 Find interval of x satisfying 


the inequality given by : 
(2x +1)(x -1) 
(x? —3x7+2x) — 


| SOLUTION We factorise each of the polyno- 
mials in the numerator and denominator: 


(2x4+I)(x-]1) — 2x+)D(x-)) 
(x3 —3x? 42x) x(x —1)(x -2) 
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It is important that we do not cancel com- 
mon factors or terms. Here, critical numbers are 
—]/2,1,0,1 and 2. The critical number “1” is re- 
peated even times. Hence, we do not change sign 
about “1” while drawing sign scheme. 


While writing interval, we drop equality sign for 
critical number, which corresponds to denominator. 
We do not include “—1” and “1” as they reduce 
denominator to zero. 
Thus, —1/2 <x <0,2<x<oo 
=> xe [-1/2,0)U(Q, ©). 


| EXAMPLE 1.13 Solve the inequality 


(x? — 3x +2)(x? +2x +2) > 0 
(x —3)(x-1-2x*) 

SOLUTION Note that the discriminants of 
the quadratic trinomials x? + 2x + 2 and —2x? + 
x — 1 are negative. Therefore, the trinomials attain 
values of the same sign coinciding with the sign 
of the coefficient of x’: 

x? + 2x +2>0 and -2x*+x-1<0 for any x. 
We then rewrite the given inequality as follows: 
(x* —3x +2) (x-I(x-2) — 4 
(x — 3) x—-3 7 

Mark the points x = 1, x = 2 and x = 3 on the 
number line. In the interval x < 1 we take an arbi- 
(x —1)(x - 2) 

x—3 


<Qor 


trary point, say x = 0. At this point 
=-2 <0. 
2 


The wavy curve in the figure indicates alterna- 
tion in sign 


= l 2 3 x 
At the points x = 1 and x = 2 the fraction van- 
ishes ; x = 1 and x = 2 are solutions of the given 
inequality. For x = 3 the fraction loses meaning. 
Thus, the solution of the inequality will be: 
x= 12x <3, 
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W PRACTICE PROBLEMS [D] 


oy = 3x40 


3D 


1. If x is real, show that 


2. For real values of x, prove that 


11x? +12x +6 


lies between 1/7 and 7. 


cannot lie between —5 and 3. 


a x? +4x+2 
3. Solve the following inequations: 
2 
x” —5x+4 x+3 
1) ——— = 0 il) —~——— <0 
2 K=4 ~ x* —6x +8 
i ee oe 
ill = IV < — 
2x-3 2x+5 x7 +x 2x*+2x4+3 
1 4 4 1 ; 5-2 
(vy) —- -—<— Wi) = <0 
x-l1 x-2 x-3 x-4 30 3x“ —2x -16 
2 2 
—2x+] w. 1-2x- 
(vii) el ee >0 (viii) a >0 
4+3x+x —x°-5 
; y= ox ; : 
4. Write the set {xe R:&-D&+220}N 4 x ER: < 0> as an interval or as a union of intervals. 
X -XK- 


5. Find the complete set of values of a’ for which the equation — = has solution. 
X —a 
6. Find all values of n € N — {10} for which the equation a has no solution. 
— Xx 
, ’ ; —2a— ; a , 
7. For what values of a is the inequality 7 +8 ~ <0 satisfied for all x lying in the interval [1, 2] ? 
: = 
8. If esta <5 for all x € R, find all possible values of m. 
x° +3x+4 
9. Solve the following inequalities: 
+4 2 1 1 1 1 
(i) ~t<— (ii) es 
x-2 xt+l x+l x x-l x-2 
3 2 
i. 2 
x° +3x+2 
10. Solve the following inequalities: 
2 2 
5 4 
(i) x?+—~_ <= (ii) x?+—* <5 
(x+1)° 4 (x — 2) 
11. Solve the following inequalities: 
4 
AS eee (ii) 2 4{x-2] 
x(x*+1) 15 Xx X 
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1.7 | IRRATIONAL FUNCTION 


The term radical is the name given to nth root 


sien ¥Y . A radical number is n™ root of a real 
number. If y is n™ root of x, then x =y". 
Interchangeably, we write 

y=x!'™= (x) whenne N,n>2. 

If n is even integer, then x cannot be negative. 
For n = 2, we drop “n” from the notation and we 
write, 

y= vx. 

Irrational functions are those which contain 
atleast one fractional power of x. 

For example f(x) = Vx isthe square root func- 
tion which is an example of an irrational function. 


Graph of y = Vx 


f(x) = x is the cube root function 


Graph of y =x! 


Graph of y =x!” 


> 


1. Ifroots are all even (i.e. Vx, Vx, fx weer 
etc.), then it is defined for non-negative 
real values of the radicand. In other words, 
if the radicand is negative (i.e. x < 0), then 
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the root is imaginary, if the radicand is 
zero, then the root is also zero, and if the 
radicand is positive, then the value of the 
root is also positive. 

2. If roots are all odd (i.e. yx : Vx, Ux , etc.) 
of an equation then it is defined for all real 
values of the radicand. If the radicand is 
negative, then the root is negative, if the 
radicand is zero then the root is zero and if 
the ram m,m,m m,m ,m,m,m,n dicand is 
positive then the root is positive. 


| EXAMPLE 1.1 Find the domain of the function 


ers eed 
iar ae 
es ame, 


| SOLUTION For the square root function to 


be defined, 
v, 
x° —7x+12 >0 
x? —2x —3 


x” —4x —-3x +12 
——_—_—__————_ > 0 
x7 +x-3x-3 
x(x — 4) — 3(x - 4) +0 


x(x +1)+3(x4+1) — 
(x — 4) 2) 34 
(x —3)(x +1) 
ee eee 
x+1 
+, - + 
= 4 


Hence, the domain is x € (— », — 1) U [4, ©). 


| EXAMPLE 1.2 _ Find the domain of the function 
V17—15x — 2x? 


x+3 


| SOLUTION For the square root function to 
V17 —15x — 2x? 


be defined, —————————_- > 0 (1) 
x+3 


and for the fourth root function to be defined, 
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17 — 15x — 2x? >0 (2) 
= 2x*+ 15x-17<0 
=> 2x?-2x+17x-17<0 
= 2x(x—l) + 17(x-1) <0 
= (x—1)(2x+17) <0 


fg Sg 
-17/2 1 
x € [-17/2, 1]. 


We solve (1) in two cases: 


45 442 
renera ie 17-15x -—2x“~ 20 
x+3>0 
=> xe [-17/2, l] and x>-3 
=> xe (-3, 1]. 
4f,4 42 
Case IL: 17-15x -—2x“ <0 
x+3<0 
=> x=-17/2,landx+3<0 
=> x=-17/2. 


Finally, the domain is x € (—3, 1] U {-17/2}. 


Graphs of Simple Irrational Functions 
Some irrational functions can be sketched using 
some familiar curves of coordinate geometry. For 
sketching complicated irrational functions, the 
concepts of differential calculus are applied. 


The function y = ./9 — x2. can be found as the 
upper semicircular part ( y => 0) of the circle 
y°=9-x’ ie. x? +y*=9, 


Similarly, y = V2x — x” is drawn using the circle 
22 _ 
copy 25-0. 


Basics 


, 
can be drawn with 


The semi-ellipse y = 


2 2 
the help of 4y? + x? =4 ie. vai ues 


The function y = Vx* +1 represents a branch of 
a hyperbola. 


y= x? +1 =>y?=x*+1>x’-y*=-1 


The function y = — Vx? -1, where y < 0, repre- 
sents the portion of the hyperbola lying below the 
X-axis. 

y=x*-l => 


Irrational Equations 


Irrational equation is an equation in which the 
unknown quantities are under the radical sign. 
The domain of permissible values of an irrational 
equation consists of the values of the unknown 
for which all the expressions under the radical 
signs of an even degree are non-negative. 

One of the ways of solving an irrational equa- 
tion is to raise both sides of the equation succes- 
sively to a power which is the least common mul- 
tiple of the exponents of all the radicals entering 
into the given equation. If the power to which the 
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equation is raised is even, the resulting equation 
can have extraneous roots. In that case the roots 
must be verified. 


When solving irrational equations, we frequently 


use the formula (vf (x) y = f(x). In the case of an 
even n, its application may lead to extending the 


domain of the given equation (for (vf (x)), the 
constraint f(x) > 0 is naturally used for an even n, 


whereas with (vf (x) replaced by f(x) this con- 
straint is removed). For this reason, when solving 
irrational equations, we must check the found so- 
lutions in the original equation. 

The Method of Raising both sides of an Equa- 
tion to the Same Power. 


| EXAMPLE 1.3 Solve the equation 
V(6-4x —x*)=x+4+4 


SOLUTION The equation (6-4x-x’) = 


x +4 is equivalent to the system 
| x+420 


6-4x-— x? =(x+ 4)’ 

x 2-4 
Se 12 
x° + 6x +5=0 


Solving the equation x? + 6x + 5=0 

We find that x, =— 1, and x, =—5 only x, =- 1 
satisfies the condition x > —4. 

Consequently, the number —1 is the only solu- 
tion of the given equation. 


| EXAMPLE 1.4 Solve the equation 


Vx -1+vV2x+6=6 
PSOLUTION Vx -l1+vV2x+6=6 (1) 


Squaring both sides of the equation, we get: 


x—1+2V(K-)D(2x+6)+2x+6 = 36, 
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and further 2 V2x? +4x —6 =-3x +3]. 


Squaring the last equation, we get 
8x’ + 16x — 24 = 9x” — 186 x + 961, 
= x*-202x+985=0 =>x,=5,x,=197 
The found roots are readily checked directly by 
substituting them into equation (1). 


(i) Jx,-1+./2x, +6 =V5-14+V2x54+6 
=6 
Thus x, = 5 is a root of the given equation. 
(Gi) Jx,—-1 + J2x,+6 = VI97-1 + 
V2x197+6 #6 


that is, x? = 197 is an extraneous root. Thus, x = 5 
is the only root of the given equation. 


| EXAMPLE 1.5 Solve the equation 


V3x+44+Vx—4=2Vx. 


| SOLUTION 


V¥3x+44vVx—4=2Vx (1) 
We square both sides of the equation 

3x +44+2 J(3x+4)(x-4) +x -4= 4x 

(2) 

=> 2/(3x+4)(x -4) =0 
whose roots are x = —4/3 and x = 4. One of the 
roots obtained, namely, x = —4/3, does not satisfy 
the initial equation since it does not belong to the 
set of its permissible values. Verification shows 
that for x = 4 satisfies the equation. 


| EXAMPLE 1.6 Solve the equation 
(2x — 1) + 3(x -1) =1 
| SOLUTION We have 
4(2x — 1) + 4(x -1) =1 (1) 


Cubing both sides of (1), we obtain 
2x-1+x-l 


+33{2x -) (x -D [YOx-D 
+ 3(x-1)]=1 
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= 3x-2+3. ¥2x? -3x+) =! 


[using (1)] 
=> 3.3(2x? —3x +1) =3 -3x 
= (2x? -3x +1) =(1-x) 


Again cubing both sides, we obtain 
2x? -3x+1=(1-x) 
= (2x-1)(x-l)=(1-x) 
= (2x-1)(x-l)=-(x-1)° 
= (x—1) {2x-1+(x-1)7}=0 
= (x—1) (x) =0 
x, =Oandx’=1 
" x, = 0 doesnot satisfy the equation (1). 
x, = 1 1s the only root of the original equation. 


The Method of Introducing New 
Variables 


| EXAMPLE 1.7 Solve the equation 


x? +3 -— V2x? -3x4+2 =1.5(x+4) 


? SOLUTION x7+3-V2x? —3x+2=15(x+4) 
(1) 

Isolating the radical and squaring both sides of 

equation (1) would lead to a complicated equa- 

tion. 

Multiplying both sides by 2, we get: 


2x? + 6-2V2x* —3x+2 =3x+12, 
and further 2x” — 3x + 2-2 V2x* —-3x +2-8=0 
Setting y = V2x? —3x +2, we get: 
y’-2y-8=0>y,=4, y)=-2. 


Hence, V2x* —3x +2=4 or V2x” —3x +2=- 


7 
From the first equation we find: x, = - X, =-2. 


the second equation has no real roots. 
Since equation (1) is equivalent to the equa- 


tion V2x7-3x+2 = 4 (because the second 


equation has no solution), the found values can 
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be checked by substituting them into the equation 


V2x* —3x+2 =4. This substitution shows that 
both values of x are roots of the indicated equa- 
tion, and hence of equation (1). 


| EXAMPLE 1.8 Assume that p is a real num- 


ber. Find the values of p so that #/x+3p+1 — 
¥x =1has real solutions. 


SOLUTION fx +3p+1 = Vx +1. 
Put ¥x =h 3/x+3p+1 =h+1 


x+3pt+1=h?+3h?+3h+1 
h?+3p+1l=h?+3h?+3h+1 
3h? + 3h — 3p =0 
h*?+h—-p=0 
For real solution D > 0 
D=1+4p>0or, p=- 1/4. 
Alternative 
3x +3pt1 + ¥x)+(D=0 
Ifat+bt+c=0 wehavea’t+ b> +c =3abe 
x+3pt+1—x-1=3[(x+3p+ Io]? 
Bp = 3[(x + 3p + I(x)" 
=> p’=x(x+3p+1) 
= x*+(3p+ l)x—p’=0 
For real roots D > 0 
= 4p? + 9p?+ 6p+1>0 
(p+ 1)? (4p + 1>0 
p2=-1/4. 


| EXAMPLE 1.9 Solve the equation 


i-x + Vi5+x =2 
SOLUTION Vi-x + Yi5+x =2 ral 


u=V1-x 
Let us assume 
v=V154+x 


Then equation (1) takes the form : u+ v = 2. But 
to find the values of the new variables, one equa- 
tion is not sufficient. Raising both sides of each 
equation to the fourth power, we get 
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7 =1-x 
v’ =154+x 
We then add together the equations of the last sys- 
tem: 

u'+vi=16. 
Thus, for finding u, v we have the following sym- 
metric system of equations: 


u+v=2 

u'+v* =16 
Solving this system we find (confining ourselves 
to real solutions): 


v,=2 °° |v, =0 
The problem has been reduced to solving the col- 
lection of the systems: 


yaa ara 


JI5+x=2. |V15+x=0 


Solving this collection, we find : x, = 1, x, =—15. 


| EXAMPLE 1.10 Solve the equation 


¥x+1=Vx-3 


| SOLUTION We introduce the designation 

Vx +1 =u, Vx—-3 =v. 
Eliminating x in the equations 

u>=x+ 1 and v’ =x —3, we arrive at a system 
of equations 

u=V, w—v?=4. 
Its solution reduces to that of the equation v° — v 
— 4 =0, whose only real root is v = 2. Returning 
to the initial unknown, we get a linear equation 4 
= x — 3, whose root is the only root of the initial 
equation. Hence, x = 7. 


Zz 


Irrational Inequalities 


1. An inequation of the form 72/f(x) < g(x), 
n EN is equivalent to the system 


f(x) 20 
g(x) > 0 
f(x)< g(x) 
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and inequation of the form “"*V/f(x) < g(x), nEN 
is equivalent to the inequation f(x) < g7""1(x). 


| EXAMPLE 1.11 Solve the inequation 
V(x +14) < (x +2). 


| SOLUTION This inequation is equivalent to the 


system 
x+1420 
x+2>0 
x+14<(x+2) 
x 2-14 
=> Lo—2 
x? +3x -10>0 
x 2-14 
= x>-2 
(x + 5) (x — 2) >0 
x 2-14 
=> x >-2 


x <-Sandx>2 
Taking intersection, we get x > 2 1e. x € (2, ©). 
2. An inequation of the form 22/f(x) > g(x), 


n EN is equivalent to the collection of two 
systems of inequations 


g(x) 2 0 {a <0 
on, . and 
f(x) > g(x) f(x) 20 
and inequation of the form “"*/f(x) > 


g(x), n EN is equivalent to the inequation 
f(x) > g°""(8). 


| EXAMPLE 1.12 Solve Vx*+4x-5 >x-3 
+SOLUTION For solving f(x) > g(x), we 


take two cases: 
Case 1: g(x) > 0 and f(x) > g’(x) 
x-3>0 >x>3 
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and x? +4x—5>x7+9-6x 

=> 10x-14>0 >x>14 

Hence, x € [3, 9). 

Case 2: g(x) < 0 and f(x) > 0 
x-3<0 »>x<3 

and x°+4x-5>0 

= x*-x+5x-5>0 

=> x(x-1)+5(«-1])20 

=> xe (—oo, —5], U [1, ©) 

Hence, x € (—%, —5), U [1, 3). 

Finally taking union of the two cases, we have 
x € (—oe, —5), U [1], -). 


| EXAMPLE 1.13 Solve the inequality 
Vx? +3x4+2<1+vVx?—-x41. 


| SOLUTION The domain of the variable here 
consists of two intervals: x <—2 and x >-l. 

In the domain, both members of our inequal- 

ity are non-negative and so squaring yields the 


equivalent inequality 2x < Vx* —x+1. 

Case 1: For x <—2 and-—1 <x <0, this inequality 
is true since for each of these values of x there is a 
negative number on the left and a positive number 
on the right. Thus, all these values of x are solu- 
tions to the original inequality. 


Case 2: For x > 0, both members of the inequality 
2x < Vx? -x4+1 


are non-negative and so squaring yields the 
equivalent inequality 
3x°+x-1<0.>(C1-VI13 6<x<(Cl + V13 V6. 

Taking the condition into account, we find that 
in the latter case the solution of the original in- 
equality will consist of all values of x in the inter- 
val0<x<(-l+ V13 y/6. 
Combining both cases we get the answer : 

x <—2and-1<x<(1+ v13)/6 

IC AUTION fe should be noted that if we do 
not consider the cases 1 and 2 
and square the inequality 


2x < V¥x*—x41 


——— 
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from the startt, we will naturally loose some of 
the solutions. This is loss of “vigilance” while 
squaring. 


| EXAMPLE 1.14 Solve the inequality 


Vx —5-V9-x >1. (1) 


| SOLUTION The set of permissible value is 
x € [5, 9]. Inequality (1) is equivalent to the inequality 
vx—-5-V9—x +1 (2) 
whose both sides are nonnegative. Squaring both 
sides of inequality (2), we get an equivalent in- 
equality 

2x-15>2vV9-x. (3) 

Case 1: If 2x — 15 <0, 1e. x < 15/2, then the left- 
hand side of the inequality is negative or equal 
to zero and the right-hand side is positive. There- 
fore, for any value of x on the interval [5, 15/2] 
inequality (3) is not satisfied. 
Case 2: If 2x — 15 > 0, 1.e. x > 15/2, then both 
sides of the inequality are non-negative, and after 
squaring we get an inequality which is equivalent 
to inequality (3) : 

(2x — 15)* > 4 (9 — x). 

Thus the set of solutions of inequality (1) is 
obtained as the set of solutions of the system of 
inequalities 

5 <x <9 2x-—15>0, 2x-—15)?>4 (9 -x), 
1447 | 

= ei 


Hence we get x € 


| EXAMPLE 1.15 Solve the inequality 


V¥3x —V12x +121. (1) 


-SOLUTION Inequality (1) is equivalent to 


the following system: 
3x > 0 
2x+12>0 (2) 
V3x —V2x+121. 
It is advisable to rewrite the last inequality of system 
(2) in the form V¥3x >1+V12x +1, where both 
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sides are non-negative, and therefore the squaring of 
both sides of this inequality is an equivalent transfor- 
mation. Thus, from system (2) we pass to the follow- 
ing system which is equivalent to (2): 

x 20 


x20 
oe ~ Vix +1 s 5-1 


x 20 


Further, we have 5 —-120 


2 
ax+15(S-1] 
7 


from where we get [12, °°) which is the solution 
of the last system and, at the same time, of in- 


equality (1). 


| EXAMPLE 1.16 Solve the inequality 


V2x+54+~Vx-1 >8. (1) 


tSOLUTION Inequality (1) is equivalent to 


the system 
2x+520 
x-120 (2) 


(V2x+5+vVx-1>8) 


1. Express with rational denominator 
2. Find the square root of 

(a) 3/2 (x—-1)+ V2x2-7x-4 
3. Find the cube root of 

(i) 72-32V5 
4. Solve the following equations: 


(ij) vx+l=a 
(iii) V25—x =2-—v9+x 


(iv) (x +4) (x+1)-3Vx74+5x+2 =6. 
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Since both sides of the last inequality of system 
(2) take on only non-negative values, system (2) 
is equivalent to the following system: 


2x+520 
x—-12>0 
(V2x+5+~Vx-1) >64 
x>1 
=> (3) 
22x? + 3x —5 > 60 — 3x 


System (3) is equivalent to the following collec- 
tion of systems: 


x >] 
x21 
60 —3x 20 : | . 
; 60-—3x <0 
x’ —372x + 3620<0 


Note that for x>1 the inequality 2x? + 3x — 5>0 
is true (since 2x” + 3x — 5 = (2x + 5) (x — 1)), 
therefore the last collection of systems of inequal- 
ities is equivalent to the collection 

x21 

x > 20 


x21 

x < 20 : 
(x —10)(x — 362) <0 

Solving this collection, we get: 10 <x <20; x > 20. 

Combining these solutions, we get (10, °°) which 

is the solution of inequality (1). 


W PRACTICE PROBLEMS [E} 


2vVx +1 
V¥x—-1-V2x +Vx+4+1_ 


(b) 2a— V3a* —2ax—x?. 


(ii) 99-70 V2 


(ii) Vx+3 = Va-x 
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5. Solve the following inequations: 


(i) (x?-1) Vx*-x-2 >0 


-2 wa VX—-3 

il >] ill > 0, 
”) L=2x (aut) x—-2 

6. Solve the following inequations: 
EZ 2 3 
i 1- <= il —V2-x <2 
aa ox 
x* —13x +40 


<0. 


Gi) ~———_—. < 
V19x —x? —78 


7. Find the domain of the function f(x) = 3 F ss 
—X 


1-x 


8. Show that 


V1-x 


is not equivalent to 
X 


(1) for x € (— ce, 1] — {0}, or, 
i 1-x 

(ii) i for x € (— 9, 0), or, 

—|x 
fe 1-x 
(iii) for x € (—°, 1] — {0} 
; 1-x 
but is equivalent to for x € (— ©, 0). 
—x 


9. Consider the functions f(x) = Vx? +5x7+4x and g(x) =2 Vx. 
(i) Find the natural domain of f, 
(ii) Find the x and y-intercepts of the curve y = f(x), 
(iii) If f(4) =a, express f(1) in terms of a, 
(iv) Solve equation f(x) = g(x). 
10. Solve the following equations: 
8 7 5) 
1) ——— —- V10-2x =2 i 6x —x* —5 =2x-6 
Yo a 
24++19-2x -] 
—_ : 


(iii) (iv) V16-x? =4-x. 
(vy) V2x—4 - V¥x+5 =1. (vi) 8 +1=2¥2x-1 


11. Solve the following inequations: 


(i) V2x-x? <5-—x. (i) Vx? -3x-10 <8-x. 
(iii) 3-x>3 VI-x’ 
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12. Solve the following inequations: 


(i) V8+2x—-x? >6-3x. 
(iii) x-—3 Vx-3 -—1>0 


13. Solve the following inequations: 


(i) =—— <] (ii) 
(iii) 4-vx+1 23 
1-vx+3 


14. Solve the following inequations: 
Gj) vx+3 + vx+15 <6. 


15. Find the domain of the functions: 


1 
(i) y= | 
2x? — 5x —3 
| 3 
x’ —7x +12 
ii) y = ,,—————— 
x? —2x —3 


16. Solve for x in terms of a: 


(i) Vx+3=~Va-x 
1.8 | MODULUS FUNCTION 


The modulus function returns a non-negative val- 
ue of a variable or an expression. For this reason, 
this function is also referred as absolute value 
function. 
The modulus of a real number x is defined as 

| x if x20 

[x] = :; 
—-x if x<0 

When the value of x is a non-negative number, 
then function is “x”; otherwise “—x”. The nega- 
tive sign in the second interval ensures that the 
function returns a positive value when variable is 
negative. Thus, 


I5|= 5, In| =x, P=5. 
3; 3 
|O| = 0, 3|==63)=3. 
f(x) if f(x)20 
Also, |f(x)| = er a 
—f(x) if f(x)<0 


(il) y= 
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(ii) V—-x? +6x-—5 >8-2x. 


Gi) Vx—6 —- Vl0-x >1 


V12+x—x’ 


x(x — 2) 


(iv) y= Vx—x? + V3x—x*-2 


(ii) V7-x+vx-3=a 


Let us write f(x) = |2x — 1| as a piecewise defined 
function. 

We have f(x) = 2x — 1 for 2x—1 > 0 and 

f(x) =—-(2x — 1) for 2x — 1 < 0. This gives 


2x-1 if KS 
f(x) = i: 
1-2x if x>-— 
2 


Graph of the function y = |x|. 


The graph of modulus function is continuous 
having a corner at x = 0. Since graph is symmet- 
ric about y-axis, modulus function is even func- 
tion. We also see that there are pair of x values for 
positive values of y. 
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It is clear from the graph that the domain of 
modulus function is R. However, the function 
values are only positive values, including zero. 
Hence, Domain = R and Range = [0, -»). 

The modulus of a variable can also be thought 
as the square root of the square of the variable. We 
must emphasise that the square root is a non-nega- 


tive value same as modulus value. Hence, |x| =V x. 
| EXAMPLE 1.1 Prove that 


Vx + 2Vx —14+vx—2Vx-1 
is equal to 2, if 1 <x <2, and to2 Vx -1, ifx>2. 
= Vx-14+2Vx—-1+1 + 
vx -1-2Vx-141 
= |¥x-14+1|+|Vx-1-]| 


= Vx -1+1+|V¥x-1-] 


— |2Vvx-1 if vx—-1>1, 
2 if vx-1<1. 
_ 2Vx-l1 if x>2, 
2 if 1<x<2. 


Modulus as Distance 


Geometrically, the absolute value of x is the dis- 
tance between the real number x and the origin on 
the real number line, as shown in this figure. 


poole S|=5 | 
oe Aa (Fa cea (SRO A, [ea (ne ee 
3 0 5 xX 
Absolute value as the distance from 0 
The modulus of an expression “x — a” is inter- 
preted to represent distance between “x” and “a” 
on the real number line. For example : 
|x -—2|=5 
This means that the variable “x” is at a distance 
“3” from “2”. We see here that the values of “x” 
satisfying this equation are: 
x—-2=+45 
Either x = 2+5=7 
or, x =2-—5=-3 
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“x = 7° 1s indeed at a distance “5” from “2” and 
“x =—3” is indeed at a distance “5” from “2”. 


| EXAMPLE 1.2 Simplify the function y = x + 


|x — 1] —3 and then draw its graph. 
_ {xt+(x-l-3if x-120 
SOLUTION y x —(x—-1)-3 if x-1<0 


_ nen 


(2 ,x<l 


| EXAMPLE 1.3 Simplify the function 


y = |x’ — 1| + 2x and then draw its graph. 
x* —1+ 2x if x°-120 
+SOLUTION Y= ‘5 i 
—(x* —1)+ 2x if x“ -1<0 
ek x<-1,x21 


~x74+2x4+1: -l<x<l 


| EXAMPLE 1.4 Simplify the function 


f(x) =2|x—1|-3|2-x|+5|x-7| 


PSOLUTION This problem requires consid- 


ering a total of 2 x 2 x 2 = 8 combinations of 
signs, but we can manage things so as to consider 
only four. This is achieved by a special technique 
called the “method of intervals”. 
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Mark on the number line those values of x for 
which each of the expressions under the absolute 
value sign vanishes: the points 1, 2 and 7. Thus, the 
entire number line is divided into four intervals: 

x= | (exe. Jak 7. ee 7. 


—2(x -1)-3(2-x)-5(x-7),  x<l 
we ee 
2(x —1)+3(2-x)-S(x-7), 2<x<7 
2(x —1)+3(2-—x)+ 5(x -7), x27 
—4x +3], x <1 
27, 18x<2 
Hence f(x) = 
—6x +39, 2<5x<7 
4x —3]1, X>7 


| EXAMPLE 1.5 Simplify the function 


y = |x—1| + |x —3] and then draw its graph. 


| SOLUTION We use method of intervals. The 
points of change in de finition are obtained by 
equating to zero, each term within modulus sign. 


ae >x=1,3 

x—-3=0 
x<1l 1sx<3,x23 

1 3 
—(x-l1)-(x-3) , x<l 
y= 4 (x-l-(x-3) , 18$x<3 

(x-I)+(x-3) , x23 
—2x+4 , x <l 

=> y= 2 , 1sx<3 
2x-4 , x23 


Telegram @unacademyplusdiscounts 


—2<x<0 
O0<x<20 


=) 
fEXAMPLE 1.6 irto)= | 


x —2, 
determine g(x) = f(|x|) + |f(x)]. 
| SOLUTION We have 


2, —2<|x|<0 


f([x|) = 


|x|—2, O<|x|<2 
—2, x=0 
= f(|x|) = 
|x|-2, O<|x|<2 
[°° |x| cannot be —ve] 
—-x-2, —2<x<0 
=> f(|x|) = —2, x =0 (1) 
x —2, Xx<x<2 
|-2|, —2<x<0 
and [f(x)| = 
|x-2|, O<xs2 
£00) 2; —2<x<0 2) 
=> x)| = va 
2-x, O<x<2 
Hence, we have 
g(x) = f((x|) + |fGx)| 
(—x — 2) +2, —-2<x<0 
= 12+(-2), x=0 
(x -—2)+(2-x), 0<x<2 
(x) —X, —2<x<0 
=> x)= 
. 0, O<x<2 


Modulus Equation 


For understanding modulus equations, we consider 
a non-negative number 2 equated to modulus of 
independent variable x like : |x| = 2. 


Then, the values of x satisfying this equation 
is: x=+2, 

It is intuitive to note that values of x satisfying 
the above equation is actually the intersection of 
graphs of modulus function y = |x| and y = 2 as 
shown in the figure. 
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Further, it is easy to realise that equating a 
modulus function to a negative number is mean- 
ingless. Observe in the figure above that line 
y =—2 does not intersect modulus plot at all. 


We express these results in general form, using 
an expression f(x) in place of x as : 


lf(x)|\=a, a>O = f(x)=+a 

lf(xs)=a; a=0 @ f(x) =0 

\f(x)=a; a<0O ™ _ There is no solution 
of this equality. 


| EXAMPLE 1.7 Solve |x —3|=2 
| SOLUTION Since right hand side is positive, 


x-3=+2 
co 3+2 
x=5,1 
Note that the equation |x — 3| = — 4 has no 


solution. 


PEXAMPLE 1.8 Solve [3x — 1]=|x+5| 
PSOLUTION Bx-l|=|x+5| 


3x-l=x+5 or 3x -—-l1=-(x + 5) 
3x-l=x+5 or 3x-]=-x-5 


Basics 
2x-—1=5 4x —]=-5 
2x=6 4x =—-4 
x=3 x=-l 


The solution set is {-1, 3}. 


tEXAMPLE1.9 Solve |x—3]=2x+1 


SOLUTION —3— 
Let x <3,-(x-3)=2x+1 
=> x = 2/3 
We check that x = 2/3 satisfies x < 3. 
Now, let x >3 
x-3=2x+1 
x = —4. This does not satisfy x > 3. 


Hence, the solution is x = 2/3. 


Graphical Method 


We draw y = |x — 3| and y = 2x + 1 and find the 
points of intersection. 


—x+3=2x+1 
x = 2/3 


From the figure, we see that there is only one 
solution, which can be found by equating the 
respective functions. 


| EXAMPLE 1.10 Solve the equation | x x—6| 


=x+2 


| SOLUTION 


Casel: Letx*-x-6<05-2<x<3 


Functions and Graphs for JEE Main & Advanced 


We have the equation — x*+x+6=x+2 with 
roots 


y= 2, hy — 2, 


Now check to see whether x, and x, satisfy 
the above condition. The first is valid, the second 
is not; and so only 2 is a root of the original 
equation. 


Case2: Letx*-x-62>0 
= x<-2orx>3 


We have the equation x* — x — 6 = x + 2 whose 
roots are x, = 4, x, =—2. 


Since both of these values of x satisfy the 
above condition, both 4 and — 2 are roots of the 
original equation. Thus the original equation has 
three roots —2, 2 , 4. 


Let us examine this solution more carefully; first 
we rejected the value x = —2 and then found it 
again, so that in the end this value was a root of 
the original equation. How is this to be explained? 
The point is that in the first case we rejected 
x =—2 but we did not assert that is not a root of the 
original equation. The only thing we maintained 
was that this value is discarded due to the restric- 
tions imposed on x by the condition of case 1. 
Quite naturally, there is nothing to stop this value 
from satisfying the condition of another case and 
thus to become a root of the original equation. 


| EXAMPLE 1.11 Solve the equation 


2|x-2|-3|x+4]=1 


tSOLUTION We first equate each quantity 


in the modulus signs to zero and find the roots. 
These roots are used to partition the number line 
into several parts so that it becomes convenient to 
decide the sign of each quantity in the modulus 
sign. 
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Here the number line should be partitioned at 
— 4 and 2. 
$= _1 = 


-4 2 
Let —o<x<-4 
The given equation becomes 
2(2—x)- GB) Xt HF Hl 


= x =-—15 and this agrees with the ini- 
tial condition 


—oo< x <-—4 
x = —15 is a solution. 
Let 4<x<2 
The given equation becomes 
2(2—x)-3(x + 4) =1 
=>x= = which agrees with the initial condition. 
Let 2<x<oco 
The given equation becomes 
2(x —2)-3(x + 4)=1 


= x =-17 and this does not belong to the interval 
[2, o). 


Hence, x = —17 is not acceptable. 


9 
Thus, the solution set is {-15,-2} 


P EXAMPLE 1.12 Solve the equation |x* — 9| 


+ |x?-4|=5 

SOLUTION We consider three cases: 
(a) x’ <4, (b) 4<x’?<9 
(c) 9<x? 


In the first case, Ix? — 9| =9- x? : 
Ix? — 4|=4-x’ or 
Q9—x7+4-x7=5,x*=4, 


x = +2 are unsuitable and the given equation 
has no roots in this case. 
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In the second case, |x” — 9] = 9 — x”, |x” - 4] =5 
or5=5. 

At this point some students think the equation 
has “disappeared”. Actually, the original equation 
is equivalent to the identity 5 = 5 when 4<x’<9, 
which is to say it is satisfied for all values of x. 


This means that any value of x which satisfied 
the condition 4 < x” < 9 is a solution of the equa- 
tion. It now remains to solve this double inequal- 
ity. We then get -3 <x <-2,2<x<3. 

In the third case, x°- 9+ x74 = ae x? = 9, 

x = + 3 are unsuitable and the given equation 
has no roots in this case. 

Finally, we have the solution —3 < x < — 2, 2 
<xs3. 


? EXAMPLE 1.13 Solve |x” — 2x| + |x —3] =4. 
x* —2x =0 
SOLUTION ; => x=0,2,3 


x—-3=0 

——_ 

0 2 3 
Casel: x<0 
=> (x’—2x)-(x-3)=4 
=> x*-3x-1=0 

3413 

= x= ; 
Under the condition x < 0, we have x = : = 
Case2: O0<x<2 


— (x* -2x) — (x -3) =4 
x*-x+1=0 
No solution since D < 0. 
Case3: 2<x<3 
(x* — 2x) -— (x -—3) =4 
x= 1=0 
This yield no solution in 2 <x <3. 
Case 4: x>3 


Basics 


x?-2x+x-3=4 
x’-x-7=0 
1+ 29 1+ 29 
>x= 
2 2 
1+ 29 


Under the condition, we have x = ia 


2413 1+J29 


Finally, the solutions are x = 5 a 
The equation of the form h(|f(x)|) = g(x) 


(when h is the function of |f(x)|, is equivalent 
to the collection of systems 


h(f(x)) = g(x), if f(x) > 0 


x = 


h(—f(x)) = g(x), if f(x) <0 


| EXAMPLE 1.14 Solve the equation 


|x —|4 —x||-2x = 4 


PSOLUTION This equation is equivalent to 


the collection of systems 
|x —-(4-—x)|- 2x =4,if 4-x20 
fo auocimukwecn es 
|2x —4|-2x =4,if x <0 
4-2x=4,if x >4 
The second system of this collection gives 
x= 4but x > 4. 
Hence the second system has no solution. 


The first system of collection (1) is equivalent 
to the system 


2x —-4-2x =4,if 2x >4 
—2x+4-2x=4,if 2x <4 
—-4=4, if x22 
—4x =0,if x <2 

The first equation has no solution 


and second one gives x = 0 
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Hence x = 0 is unique solution of the given 
equation. 


Sometimes ax” + bx + ¢ in lax” + bx + c| cannot be 
factorised in real factors. It happens when ax” + 
bx + c = 0 has imaginary roots, i.e., D < 0. In this 
case, if a> 0, ax* + bx + c will be always positive 
and so |ax” + bx + c| can be replaced by ax” + bx 
+c, Ifa <0, ax” + bx + c will be always negative 
and so |ax” + bx + c| will be replaced by — (ax” + 
bx + c). 


| EXAMPLE 1.15 Find the value of x satisfy- 


ing the equation 


}||x*-x+4|/-2|-3| =x7?+x-12. 


SOLUTION |||x?-x+4|-2|-3] - 


x7 +x-—12 
x?-x+4>0 forallxasD<0 
=> Ix?-x+4|=x?-x+4 


| |x? -x+2|-3] =x*+x-12 
x*-x+2>0 forall x as D<0 
=> Ix?—x +2) =x*-x4+2 
|x?-x-1| =x*+x-12 
For solution, x? + x —12>0 
= x<-4,x>3. 
For such values of x, x7-x—1>0 
Hence, x7-x-1=x?+x-12 


=> 2x=ll=> x=11/2. 


| EXAMPLE 1.16 Solve for x, 


ie — 10x + 24) 
x—-—3 


PSOLUTION Taking log on both sides, the 


given equation reduces to 
(x — 4)(x - 6) 
(x —3) 


|x—4| 


In |x — 4] = 0 (A) 
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Solving equation (1), we have 
(x — 4)(x — 6) 
(x — 3) 
>x=4,6 >x=3,5 


either =0 or |x-4/=1 


But x = 4 is not acceptable, since In |x — 4| is 
not defined for x = 4, 


is not 


and x = 3 is not acceptable, since 


defined for x = 3. Thus the required solutions are 
x=5, 6. 
Modulus Inequalities 


Let x be a variable or an algebraic expression and 
let a be a positive real number 1.¢e., a> 0. 


1. The solutions of |x| <a are all values of x 
that lie between —a and a. That is, 


|x| <a if and only if —-a<x <a. 


2. The solution of |x| > a are all values of x 
that are less than —a or greater than a. That 
iS, 
|x| > a if and only if x <—a or x <a. 

In short, assuming a > 0 
Ix}<a=>> -a<x<a 
|Ix]}<a=> -ax<x<a 
|x]}>a=x<-—aandx>a 
and |x|>a=>x<-aandx>a 

Some simple inequations: 

|x]}<2 => —-2<x<2 

|x} >2—>x<-2orx>2 
Ix] <-2> 6 

Ix] <0 > 6 

|x} <0 >x=0 

An important aspect of these inequalities is that 

they can be used to express intervals in compact 

form. For example, range of trigonometric func- 
tion cosecant is y € (— -, —1] U [], o°-}. Equiva- 

lently, we can write this interval as |y| > 1. 
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EXAMPLE 1.17. Solve |x—5| <2 
*SOLUTION Ix—5|<2 


=> 2<x-5<2 

=> 2+5<x-5+5<2+5 

=> 3<x<7 

The solution set consists of all real numbers that 
are greater than 3 and less than 7. The interval 
notation, for this solution set is (3, 7). The graph 
of this solution set is shown below: 


2units 2units 
<—_ > <—__»> 


23 4 5 6 7 8 


PEXAMPLE 1.18 Solve |x +3|>7 
PSOLUTION [x +3|>7 


x+3<-7 or x+32>7 
x+3-3<-7-3 x+3-3>7-3 
x<-10 x>4 


The solution set consists of all real numbers that 
are less than or equal to —10 or greater than or 
equal to 4. The interval notation for this solution 
set is (— co, —10] U [4, 0°). The graphs of this solu- 
tion set is shown in this figure. 


Tunits Tunits 


—_ > +, 
SSS 
-12 -10 -8 6 4 2 0 2 4 6 X 


EXAMPLE 1.19 Solve |x?+x| <2 
SOLUTION Ix? +x] <2 


=> 2x <x*+x<2 
x+xt+2>0 and x*+x-2<0 


xeR (1) 


x €(-2, 1) .(2) 
Taking intersection of (1) and (2), we get x € (-2, 1). 


Basics 
x — 
| EXAMPLE 1.20 Solve >2 
x+2 
| SOLUTION We have 
x—1 x—-1 
. 
x+2 — 2 or x+2 — 2 
x—l ea x—l 
< 
x+2 res x+2 220 
x¥—-1+2x+4 x -1-2x-4 
—_ a = >0 
x+4 x+2 
3x+3 “(+5) , 9 
x+2 x+2 
a at ee ee 
=? =] —-S -2 


x € (2, 1] x é€ [-5, - 2) 
Taking union, we get x € [—-5, — 2) U (2, -l] 
1.€. x € [-5, — 1] - {-2}. 


Forms of the Inequations Containing 
Absolute Values: 


1. The inequation of the form f(|x|]) < g(x) is 
equivalent to the collection of systems 


f (x)< g(x), if x 20 
( (— x)<g(x), if x<0 
2. The inequation of the form |f(x)| < g(x) is 
-2(x)<f(x)< a(x) 
g(x)>0 
In particular |f(x)| < a has no solution 


for a < 0 and for a > 0 it is equivalent to 
—a<f(x)<a 


equivalent to 


3. The inequation of the form |f(x)| > g(x) is 
equivalent to the 


eae g(x)<0 

—f(x)> g(x), if g(x)<0 

- —. f (x) > g(x), if g(x)>0 
always true, if g(x)<0 
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In particular |f(x)| > a has no solution for a < 0 and 
for a> 0, is equivalent to f(x) <—a, f(x) >a 


4. The inequation of the form |f(x)| = |g(x)| 
is equivalent to the system f°(x) > g°(x) 


Ifo = |g@d| (1) 
Squaring both sides, 


f*(x) = £°() 

f*(x) — g°(x) 2 0 

(f(x) + g(x) E(x) — g(x)) 2 0 (2) 
Inequality (1) is equivalent to (2). 


EXAMPLE 1.21 Solve |x*-1|>|2x-1| 
SOLUTION (x?— 1)? > (2x -2)?>0 


(x* + 2x — 2) (x? — 2x) > 0 
2g. Sy A Set 
_j-y¥3 0 —-l+v3 2 


x € (—0, -]— V3) U [0,-1+ V3] U [2, ~) 


| EXAMPLE 1.22 Find the solution set of the 


3|x|-—2 
ine quality Jx|-1 
».< — 


| SOLUTION Let 


22 


Ix}=y (note |x| 4 1) 


a aoa) (Q 


or 2—2 ... (2) 
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ye Cm, 0] UC, ») 
But |x| = 0, hence |x| € {0} U (1, ©) 
=> xe {0}UC~,-]l) Ud, ») (3) 


Y= 2 5 <Q = 
y—1 y—1 


4 4 
el/—,l} => {xl e |-,1 
vel$-t) hte [5.1 


Sy 4 


From (2), <0 


4 4 
. xe [1-2] U 2.1) . (A) 


For (3) and (4), 

xE€ (-—c,-1)uU (-1,-2) U {0} U (=.1) U 
5 5 

(1, ©). 


| EXAMPLE 1.23 Solve the inequality 


x?—|5x+6|>0. 


| SOLUTION Let us divide the entire number 


line into two subintervals 

(— co, — 6/5) and [ — 6/5, © ) 
on each of which the inequality can be written 
without the modulus sign. 

The equality |5x + 6 | =— 5x — 6 is true for the 
subinterval ( — °, — 6/5) and consequently, the in- 
equality assumes the form 

x°+5x+6>0> (xt 3) (x+2)>0 
=> xe (~,—-3) U (2, ~),. 

Taking intersection with the subinterval we 
get 

(— co, -3) U @, - 6/5). 


On the second subinterval, we have |5x + 6| = 
5x +6 
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[— 6/5, ©), 


and consequently, we can write the inequality 
as 


x’ -5x-6>0>5 (x+1)x-6)>0 
=> xE€ C~,-1)U(6,-). 


Taking into account that the variable belongs 
to the subinterval [—6/5, © ), we get the set of so- 
lutions of the inequality on that subinterval 


[- 6/5, -1] U (, ©) 


The final answer is (—-% ,-—3) U?2,-lDvU 
(6, °). 


| EXAMPLE 1.24 Solve the inequality 


x + [3 — 2x| > |x + 1| -1. 


| SOLUTION Let us write the given inequality 


in the form x + 2 > |x + 1|—1 and mark on 


3 
xX tS fe 
2 
the number axis the points x = —1 and x = a at 
which the expressions standing inside the modu- 


lus sign vanish. These points break the number 
axis into three intervals; 


x<-1@),-1sx< 5 @.x25 ©. 


Considering x consecutively on each of these in- 
tervals, we obtain that the original inequality is 
equivalent to the set of the following three sys- 
tems of inequalities: 


A B C 
dt ft 
3 Xx 
| 5} 
x<-l 


Basics 


Solving each of these systems, we find that the 
solution of the first system is the interval x <—-1, 
the solution of the second system is the interval 


3 ; 
—-l<x< a and the solution of the third system 


; ; 3 ; 
is the interval x > Consequently, the given in- 
equality is satisfied by all real numbers x, except 
for x = 2 

2 


Hence, the solution is x € R—- ‘st 


| EXAMPLE 1.25 Solve the inequality 


Ix? + 3x] + x?-2>0 


SOLUTION 


Casel: x?+3x>0 
=> x2-—3andx 20 (1) 
We get the inequality 2x” + 3x — 2 > 0, the so- 
lutions of which are x <— 2 and x > 1/2. 


We now have to choose from these solutions 
those which satisfy condition (1). This is shown 
in this figure. 


_€__,,,, ————> 
Onn eee nee een > 
a aa a ae a 
=a =2 0 1/2 


We get the solution for case 1 as x >—3 and 
x 2 1/2. 
Case2: x°+3x<0 > 3<x<0 (2) 
We get the inequality -3x-2<0>x<-2/3. 


We now have to choose from these solutions 
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those which satisfy condition (2). This is shown 
in this figure. 


@- -------------------- =e) 
= 
3 2/3, O 


We get the solution for case 2 as -3 <x < —2/3. 


Combining the solutions found in the two cases, 
we get the answer : x <— 2/3 and x 2 1/2. 


| EXAMPLE 1.26 Solve the inequality 


Ix? — 3x — 3| > |x? + 7x - 13]. 


PSOLUTION Since both sides are non-nega- 


tive we can square both sides of the inequality. 
Ix? — 3x — 3)? >| x? + 7x- 13/7 
But |al” = a’ so that this inequality can be re- 
written as 
(x? — 3x -3)* > (x? + 7x -— 137 


Now, transposing all terms to the right side and 
using the formula for the difference of squares, 
we get 

2(x* + 2x — 8). 10 (x-1 <0 


= (x + 4) (kK - 2) K- 1) <0 


This inequality is readily solved by the method of 
intervals. Its solution, and consequently the solution 
of the original inequality is x <— 4 and 1<x<2. 


Graphical Solution of Inequality 


Assume that we need to solve f(x) > g(x). 


We draw the graphs of y = f(x) and y = g(x) 
and then find their points of intersection. The so- 
lution consists of all such values of x for which 
the y-coordinate of f lies above the y-coordinate 
of g. 


Consider a sample graph shown below: 


y = g(x) 
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From the figure, the solution set of f(x) > g(x) 
is (a, b). 


| EXAMPLE 1.27 Solve |x— 1|>2x—-—3 graph- 


ically. 


| SOLUTION Wedrawy =|x- l|andy =2x-3. 


y=|x-l| We 


We solve for point of intersection: 

x-l=2x-3 >x=2 
From the figure, the solution set of 
Ix — 1] > 2x — 3 is (— ©, 2). 


, EXAMPLE 1.28 Solve |x” — 2x| + |x| <2 
SOLUTION Ix* — 2x] < 2 — |x| 


We draw y = |x” — 2x| and y = 2 — |x 


x2—- 2x =x+2 (x2 —2x)=2-x 


34 V17 x2—3x+2=0 
S423 


From the figure, the solution set is 


E an U {2}. 


2 
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W PRACTICE PROBLEMS [F] 


1. Express without absolute values: 


@ |V3- yp-v5| 


(i) |1 —|2 —x|| given that x > 3 


(iii) |x — V(x -1)° | given that x <0 


(iv) |x—1]—|x| + |x + 1] given thatO<x <1. 


2. Simplify the expression 


9 -6a +a’ +/9+6ata? ifa<_—3. 


Find all solutions of the equation (3 |x| — 3)” = |x| + 7 belonging to the domain of y = Vx (x — 3) 
4. Solve: 
(i) (x- Dix? — 4x 4+3]/+2x?+3x —-5=0 
Gi) + 1[+x? - x - 2=0. 
5. Solve : 
Ga) |Ix—|4—x||=2x+4 
(ii) |x? —3 |x| +2] =x? 2x. 


es) 


6. Draw the plane region 
{(x,y) © R*: x- 11, lyl2 2}. 
7. solve : es 
(i) |k-1]/>2 (ii) AT} >? 
x—1 
2 
x“ —3x-] 
ii) |—-——_| <3 (iv) 
me x7 +x+] |x + 2| 
8. Solve : 
(i) Ix +2|-|x-1]<x-3/2 (ii) (Ix —1)—3) (x + 2]/-5) <0 


(ii) |2x+1]-—|5x-2]21. 
9. Find the values of ‘a’ for which the equation 
|x — 1] + |x — 2| + x —-a=0 has two solutions. 
10. Find the number of ordered pairs (x, y) satisfying the system of equations |x — 1| + 3y = 4, 
x—-ly-1]/=2. 
11. Find the minimum value of the expression 
x —p| + |x —15|+|x-p- 15] 


for ‘x’ in the range p <x < 15 where 0< p< 15. 
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12. Find the number of integral solutions of the equations 


x* —10x +21 __ x* —10x +21 
x? —12x +32 x? —12x +32] 
13. Solve: 


(i) Pasa io" 4 
(ii) ghFal_igxtl_ pa gxtl yy 
Git) (x +4) 3! _-x = («4+ 1) [3% 1] +3%71 41 


14. Solve: 
(i) k’-x| < x Gi) Ixl2 0G 
(iii) |x? — 2|x|]>x -2 (iv) [34 +2|x—x’]< -1 
15. Solve for x: (4a—15)x?+2a|x|+4=0. 
16. Solve: 
; —3 
are =] 
(ii) ee igo. 
x°-6x+9 x-3 
17. Consider the inequalities 
| |x -2|-x+3]<5 (1) 
| 2x —|3 —x|-2| <4 (2) 


Show that the solution set of inequality (1) contains the solution set of inequality (2). 


1.9 | PROPERTIES OF MODULUS © wii) [a™\=a™ 
la?| =|al? = a7 
Next, we list several basic properties of absolute 

value. Each of these properties can be derived (yi) 8/g2" = |al, On aotinl ja 
from the definition of absolute value. 


_. fal fa 
For all real numbers a and b, and natural num- (1x) bl lpr b+#0 
ber n, 
i) fal>0 (x) ja + b| <|al + [b| 
Gi ein (xi) ja+b|=|a|+ ]b| only ifab>0 
(iii) —la| <a <|al (xii) |a—b|>||a|—|b]| 
(iv) jab| = lal [bl (xi) |a—b|=||a|]—|b| only if ab> 0 


= (xiv) ja+b +c <|al + |b + |c| 
(v) |ajap.....a,] = laz| laol...../a,] 
(vi) ja"! = Jal" (xv) |a+b+c|=|[al + |b] + |c| only if ab > 0, 
be => 0 and ca > 0 
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(xvi) [at b+ c|<|al + |b] + |c| 
To prove the property |a + b] < |a| + |b| 
note that |a + b|?= (a+b)? =a’ + 2ab + b” 


and ((a| + [b|)* = |al’ + 2/al.{b] + |b/? = a? + 
2\ab| + b? 


but ab < |ab|, so that |a + b|* < (al + [b))” 


Here equality holds when ab = |ab|, which hap- 
pens when ab > 0 


P EXAMPLE 1.1 Solvelx?—1|+ x? — 3x +2 =0. 
| SOLUTION Wehave x? —1+ /x? —3x +2=0 


20 >0 
Both the expressions must be zero simultane- 
ously. 
Ix? - I =0 


>x=+1 
=>x= ll. 


x? -3x +2=05x=1,2 


P EXAMPLE 1.2 If(x*-1)f(x)= 


yx? — 4 +|f(x)], then find the formula of f(x). 


+SOLUTION The values of x should satisfy 


x*-4>0 
=> x?>4>x’-1>0 (A) 
= (x2-1) f(x) = yx? -4 + f(x). 
—$ —— 
20 20 
Clearly RHS > 0 
LHS >0 


(x? — LI (f(x)) > 0 = f(x) = Ofusing(1)] 
’. [fCx)| = f(x) 
= (x21) f(x) = sx? -44 f(x) 
= (x?—2) f(x) = vx? -4 
= f(x) = yx" 4 

(7-2) 

? EXAMPLE 1.3 Prove that—|x*| <x’ sin x <|x° 
SOLUTION Since —|x| <x <|xl, 


3 


— |x? sin x| < x? sin x < |x° sin x| 


Basics 


-x*| < x°® sin x < |x’). 


| EXAMPLE 1.4 Solve the equation 


x? -8x +12 


x7-10x+21| x2-10x +21 


ad 


| SOLUTION This equation has the form |f(x)| 


x* —8x +12 
= -f(x) where f (x) = ae 
It is equivalent to f(x) < 0. 
_  =8xe 
x? -10x+21 — 
(x= 2)(x=6) 29 
(x — 3)(x -7) 
By method of intervals 
+ = + - + 
2 3 6 7 


xe [2, 3) u [6, 7). 


Study Tip 
The equation |f(x) + g(x)| = [fCx)| + |g(x)| 1s equiv- 
alent to f(x).g(x) > 0 


The equation |f(x)| + |g(x)| = f(x) — g(x) is 
equivalent to f(x) > 0 and g(x) < 0. 


| EXAMPLE 1.5 Solve the equation 


Kx? -1]+|2-x?]=1 


SOLUTION Since x? —1+2-—x?=1, wecan 


write the given equation as 
|x? -1] + |2-x?]=|@*-1) + 2 -x’) 
|This is compared with |a|+|b|=|a+b|; 
which is true only when ab > 0 
Le. (x?- 1) (2-x’)>0. 
This is true when 1 <x? <2 


>xe[-v2,-l]u [1 v2]. 
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EXAMPLE 1.6 Solve |(x’+2x+2)+ (3x +7) 
< |x? + 2x + 2| + [3x + 7]. 


| SOLUTION We have |a + b] < [a] + |b], if a, b 


are of opposite signs. 
Now, x7 +2x+2=(x+1)+1>0V xeR. 


Thus, the equation is satisfied for those values 


of x at which 3x + 7<0 Le. x< =a 


| EXAMPLE 1.7 Solve 


(xt — 9) — (x? + 3)| = |x* — 9] - |x? + 3}. 


| SOLUTION We have |a — b] = [aj — |b] if a, b 


have the same sign and |al| > |b| 

ic. x'—9 and x” +3 must be of same sign 

ie. (x*-9) (x? +3)>0 

i.e. (x? —3)(x* + 3)? >0 

ie. x°-3>0 (1) 
and = |x*— 9|> |x” + 3] 

Le. (x? —3)(x* + 3) > x? + 3fusing result (1)] 

ie. (x? +3) (x?-4)>0 

ie. x? >4 


which gives x € (— °%, —2] U [2, °). 


| EXAMPLE 1.8 Solve |2x + 3|=|3x+2|+|x-]| 
| SOLUTION We have |x — y| < |x| + ly| 


For equality x (-y) > 02 xy <0 
(3x + 2) («xK-1) <0 


2/3 1 
Hence, x € =, 1 ; 


EXAMPLE 1.9 Solve 
Ix — 1| + |4x — 3x7] = 3x” -3x-1 
SOLUTION Here, we have |x| + ly| =x —-y (1) 
|x| =x 


One can guess that (1) holds when i | 
iam d 
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Le., x>O0,y <0. 

To establish this we square both sides of (1): 

x? + y? + |x| ly] = x? + y*? — 2xy 

Ix] ly] =- xy => xy <0 

Also, the right hand side of (1) must be non- 
negative. 

Hence, x > 0, y < 0. 
. x-1>0, 4x—3x’<0 

x > 1, 


Taking intersection, we get x € [4/3, ©9). 


P EXAMPLE 1.10 Solve |x? — 2x -|x*- I 


= 2x? —2x - 1. 


SOLUTION Here, we have |x| —|y| =x + y. 


Squaring both sides, 

x? + y’ — 2|x| ly| = x? + y’ + 2xy 
=> |x| ly] =— xy 
=> xy <0 
> (i x>0,y<0 

(ii)x <0,y >0 


=> y=-x . - . 


. CLD ARD aA DDD SY 
(i) x?-2x>0 7% 2 


+ = + 
Sf Af PP pf 
x7-1<0 —f 1 
xe [-l, 0] 
+ = + 
9 2 ees 
(i) x°-2x<0 0 2 
od eo ees 2 
2x? -2x-1=0 


jpals 
x = 


2 
Finally, x € [-1, 0] U Hs} 
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PEXAMPLE 1.11. Solve [f(x) + 6 — x?| = |f@)| cite shan foe +z)20 


> 
+ |4—x’| +2, given that f(x) > 0. yz 20 
xy > 0, yz > 0, zx > 0 
SOLUTION We have, WAGs etS4=rs0S-02x<2 


4-x)-2>05-2<x<2 
f(x) - 2 > 0 , which is given to be true. 
Now, equality |x + y + z| = |x| + ly| + |zI Hence, the solution is — 2 <x <2. 


. PRACTICE PROBLEMS [G} 


. Prove each of the following properties of modulus: 


x+y +z] <|xl + ly +z] < [xl + lyl + [2 


(a) |x| = 01if and only if x = 0 (b) |Ix-—y|=ly —xl. 
(c) Ix-yl S [xl + Iyl. (d) |xl—-lyl SIx—-yl. 
2. Prove that: 
Gi) |x] = [xP (ii) |x"! = |x|" fx > 0 
(ii) |x! = |x!’ xeR (iv) Jx?(x? +1) =|x yx? +1 


(v) x Je? +1 _ x? (x? +1);x20 


x? (x? +1);x <0 
If |a — b| < / and |b — c| < m prove that |a—c| </+m. 
Prove that |x + y + z| > |x| —ly|-|z|,x,.y,zeE R 
Prove that |p — s| < |p — q| + |q—1|+ [r—sl. 


ove ode 


Show that the following inequalities hold for all x € R: 
@) |x-—1)/+2|x]>|3x—-1] (i) |2x + 1|-|x-1|<|x+2| 


7. Prove that if the numbers x, y are of one sign, then 


29 _ iy] + FE + ig] - 


8. Solve |x? — x|+ 2 |x-l| - + x—2I. 


= |x| + ly. 


9. Solve |x” + x — 1] = |x? + 2x]-|x +1]. 
10. Solve |x + 2) + |x?-5x+1] <|x?-4x +3]. 


11. Solve: 
) 


(a) 


2 
xX xX = 
—|+]x] = 11 
a |= SO Gi) 


(iii) [2% — 1] + |4 —2"] <3. 


1 
+|y| = |= 
y 
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12. Solve: 
(i) |x? -5x +7] +|x?-5x-14]=21 (ii) |x? + 8x4+7|= |x? + 4x44] + [4x + 3]. 


13. Prove that the smallest possible value of |x — 1| + |y — x| + fy — 2010] for any real number x and y 


is 2009. 
1.10 | SIGNUM FUNCTION draw y = —1 when the function is negative; 


and draw y = 0 when the function is zero. 
The signum function, denoted as y = sgn (x), is | EXAMPLE 1.2 Draw y = sgn (tan x). 
defined as follows: 
|x| —1 > x < 0 
—,x#0 
y =Ssgn (x) = 4 x = 10 ,x=0 


O>x=0 UU ,x>0 SOLUTION 


The graph of y = sgn (x) is shown below: 
¥ 


] 


A EXAMPLE 1.3 Draw y = sgn (/n |x\). 
- — 


- EXAMPLE 1.4 Simply y = sgn (x*-1) and 


draw its graph. 1 if x2—-1<0 
SOLUTION y= 40, ifx?-1=0 
1 ifx*-1>0 
-1, -l<x<l 
=< <0 , x=+] 
ee fEXAMPLE 1.4 Solve the equation 
Graph of'y = sgn oS x’ — 5x sgn (x° — 4) + 6 = 0. 
| SOLUTION We consider the sign scheme of 
x74 
+, —, + 
5 2 
Let x <-—2,x> 2. Then 
Alternatively, we first draw the curve y = x” - 1, x°- 5x-1+6=0 x=2,3 
and draw y = 1 when the function is positive; = x =3 


Let — 2 < x < 2. Then 
x* — 5x: (1) + 6 =0 
x = -—2,-3 No solution 
Let x =+ 2. Then 
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x? -0+6=0 No solution 


Finally, the solution is x = 3. 


? EXAMPLE 1.5 Solve sgn (x + 1) = 2x’-x 
PSOLUTION We draw y = sgn (x + 1) and y = 


Ix? — x, 


From the graph, we see that there are two solu- 
tions, which are obtained by solving 2x” — x = 1. 


— x =- 1/2, 1. 


—2 —] 
| EXAMPLE 1.6 Solve sgn * Js as ; 
X 


+] 2 
| SOLUTION We consider the sign scheme of 
x —2 
x+1 
+, -, + 
a 2 


Let x <—1 andx>2. 


The given inequality becomes 


2<x-1 
= x> 3 
=> x € [3, ©) 


Let —l<x < 2. Then 
—2<x-1 
=> x >-1 
=> x € (-l, 2) 
Now x= 2 also satisfies the inequality. 
Hence x € (-1, 2] U [3, ©) 


Basics 


Graphical Method 


From the figure, we can see that x € (-1, 2] U 
[3, °°). 


Max-min Functions 
Consider the function represented as 
y =max. {f(x), g(x)} 
Let h(x) =max. {x’, 2 — x} 
Here, h(3) = maximum of {9, 1} =9 
h(1) =maximum of {1, 1} = 1. 
The meaning is: 
: ee , £(x)28(x) 
g(x) , £(x)<g(x) 
This can also be represented as 


_ f(x) +(x) , I-80) 


2 2 
Proof: 
If f(x) > g(x), 
then ___[f(x) — g(x)| = f(x) - g(x) C1) 
max {f(x), g(x)} = f(x) 
_ F(x)+e(x) , fx)-sx) 
2 2 
_ f(x) +(x), |f£(x)~ g(x) 
2 2 
{from (1) } 
and if f(x) < g(x), 
then |f(x) — g(x) | = — E(x) — g(x) (2) 


. max {f(x), g(x)} = g(x) 


_ f(x)+9(x) , g(x)-f(x) 
2 2 
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_ £(x)+g(x) " As — g(x) then max {f(x), g(x)} = g(x) 
2 2 and min {f(x), g(x) = f(x). 
{from (2)} For example wen simplify the function 
h(x) = max. {x*, 2 — x}using graph as follows: 


Similarly, y = min. {f(x), g(x)} is conceived as 
: fate , £(x)2 a(x) 
f(x) , £(x)<g(x) 


_ f(x)+a(x)_ [FOx)- g@)| 
2 2 


 your—x 


Or, 
Proof: 
If f(x) > g(x), then | f(x) — g(x) | = f(%) — g(x) GB) 

. min {f(x), g(x)} = g(x) 


_ £(x)+g(x) © (J (x)-g “I The sketched part of the graph represents 
2 2 y = h(x). 
From the graph, we can express h as 


= ede gt). a 
y) 2 


ies (s ; eg 
{from (3)} 2—-x,-2<x<l 
and if f(x) < g(x), then EXAMPLE 1.7 Draw y = min.{|x -l|, 1 — x’, 
20 /=— 00) 9 «2, Ss seem 
min {£(8), 8(%)} = £69) + soCUTON 
_ £(x)+g(x) | (s = He) 


2 2 
_ f(x)+g(x) | as 
2 2 
{from (4)} 


Method to Draw the Graphs of 
Functions 


y = max {f(x), g(x)} and y = min {f(x), g(x} 
First we draw the graphs of f(x) and g(x). 


Then we locate their points of intersection. 1 

Between any two consecutive points of intersec- Ix — lI, 5 <x<l 

tion, if the graph of f(x) is above the graph of g(x) 

Le., f(x) > g@). We see that the graph lies above the x-axis when 
then max {f(x), g(x)} = f(x) x € [0, 1]. Hence, the solution of 


and min {f(x), g(x)} = g(x) 
and if the graph of f(x) is below the graph of 


g(x) Le., f(x) < g(x) 


min. {|x — 1], 1-x?, x} > Oisxe [0, 1]. 
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PEXAMPLE 1.8 If f(x,y)=(max(x, y™° 


and g (x, y) = max(x, y) — min(x, y), then find the 


value of f [e(-1, - 5 8 4,- 1.75) ; 


| SOLUTION 


and g (—4, — 1.75) 
= max(— 4, — 1.75) — min (— 4, — 1.75) 


=-1.75-(4 =2.25 = 7 


4 2. 
| EXAMPLE 1.9 Leta,b,ce R. Prove that 


min.[(a —b)”, (b —c)*, (c —a))] < 5 (a* +b? +c’). 


| SOLUTION Without loss of generality, let us 


assume 

a<b<c. 
Let b—a=x,c-—b=y 
Let m = min.(x, y). 


Then ; (a7 +b? + c*) 
[a+ (atx)? +(at+xty)’] 
la’ + 2(at+x)+2atnyty’] 


[(aty) + 2(a+x)’? + 2xy]>xy>m’ 


Equality occurs when b-a=c —b=-a. 
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| EXAMPLE 1.10 Find the smallest number k 


for which 
min.[(a —b), (b—c), (a—d)*, (b-c)*, 


(b — d)’, (c —d)’] <k[a? +b? +07 + d?] 
| SOLUTION Without loss of generality, let us 


assume 
a<b<c<d 
Let m= min.{b-—a,c—b,d-c} 
20m? = 3m? + 2(2m)* + (3m)* 
< [(b - a)” + (C— b)* + @-c)] + 
[(¢ - a)’ + d - b)*] + d-a)” 
=3 (a + b? +c? + d’) - (ab + ac + ad + 
be + bd + cd) 
=4 a+b’ t+o°+d)-(atbtet+dy 
<4 (a*+b* +0? +d?) 


= ms = [a +b? +c? +d) 


Equality occurs if and only if b—a=c—b=d 
—canda+b+c+d=0. .. The smallest number 
k is 1/5. 


| EXAMPLE 1.11 Find polynomials f(x) . g(x), 


and h(x), if they exist, such that for all x, 
f@x)| — |g@y] + hex) 


—| if x<-1 
3x +2 if -l<x<0 
—2x+2 if x>0 


SOLUTION Note that if r(x) and s(x) are any 


two functions. Then 
max.(r, s) = (r + s + |r — s))/2. 
Therefore, if F(x) is the given function, we have 
F(x) = max.{-3x — 3, 0} — max. {5x,0} 
3K 2 
= (3x — 3 + Bx — 3)/2 {5x + |5x)/ 
2 ax? 


= |(3x — 3)/2| - |5x/2| - x + 7 
SO we may Set 
f(x) = (3x — 3)/2, g(x) = 5x/2, and 


1 
h(x) = —x + =. 
(x) = -x 5 
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1.11 | EXPONENTIAL AND 
LOGARITHMIC 
FUNCTION 


Exponential and Logarithmic Functions 


Logarithmic and exponential functions are closely 
related functions. Logarithmic functions are use- 
ful in interpreting expressions/equations, in which 
exponents are unknown. On the other hand, expo- 
nential functions are representation of natural pro- 
cess of mathematical relations, having exponential 
growth or decay. We shall encounter many expres- 
sions, involving these two functions in mathemat- 
ics, while analysing or describing processes. 


Symbolically, exponential and logarithmic 
functions, respectively, are: 


f(x) = a” and f(x) = log,x. 


Exponential Function 


An exponential function associates every real 
number x to a function given by f (x) = y =a* 


where 


(i) The base a is positive real number, but ex- 
cluding l,ie.,a>0,a#1. 


(ii) The exponent x is a real number. 


(iii) The number y represents the result of 
exponentiation, a* and is a positive real 
number. 

1e., y> 0. 

The exponential function is designed to be in- 
vertible. This means that f(x) and x be uniquely 
related. 


The exponential function is considered only for 
a> 0, since for a < 0 and a = 0 the expression a* 
loses sense for some values of the variable x. The 
base a cannot be zero, because 0* is not uniquely 
defined as required for invertible function. 


For instance, for a = — 2 the expression (— 2)x 
has no sense for x = 1/4 . Also, if a is a negative 
number like —2, then (—2)x may evaluate to positive 
or negative value depending on whether x is even 
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or odd integer. Clearly sign of function depends on 
the nature of integer value of x. In case x is not an 
integer, then sign of (—2)* cannot be interpreted for 
all values of x. 


Further if a = 1, then 1* evaluates to 1 for all 
values of x. Again function is not uniquely de- 
fined. In a nutshell, we conclude that base a is a 
positive number, but not equal to 1. 


In particular, the exponential function correspond- 
ing to base e, which is nearly equal to 2.718281828, 
is called natural exponential function. 


Once nature of a is decided, it is easy to find 
the nature of y. Consider simplified exponents 
like 107, 10', 10°7, 10°7°°. All these numbers are 
greater than zero. This is true even if exponent is 
not integer. We conclude that y is positive num- 
ber. Note that neither a nor y are zero. On the oth- 
er hand, x by definition is a real number. 


Clearly, the domain and range of exponential 
function are: 
Domain: x € R 
Range: y € (0, ©). 


We shall see subsequently that roles of x and f(x) 
are exchanged for logarithmic function. Here, x is 
the exponent, 1.e., the logarithmic value of a posi- 
tive number and f(x) is the result of exponentia- 
tion, which is argument of logarithmic function. 
For this reason, we say that exponential and loga- 
rithmic functions are inverse to each other. As ex- 
pected for inverse functions, we shall also see that 
domain and range of exponential and logarithmic 
function are exchanged. 


& 


(i) The exponential function y = a* is monoto- 
nous, it increases for a > 1 and decreases 
for 0<a< 1. 


y = a* y =a* 
(0<a< 1) 
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(ii) For a> 1 we have a* > 1 for x > 0 and a* < 
1 for x < 0; for 0 <a <1 we have 0 <a* <1 
for x > 0 and a** >1 for x < 0. The follow- 


Note that the function g(x) = */f(x) 
1 

has the same meaning as h(x) = (f(x))* , 
but their domains are different. 
g(x) is defined under the conditions 

f(x) > O andxe {2, 3, 4. ...... } 
while h(x) is defined under the conditions 

f(x)>0O and x#0. 

For example, to write the domain of y = V4—x, 

we have 4-x>0>5x<4, 

andxeé {2,3......}. 


Hence the domain is x € {2, 3}, 
I 


while the domain of y = (4—x)* 


ing figure helps in comparing exponential 
functions with different bases. 


G) a°=1, (a + 0) is x € (—0, 4) — £0}, 
a ee Now, consider the following hyperbolic func- 
Gi) ao = am? (a # 0) tions and their graphs: 
(iit) a™ *"=a™. a", where m and n are rational Hyperbolic sine 
numbers a 


sinh x = 
° m — n a ° 
(iv) a = —_, where m and n are rational 
a 


numbers, a # 0. 
(v) (a"y"=a™ 
(vi) aP'4= YaP 


A composite exponential function is a function 
in which both the base and the exponent are func- 
tions of x, for instance, (sinx)x”, x, x*, (In x)*. 


Generally, any function of the form 
y = [u(y] = w’ is a composite exponential Hyperbolic cosine 
function. x 


This function is also called an exponential-pow- cosh x = > 
er function or a power-exponential function. In cal- 
culus, the domain consists of such values of x for 
which u(x) and v(x) are defined and u(x) > 0. 

For example, the domain of the function 


1 
y = (x +2)x-3 is obtained by the conditions: 
x+2>0 


}oxeC2.9UG=) 
x #3 


y =cosh x 
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Hyperbolic tangent 


y = tanh x 


Logarithmic functions 


A logarithmic function gives exponent of an ex- 
pression in terms of a base, a, and a number, x. 
The following two representations, in this con- 
text, are equivalent: 
a’ =x and f(x) = y = log,x 
where 
(i) The base a is positive real number, but ex- 
cluding 1. Symbolically, a> 0, a¥# 1. 

(ii) The number x represents result of exponen- 
tiation, a” and is also a positive real number 
symbolically, x > 0. 

(iii) The exponent y, 1.c., logarithm of x is a real 
number. 

Note that neither a nor x equals to zero. 

Following the earlier discussion in the case 
of exponential function, we exclude a = 1, as 
logarithmic function is not relevant to this base. 

ly =] 

We can easily see here that whatever be the 
exponent, the value of logarithmic function is 1. 
Hence, base 1 is irrelevant as exponent y is not 
uniquely associated with x. 

The domain and range of logarithmic function is: 

Domain : x € (0, ©) 

Range: y € R. 

Note that domain and range of logarithmic 
function is exchanged with respect to domain 
and range or exponential function. A logarithmic 
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function is an inverse of the exponential function. 
Therefore, their graphs are symmetric about the 
straight line y = x. Knowing the graph of an ex- 
ponential function, we obtain the graph of a loga- 
rithmic function. 


Domain (0, eo) 

Range : (— 9, ©) 

Intercept : (1, 0) 

Reflection of graph of y = a* about the line y = x. 
Increasing if a> 1 and decreasing if 0<a< 1. 


At x = 0, log, x is undefined and as x gets close 
to 0, the value of log, x approaches infinity. 


The base of the logarithmic function can be 
any positive number. However, 10 and e are two 
common base that we often use. 


If we use ¢ as the base, then the corresponding 
logarithmic function is called natural logarithmic 
function. The plots, here, show some logarith- 
mic functions. Note that all graphs intersects the 
x—axis at the point (1,0) 


Telegram @unacademyplusdiscounts 


log(1/10)* 


ae log(1/e)* 
log(1/2)* 


1. log, 1 = 0 because 0 is the power to which 
a must be raised to obtain 1. 


2. log, a= 1 because 1 is the power to which 
a must be raised to obtain a. 

3. log, a’ = N because N is the power to which 
a must be raised to obtain a. 


4. aa = b because log, b is the power to 
which a must be raised to obtain b. 


EXAMPLE 1.12 Find the domain of the 


function given by 
f(x) = log,2. 
PSOLUTION By definition of logarithmic 


function, we know that base of logarithmic func- 
tion is a positive number excluding x = 1. 


x>0,x#1l 
Hence, domain of the given function is: 
Domain = (0, °°) — {1}. 


tEXAMPLE 1.13 Find the domain of the 


2 
function given by f(x) = log, raion ni 
x7 +5x4+9 


PSOLUTION The argument (input to the 


function) of logarithmic function is a rational 
function. We need to find values of “x” such 
that the argument of the function evaluates to a 


positive number. Hence, 


2 
x° —5x+6 6 
x7 +5x+9 
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We see that discriminant D = b” — 4ac = -11, 
of the quadratic expression in the denominator, 
is negative the quadratic expression in denomina- 
tor is positive for all value of x as coefficient of 
squared term is positive. 

Clearly, sign of rational function is same as 
that of quadratic expression in the numerator. 

= x’-2x-3x+6>0 

=> (x -2) (x-3)>0. 

Hence, the domain is x € (— -, 2) U GB, »). 


1.12 | LAWS OF LOGARITHM 


Let a be a positive number such that a 4 1, and 
let n be a real number. If u and v are positive real 
numbers, then the following laws hold good: 


1. To find the logarithm of a product. 
log, MN = log,M + log,N 
2. To find the logarithm of a fraction. 
log, ~ = log,M — log,N 
3. To find the logarithm of a number raised to 
any power 
log, (M°) = p log, M 
4. To find the logarithm of anumber with base 


raised to any power 


1 
log M=-—log, M 
q 


5. To find the logarithm to a different base b. 
log, M 

(i) log yM= = 
log, b 


a 


| 
11) log ,a = ——— 
(11) log , oes 
6. Fundamental logarithmic identity 
qloe,% 


7. lB, * = x 8p 


EXAMPLE 1.4 Given that log,2 (a7 +1) = 16, 


find the value of log 5, (a + ~) 
a 


a 


= -_ 


SOLUTION Given log,2(a” + 1) = 16 


2 
+1 
Now, log. x: [2 
a 


a> +1 
log 2 : 


log 2 (a°”) 


= ae (2+) 
16 =a a 


_!l 2 
= glee. (a° + 1)-log.» a | 


_ =|16-5| _ |> 3! 
16 2} 16.2] 32° 


| EXAMPLE 1.2 [If log,,27 =a find the value 


of log,16 in term of a. 


*soLuTION 0223 - 


2+ log, 3 
= 3 log, 3 =2a + a log,3 
= (3 —a) log,3 = 2a 


2 
=> log,3 = ee 
3-4 
log, 16 4 
Now log,.16 = 082° = 
log,6 1+log,3 
be digs te 
3-a 3-a 
4(3— 
log,16 = G am 
3+a 


tEXAMPLE 1.3 The non-negative integers 


smaller than 10" are split into two subsets A and 
B. The subset A contains all those integers whose 
decimal expansion does not contain a 5, and the 
set B contains all those integers whose decimal 
expansion contains atleast one 5. Given n, which 
subset, A or B is the larger set ? One may use the 
fact that log,, 2 = .3010 and the log,, 3 = .4771. 
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| SOLUTION The set B contains 10" — 9" ele- 


ments and the set A contains 9" elements. 

Now if 10°— 9" > 9™ then 10"> 2 . 9" and tak- 
ing logarithms base 10 we deduce 

n > log,) 2 + 2n logy, 3. 

Thus, 

logig 2 
1—2log))3 

Therefore, if n <6, Ahas more elements than B 
and if m > 6, B has more elements than A. 


n-l 
gee 
PEXAMPLE 14 If > be, (! 
r 


0 +1 


n> 69] aa 


99 
= I] log.(r +1) , then find n. 


r=10 
+ SOLUTION < r+2 
SOLUTION L.H.S.= )'log, rT 
r 


r=0 


= lo [=)+1 (=)+10 (=) 
4) 1 £> 5 g 3 

n n+1 

are lbs [—*_ } +108, (a= 
n-1 n 


(- 4 n 7 

= log,| —X—xX—X...x ——_ x —— 

1 3 n-1 n 

= log,(n + 1) (1) 


99 
Now R.H.S.= | ]log,(r+1) 
r=10 


= log) 11 x log,,12 x log,,13 x ... 


X 1089.99 X logy 100 
_ log11 . log12 : log 13 a 
log10 = logll  log12 
. log99 3 log100 
log98 = log 99 
= log,)100 =2 (2) 


*. From (1) and (2), we get 
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log, n+1)=2 
= n+1]1=4 


=> n= 3. 


| EXAMPLE 1.5 If the equation 
k'/k 
ln | ———— 
Cenc 
1 1 - 
= F(k): fin(1--—) + nk is true for all k 
k+ly k : 


wherever defined, then find F(100). 


| SOLUTION L.H.S. = aan k - ie + 1) 
k k+1 


_ (k+Dink-kIn(k+1) 


k(k +1) 
R.H.S. = ~~ [k nk—-k In(k + 1) + mk] 
= = [(k+1)mk-kmk+ 1)] 
= L.H.S. = R.HS. 
- (k + 1)/nk —k /n(k +1) 
k(k +1) 
= ~~ [(k+1)mk-kinkk+1)] 
1 
F —— rt 
k) k+1 
F(100) = 2 
101 
EXAMPLE 1.6 Given that log,a =s, log,b 
a2ho 
= s* and log 28)=5 . Write log, —;— asa 
s +] Cc 


function of ‘s’ (a,b, c > 0,c #1). 


PSOLUTION Given log,a=s .Q) 


log,b = 2s" ...(2) 


si +1 


log,c’ = 


QB) 


Basics 


2loge = s +1 
=> ee ee 
3log 2 2 
=> 4log,c = 3(s°+1) (4) 


Now, 2 log,a + 5 log,b — 4 logyc 

= 2s + 10s” — 3(s° + 1). 
EXAMPLE 1.7 Suppose that a and b are posi- 
tive real numbers such that log,,a + logyb = - and 


2 
log,,b + logya = a Find the value of the ab. 
SOLUTION 7 2 
SOLUTION jog,.a+log b= - slog,7b+log a= A 


1 1 
—log.a+ — log.b= 
3 23 7 3 


+ 
2 


1 1 

— log,b + — log,a= 

3 83 7 83 
Adding the equations: 


= log,(ab) + = log,(ab) 


1-2 . 25 
SS eS Ss 
2 3 6 
5 25 
=> ; log;(ab) = a = log,(ab) =5 
= ab = 3° = 243, 


| EXAMPLE 1.8 If a=log,15 and b=log,,18, 


then find log,,24 in terms of a, b. 


3 1 
SOLUTION log,;24 = 7 108s2 5 10853 


a= log,15 = log,3 + log,5 


1 1 
— 
l+log,2 log;2+log,3 
1+ log, 3 
log, 2+ logs 3 


b = log,,18 = log,,2 + 2 log,,3 
1 2 
— ee 
2+log,3 14+2log,2 
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_ log, 2+ 2log,;3 

7 log, 3+ 2log, 2 
= alog,2 + (a— Dlog,3 = 1 (1) 
(2b — llog;2 + (b —2)log;3 = 0 (2) 


Solving simultaneously (1) and (2) for log;2,and 


logs3 we get 
2-b 


log;2 = ————__—_ , and 
at+ab-—2b+1 
2b-1 
log,3 = a 
at+ab-—2b+1 
=> log,24= ace 


2a+2ab—-4b+2 > 


? EXAMPLE 1.9 Given log,(log,x) = logs 


(log,x) then find the value of (log,x) ; 


1 1 

| SOLUTION Given log, 3 82 x= 5 

log,(log>x) 
Let logx = 3y 
1 
= logy = 3 log.3y = 3log,y = log,3 + log,y 
= 2 logy = log,3 
| 

ad y2=3=> 9 (log,x)* = 3 


(log,x)” = 27. 


| EXAMPLE 1.10 For x > 0, what is the small- 


est possible value of the expression 
log(x° —4x*+x4 26) — log(x + 2)? 


3 2 
SOLUTION ge) 


(x + 2) 

_ log & ~ 6x* +13)(x +2) 
(x + 2) 

= log (x*-6x + 13) [. 


= log((x - 3)" + 4) 
*. The minimum value is log 4 when x = 3. 


x#-2| 
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? EXAMPLE 1.11  Ifx=log,(abc); y = log,(acd); 


z = log,(abd) and t = log, (bcd) then find the value of 
| 1 1 ie 1 


xt+1l yt+l z+l ttl 


SOLUTION x + 1 = log,(abcd) 


y + 1 = log, (abcd) 
z+1= log,(abcd) 
t+ 1 =log,(abcd) 


1 1 1 1, 
=> —— + — + — + —— is equal to 
x+1 ytl zt+1 t+l 
og 
log, (abcd) log, (abcd) 
1 1 


+. + ——___—_ 
log.(abed) log, (abcd) 
= log.,q(abced) = 1. 


| EXAMPLE 1.12 Find the greatest value of 


the expression 
log; x + 12log3 x log, : 
X 


when x varies between | and 64. 


PSOLUTION Denote the expression in the 


question by y and transform it in the following way: 


y =log5 x + 12 log? x(log, 8 — log, x) 


logs x (logs x — 12log, x + 36) 


= logs x (6 — log, x)’, 


Let us put log, x = z, then 0 <z <6. The prob- 
lem is thus reduced to finding the greatest value 
of the variable y = z7(6 — z)’. 

It is sufficient to find the greatest value of z(6 — z) 
for 0 < z <6 because the greater a positive number, 
the greater its square. 

The quadratic trinomial z(6 — z) = -(z — 3)” 
+ 9 attains its greatest value for z = 3. Thus, the 
sought for greatest value is attained for z = 3 and 
is equal to 81. 
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| EXAMPLE 1.13 Given a and b are positive 


numbers satisfying 4(log, a)” + (log, b)? = 1 then 
find the possible range of values of a and b. 


SOLUTION (log,b)” = 1 — (2 log, a)” > 0 


=> 2 log a)” —-1<0 
= (2 log,a— 1) (2 log,,a + 1) <0 


=> log,,ae > 7 
£10 29 
io). 


1— (logy) b)” 
Also, (log10*)? = 1= (logig by” 
= (log, b)?-1<0 
=> (log), b— 1) dog), b+ 1) <0 
= log, be [-l, 1] 


1 
—,10 
=>be F fh 


IC AUTION It should be noted that the loga 

(ues Tithmic formulae given earlier 
also have drawbacks. Their left and right mem- 
bers are meaningful for different restrictions on 
the values of the letters that enter into them. 

For example, log, MN has meaning when M 
and N are both positive or both negative. But log, 
M+ log, N has meaning for only positive M and 
N. For this reason, replacing log,MN by log, M 
+ log, N when M and N are negative is meaning- 
less. When solving equations this can lead to loss 
of solutions. Now consider: 


1*. log, MN = log, |M| + log,|N| (MN > 0) 


M 
2 pac = log,|M|—log,|N| (MN > 0) 


a. log,N** = 2klog,|N| (N # 0, k an integer) 


1 


(N > 0, k # 0 an integer, x 4 0, |x| 4 1) 
It should be noted that formulae 1* and 2* also 
have drawbacks; their left and right members are 
meaningful for different restrictions on the val- 
ues of the letters that enter into them. Namely the 


Basics 


right side has meaning for arbitrary M and N dif- 
ferent from zero, while the left hand side is only 
meaningful for M and N having the same sign, 
which means that they are subject to more strin- 
gent restrictions. For this reason, replacing log- 
aMN by log, |M| + log, |N| when solving equa- 
tions can lead to extraneous solutions but not to 
the loss of solutions, as can happen when using 
formulae 1 — 4. Since acquiring extraneous solu- 
tions of an equation is preferable to losing solu- 
tions (superfluous solutions may be discarded by 
verification, but lost solutions cannot be found), 
one should use formulae 1* to 4* when manipu- 
lating literal expressions. 


Consider some examples: 
log,x’ = 2log, |x| 
log,x® = 3log,x 

log,x"? = = log,x 


log,x"* = z log,x 
2 
log,x" = Slog, 


log,2 (xk + 3) = 1 log..(x + 3) 
2 


log, (X+3) = =log,(x +3) 


1 
log,x = 4 log, a 
0 , x=l 
Here is a problem which illustrate the impor- 
tance of utilising these properties. 


| EXAMPLE 1.14 Simplify the expression 


2 
log, a — 2log, 4x* and then compute its value 


x #1 


for x = -2. 


| SOLUTION It is quite evident here that com- 


putations by formulae 1 and 3, that is 
2 
log, 7 ~2log,4x* = 2 log,x —log,4 
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— 2 log,4 — 8 log,x =— 3 — 6 log,x 

are erroneous because the latter expression for 
= — 2 is meaningless, whereas the original one is 
meaningful and is equal to — 6. 

This paradoxical result is due to the fact that 
formulae 1 and 3 are only applicable to positive 
values of the letters. Now if we use formulae 1* 
and 3* in which the values of the letters may be 
negative as well, we get 

2 

log, ay) log,4x*= 2log, |x|— 1-2 —8 log, |x| 

=-3 — 6 log, |x| 

It is clear that for x = — 2 this expression is 
equal to —6. 


Common Logarithms 

The integral part of a logarithm is called the charac- 

teristic and the decimal part is called the mantissa. 
The characteristic of the logarithm of any number 

to the base 10 can be written down by inspection. 


To determine the characteristic of the loga- 
rithm of any number greater than unity 


Since 10! = 10, 
107 = 100, 
10° = 1000, 


it follows that a number with two digits in its inte- 
gral part lies between 10’ and 10° ; a number with 
three digits in its integral part lies between 107 
and 10°; and so on. Hence a number with n digits 
in its integral part lies between 10°” and 10". 

Let N be a number whose integral part con- 
tains n digits; then 

N= 10@ —1) +a fraction 


log N = (n- 1) + a fraction. 


Hence the characteristic is n — 1; that is, the 
characteristic of the logarithm of a number greater 
than unity is less by one than the number of digits 
in its integral part, and is positive. 


To determine the characteristic of the logarithm 
of a decimal fraction. 


Telegram @unacademyplusdiscounts 


Since 10° =1, 
te 26 1, 
10 
1 
107 = — =0.01, 
100 


It follows that a decimal with one zero immediately 
after the decimal point, such as 0.0324, being 
greater than 0.01 and less than 0.1, lies between 
10° and 10°!: a number with two zeros after the 
decimal point lies between 10° and 10%; and 
so on. Hence a decimal fraction with n zeros 
immediately after the decimal point lies between 
10° @* and 10. 

Let D be a decimal beginning with n zeros; then 

D=10- (n+ 1) + a fraction 
log D=—(n+ 1) +a fraction. 


Hence the characteristic is — (n + 1); that is, 
the characteristic of the logarithm of a decimal 
fraction is greater by unity than the number of 
zeros immediately after the decimal point, and is 
negative. 

Let N be any number, then since multiplying 
or dividing by a power of 10 merely alters the 
position of the decimal point without changing 
the sequence of digits, it follows that N x 10°. 
and N + 104, where p and q are any integers, are 
numbers whose significant digits are the same as 
those of N. 


Now log(N x 10°) = log N + p log 10 
=logN+p (1) 

Again log(N = 10%) = log N — q log 10 
= log N-p (2) 


In (1) an integer is added to log N, and in (2) an 
integer is subtracted from log N; that is, the man- 
tissa or decimal portion of the logarithm remains 
unaltered. 


Till now the mantissae have been supposed 
positive. 


Telegram @unacademyplusdiscounts 


In the case of a negative logarithm the minus 
sign 1s written over the characteristic, and not be- 
fore it, to indicate that the 4.30103, the logarithm 
of 0.0002, is equivalent to — 4 + 0.30103, and 
must be distinguished from —4.30103, an expres- 
sion in which both the integer and the decimal are 
negative. In working with negative logarithm it 
is necessary to make the mantissa positive. For 
instance, the logarithm —3.69897, in which the 
whole expression is negative, may be transformed 
by subtracting 1 from the characteristic and add- 
ing 1 to the mantissa. Thus, 

— 3.69897 = — 4+ (1 —.69897) = 4.30103. 


EXAMPLE 1.15 Let x = (0.15). Find the 


characteristic and mantissa in the logarithm of x, 
to the base 10. 
Assume log,)2 = 0.301 and log,,)3 = 0.477. 


15 
SOLUTION logx=log(0.15)"=20l0{ 


= 20[log 15 — 2] = 20[log 3 + log 5 — 2] 
= 20[log 3 + 1 —log 2-2] 

= 20[- 1 + log 3 — log 2] 

= 20[- 1 + 0.477 — 0.301] 


=— 20 x 0.824 =- 16.48 = 17.52 
Hence characteristic = — 17 and mantissa = 0.52. 


| EXAMPLE 1.16 Find the number of positive 


integers which have the characteristic 3, when the 
base of the logarithm is 7. 


| SOLUTION log, N=x where3 <x <4 


=> P<N<7 
=> number of integers are 2058. 


| EXAMPLE 1.17 How many digits are con- 


tained in the number 2”° ? 


SOLUTION Computing log 2”, we have log 


2’ = 75. log 2 = 75. 0.3010 = 22.5750. 
Consequently, the characteristic of this common 
logarithm is equal to 22. Therefore, 2° =a. 10”, 
where 1 <a < 10, a is an integer, and, hence the 
number 2” has 23 digits. 
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| EXAMPLE 1.18 Given log 3 = 0.4771, find 
4 5 
log ‘any x (0.81)5 003 


| SOLUTION The required value 


+ O 
10 5 100 


= 3(log3* — 1) + = (log 3* — 2) - ; (log3 + 1) 


= (9+ 2-5 \log3-(3+5+5] 
> 2 5 4 


97 17 
= -log3-5— = 4.62787 —5.85 = — 1.2213 
10 20 


We should notice that the logarithm of 5 and its 
powers can be obtained from log 2 as 


10 
log 5 =e = log 10 — log 2 = 1 — log?2. 


| EXAMPLE 1.19 Find the number of digits in 


875'°, given log 2 = 0.3010, log 7 = 0.8451. 


SOLUTION log(875'°) = 16(log 7 + 3 log 5) 
= 6 (log 7 +3 —3 log 2) 
= 16x 2.9421 


= 47. 0736 
Hence the number of digits is 48. 


| EXAMPLE 1.20 Let P denotes number of dig- 


its in 8’? 5*° and Q denotes number of zeroes after 
20 
decimal before a significant figure start in (= 


where log )92 = 0.3010 and log, 3 = 0.4771. 
Find the product of P and Q. 


SOLUTION Let N, = 875° 


= logy Nj = logy) (2° + 5°) = logy (10”” - 2) 
= 35 + log) 2 = 35 + 0.3010 


= 35.3010 
P= No. of digits in N, = 36 
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g \20 = 60 x (0.3010 — 0.4771) 
Now, let N,= | — 

me 2 59 = -60 x 0.1761 
= -10.56 = 11 + 0.44 


*. Q=No. of zeroes after decimal before a sig- 
nificant figure start in N, = 10. 


=> PQ = 36 x 10 = 360. 


a PRACTICE PROBLEMS [H} 


l 0.1 
1. Find the natural number whose square is the expression (0.05) 8 3p (0-1) ; 
2. Simplify: 
log, 250 log, 10 
@ Wes _ es 
logs 5 logi259 5 
(ii) log;2 . logs7 . log,3 . log,6 . log;4 
(iii) log; log, pe 8 
(iv) Simplify xY~ 7, y22~ 7 hay 
3. Prove that log, , ,mtlog,  ,m =2 log, ,,m log, _,m 
if it is known that m? = a? — b’. 
4. (i) Find the characteristics of the logarithms 
(base 10) of 23.8, 0.035. 


(ii) How many digits are there in the integral part of the numbers whose logarithms are 4.3010, 
1.4771. 


5. Given log 194.8445 = 2.2896883, find the eleventh root of (39.2). 


= logy) N= 20 log, [= 
2 
3 


= 60 logig [ = 60 log)92—log yy 3) 


100 
6. Show that (= is greater than 100. 


I log, ya" —1. logt), Va" —1 


7. If , then find the value of ‘a’. 
log 2 (a (a* - 1). log s- Sa? - 
log, (b" /8 
8. If Jogs(b"/8) = | and (2) = - then find the value of ~. 
log,(27/a*) a 4 b 
9. If log), 36 =a & log 5, 72 = b, then find the value of 4 (a + b) — 5 ab. 
10. Simplify 


24] a 
] 
bale? =p glogab+1 plospatls, ploesb 


11. Simplify 


(i) ae (V7)?! 182s 7 12510825 6) 
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= 3827 (a? +1) 


(ii) (2°2" ~2a) / (7418? a —1) 


dios, a? 
log, b+ log, (b2 ) log, blog, b 


ill 
“ log, b—log,, b 7108 log. _ 4 


l 
logi/s(5} 4 
iv) 5 2) 410 ———+lo 
oe 52 43 


1 
51/219, 9/a1 


12. If the number 57°” is written out (in decimal notation), how many digits does it have ? 
13. If log,) 2 = 0.301 and log,, 3 = 0.477, then find the number of digits in the number N = 3”” x 28. 
14. ()Find the seventh root of 0.00324, having given that log 4409 = 3.6443. 


1000 
(11) How many zeros are there between the decimal point and the first significant digit in =) 


1.13 | EXPONENTIAL 
EQUATION 


If we have an equation of the form a“ = b (a> 0), 
then 


Gi) xe oifb<0 
(ii) x =log,bifb>0a¥l 
Gi) xe€ difa=1,b#1 
(iv) xe Rifa=1,b=1 
(Since 1*= 15 1=1,xe R) 
Consider equations of the form a = a“, where 
a > 0 and a # 1| and equations which can be re- 


duced to them. The solution of such equations is 
based on the following result : 


If a> 0 and a 1, then the equation a®® = a& 

is equivalent to the equation f(x) = g(x). 
ic AUTION A common mistake made by 
ees § Students is the incorrect use of 
the following statement: “if two exponential 
expressions are equal and if their bases are equal 
( different from 0 and +1), then their exponents 


are equal as well.” What is usually forgotten is the 
phrase “different from 0 and +1”. The result is a 


loss of roots, namely those for which the base is 
equal to 0 or +1. 


If we have an equation of the form (a(x))® = 


(a(x))® called exponential-power equation, then 
(1) a(x) > 0 and a(x) # 1, f(x) = g(x), or 
(ii) a(x) =1, or 
Gii) a(x) =-1, CIP =C 1™, or 
(iv) a(x) = 0, f(x) > 0, g(x) > 0. 
Note that no value of x should lead to 0° form. 


PEXAMPLE 1.1 Solvetheequation2®2*=2°*-6 


| SOLUTION The given equation is equivalent 
to the equation x” — 2x = 3x — 6, and therefore the 
roots of the last equation x, = 2 and x, =3 are also 
roots of the original equation. 


PEXAMPLE 1.2 Solve 16° *3*-Dage?*+3x+2) 
PSOLUTION 160° *35-D = g? +3x+2) 


= 94? +3x-1) _ 3(x? +3x+2) 


2 


5 74x? +12x-4 _ 5 3x7 + 9x46 


— 4x*+ 12x —4 = 3x7 + 9x +6 
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=> x*+3x-10=0 
= (x+5)(x-2)=0 


=> x=-—5orx=2 


| EXAMPLE 1.3 Solve the equation 4" + 2**! 


—24=0. 


| SOLUTION Let us apply the method of in- 


troducing new variables. 


Since 4* = (27)* = (2%)? and 2**! = 2 x 2*, the 
equation can be rewritten in the following way: 
(2*)* +2 x 2*-24=0. 
Setting u = 2*, we get the quadratic equation 
u’ + 2u-24= 0, whose roots are: 
u, =4andu,=-6 
= 2* =4:2*=-6, 


From the first equation we get x = 2. The second 
equation has no solutions since 2* > 0 for any val- 
ues of x. Thus, the root of the equation is x = 2. 


EXAMPLE 14 Solve8+x.2*-2*?-x=0, 
SOLUTION x(2* — 1) + 8(1 - 2") =0 


= (2*-1)(x-8)=0 
=> 2=lLorx=8 


> x= 0,8. 


? EXAMPLE 1.5 Solve 3. ¥81-10 9 +3=0 
SOLUTION 3.97% _ 10.91% +3 =0 


Let 9!*=t. 

= 3t?-10t+3 =0 
=> t=3,1/3 

= 9X=3 91% = 173 
=> x=2,-2. 


But x should be a natural number greater than 1. 
Hence, x =2. 
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| EXAMPLE 1.6 Solve the equation 


Avx'-2x+x ah otal. lx? = = 6. 


SOLUTION Assuming 2°* ~?** =y, 


we get a quadratic equation 
5 
2 
ce ey 5 
> 7 y 


whose roots are y, = 4 and y, = — 3/2. 
=> xt yx -2 =4, 2x4 yx" -2 =-3/2. 


The second equation has no solutions since 2x 
[2 
+ V¥X° —2 > 0 for all values of x. 


From the first equation we getx + Vx? -2 =2 


Separating out the radical and squaring both sides 
of the equation, we obtain x” - 2 =4-4x+x’ 


Collecting terms, we get the only root x = 3/2. 


Verification shows that this root satisfies the 
initial equation. 


EXAMPLE 1.7 Solve 2% — 4.6% + 37% *1=0, 
SOLUTION We divide both sides by 3* 


2x x 
-4-(2] +3=0 
3 


Alternative: 


w—4uv+3v? =0, where u = 2" and v = 3%. 
= (u-v) (u-3v) =0 
= 2*-3*=0 or 2*-3.3*=0 
=> x=0 or x=log,3. 
3 
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In solvin the equation 
| CAUTION acai : 

3*.2*+2 =6 the student equate the 
exponents of the respective bases as: 

3x 
=] 
x+2 
The answer is x = 1. 


x= 1, 


But this solution is incorrect in the sense that 
only one root of the equation is found and nothing 
has been said about any other root. Actually, if the 
exponents on the appropriate bases are equal, then 
the products of these powers are equal, however 
the converse is simply incorrect. 


For instance, the equation 3! .2!=37, 2'082/9) 


is valid, but 1 4 2 and 1 # log, (2/3). Therefore, 
the foregoing reasoning may lead to a loss of 
roots, and this is exactly what occurred in the 
equation at hand. 

Taking logarithms of both members of the 
original equation to the base 3, we get 


x + = log,2 = log,6 


Xx + 
or x’+x(3 log,2 + 2—1log,6) — 2 log, 6=0 


We now have to solve this quadratic equation. 
This can be done using a familiar formula, but we 
have already seen, by trial and error, that x, = 1 is 
a root of the original equation and, consequently, 
satisfies the quadratic equation. Hence by product 
of roots the second root of the quadratic equation 
is X, = — 2 log,6 and so the original equation has 
two roots: 


Thus, it is useful to be able to guess a root, 
but never consider the guessing as the whole so- 
lution. 


PEXAMPLE18 If (5+2V6)" ~3 
+(5 — 2V6)* ~3 = 10 then find x. 


| SOLUTION 


(5+ 2V6)* ~3 + (5 -2V6)* ~3 =10 


Basics 
1 
Here we see that (5+ 2V6) = ———~ 
5 — 2V6 
So, let (5 + 2V6)* ~3 =y 
1 
=>yt —=10 
y 
=> y’-l0y+1=0 
= y=5+2V6 
or 5-26 
So, x7-3=1 or x’-3=-1 


=> x=+2 or x= V2. 


| EXAMPLE 1.9 Solve the equation 


1+3%? = 2x. 


SOLUTION We have 1 + 3%” = 2x 


Dividing both sides by 2x, then we obtain 
1 3% /2 

— + —— 

_ 2 


(eG 


=> (cos 2/3)x + (sin 7/3)x = 1, 
which is possible only when x = 2. 
Hence x = 2 is only solution of the equation. 


| EXAMPLE 1.10 Find the solution of the equation 
22+(V2+1) = (5+2V2) 2. 


| SOLUTION The given equation can be written 


as 
52007 5940 
2 
Now § ifcosa= v2 


5+2V2 
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2+1 

Then sina= 241 
5+2V2 

So, (cosa)x + (sina)x = 1. 


[we have cos*a + sin’ a= 1] 
=> x= 2, 


| EXAMPLE 1.11 Solve 


( 2+2)*+ ( 2-2)*= 2.2 


PSOLUTION 
(v2+v2)*+ (V2-V2}*=2.2"" (1) 
Now, A.M. of the numbers ( 2+V2)s and 


(Wo | 2+V2) + 2-2) 
- ( 2+V2 +(2-2) oa 


oascunee | 2+v2} and 2-2} 


x 


"(Vo 2 
eure ( 2+V2 | 2 v2) =) 
Substituting respective values in (1), we get 
2A.M.=2GM. => AM.=GM. 


Now, A.M. = G.M. if and only if 
( 2+v2} =( 2-2) =>x=0. 


| EXAMPLE 1.12 Solve the equation 
xVF a vx", 


SOLUTION This equation may be rewritten as 
Vx x/2 


~ Sx 
We see that the bases are equal and x > 0. 

So as not to lose any roots, let us see whether 
the base can be 0 or 1. 


Since the expression 0° is meaningless, the 
number 0 is not an element in the domain set and 
therefore x = 0 is not a root of the equation. How- 
ever, xX = 1 is a root. 
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Now let us seek roots that are different from 
0 and 1. 


Equating the exponents, we obtain Vx = x/2, 
whereby we find the second root of the equation, 
x=4 
Ic AUTION One sometimes hears the errone- 
ous assertion: “ If an exponential 
expression is 1, then the exponent is equal to 
zero.” This is only true if the base is different 
from + 1 and 0. 


fEXAMPLE 1.13 Solve x**?=x 
| SOLUTION Since bases are equal we equate 


the exponents 


2x+3=1 > x=-l]1 
Now, we assume base x to be —1, 0 and 1 


x =— | has been found as a solution. 
Put x = 0 in the given equation, 0° = 0. 
Hence, x = 0 is a solution. 

Now with x = 1 we get 1° = 1. 


Hence, the solutions are x = —1, 0, 1. 


| EXAMPLE 1.14 Solve the equation 


12-57" = (x?+x—57)'* (1) 


| SOLUTION Whensolving the given exponen- 
tial-powerequation, we have toconsiderfour cases: 
Case1 x?+x-—57=1, that is, x° + x —58=0. 
In this case equation (1) takes the form 

pets = ie 1=1. 
Hence, the roots of the equation x* + x — 58 = 0 
are also roots of equation (1). 
From the equation x” + x — 58 =0 
—1+ 233 
a 
Case 2: x’+x—57=-, thatis, x? +x—56=0. 
In this case equation (1) takes the form 


we find x; = 
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= 13x73 = ey (2) 


Equation (2) can be satisfied only by those values 
of x for which 3x” + 3 and 10x are integers (since the 
negative number (—1) can be raised only to an inte- 
ger power of equal parity (both even or both odd). 


From the equation x? + x — 56 = 0 we find - 
X, =—8, x, = 7. The value x, = —8 does not satisfy 
equation (2), while the value x, = 7 satisfies this 
equation. Hence, x = 7 is a root of equation (1). 


Case 3: x’? + x-—57=0. In this case equation (1) 


takes the from 0°* *3 = 01% (3) 
Equation (3) can be satisfied only by those values 
of x for which 3x” + 3 > 0 (this is true for all x’s) 
and 10x > 0; in this case equation (3) takes the 
form 0 = 0 (let us recall that the expression 0° has 
sense only for r> 0). 


From the equation x” + x —57=0 


—14v229 
2 


—1-—229 
Z 


we find x, = 


The value x, = does not satisfy the 


—1—~¥229 


condition 10x > 0, while x, = does. 


-1+ 229 . ; 
Hence, x = a is a root of equation (1). 
Case 4: Ifx?+x—57>0and x*+x-57€]., 


then from equation (1) we conclude that 
1 
3x? +3=10x, we find: x, =3, x)= Ze 
these values must be checked by substituting into 
equation (1). For x = 3 we get : (-45)°" = (-45)°” 
which is a true equality. 
Summing up, we conclude that equation (1) 


has six roots: 
—~1+J233 : _ —~1—~229 
2 


2 


2 


X12 3—7,X4 


7 
| EXAMPLE 1.15 Solve the equation 


2 
ico -| 


X5 =3,X6= 


=|x-2|* 


Basics 
PSOLUTION x-240 x#2 
Casel: x-—2>0 => x>2 
Taking log on both sides : 


(10x? — 1) log(x — 2) = 3x log (x — 2) 
= log(x — 2)(10x” - 3x -— 1) =0 
= x—2=lor 10x?-5x+2x-1=0 
=> (5x+ lD@x-1)=0 
=> x=3 or x =-— 1/5 (reject), x = 1/2 (reject). 
Case2: x-2<0 > x<2 
(10x? - 1) log(2 - x) = 3x log(2 —- x) 
= log(2 — x)(10x? — 3x — 1) =0 
=> 2-x=1 or x=- 1/5, x=1/2 
= x= |, 


=> xe |= 513] 
5 2 


-EXAMPLE 1.16 Find the general solution, 


of the equation x° "**7= Jx . 


SOLUTION x? sin 2x +2 _ xl 


1 
=> [@sin2x+2)-5 | log x =0 


=> 3sin2x+2=— 7 


1 
| 

=> sin ZX 7 

= 2x = n+ (-"(-4) 


35 x= ~ 1)", where ne I. 
2 12 


| EXAMPLE 1.17 Solve the equation 


(0.4) x+1 = (6.25)27 ex 


| SOLUTION Using the fact that 


- 
0.4 = = and 6.25 = (5) 
5 2 
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we reduce the original equation to the form 


) log’ x +1 ») 2 (log x* —2) 
7 


Equating the exponents, we pass to the equation 
log’ x -—6 log x + 5=0. 

After solving it we find 

logx=1,x= 10 and log x =5,x= 10°. 


The solutions are 10, 10°. 


| EXAMPLE 1.18 Solve the equation 


0.5lo x?—x 
. 8 6 _ 3logs 4 


gg OC=X)_ 
SOLUTION x2 ()losx = 310832 
=> lB (X°-x) = 9 
=> x*-x=2 = x’?-x-2=0 
=> (x-2)(x+]1=0 


=> x=2 or 
. x=2. 


x=-1 (rejected) 


Solve the following equations : 
1 PX+ 9.5% = 5% 49.7% 


2. 4xtls 4 ok = 6xt1 
3. 92x? 4 gx? + Ix +2 _ 95+ 4x 
4 


4v3x?-2x41 4. Bas 9 9V3x?-2x 
5. (v5+V24) + (v5—v24) = 10 


6. 9° -1_36x3*-343=0 
7 39x71 _ gy a7 14 915x-1 


8. (2+ V3)¥+(2- V3) =4 


—80=0 


9. COfBy 40-3)" cet A 


5 
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| EXAMPLE 1.19  Findallreal numberst satisfying 


the equation (3'—9)° + 9'- 3 = (9° + 3'- 129°. 


SOLUTION Let 3'=a 


(a—9)° + (a? —3)? = (a? +.a- 12) 
= (a-9)°+ @-3)°=[@’-3) + @-9]° 
= 3(a” —3)(a —9)[(a’ —3) + (a—9)] =0 
= (a’ —3)(a—9)(a*+a-12)=0 
This gives a = 3, 3.=3.= VJ3,-4,9 
The acceptable values of a are a = 3, V3 9 
3t= gue at? 
Hence, t=1, 1/2, 2. 


EXAMPLE 1.20 Solvetheequation7° *=x+2 
| SOLUTION By trial we find the root x = 5. 


The equation has no other solutions since the 
function f(x) = 7° * decreases and g(x) =x + 2 
increases and consequently, the graphs of these 
functions cannot intersect more than once. 


WW PRACTICE PROBLEMS (1) 
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3x 
10. 5*~ 2x 2x+1 =4 


ll. (x?-x-1* 71 =1 


12. (x—2)* * =(x-2)” 
13. 4x +(x-1) 2x =6-2x 


—|x+2| 
14. Find the range of the function y = (5) 


Basics 


Xx 
15. Find the number of solution of the equation (=) =25+ . =0 


2 
; -2 
16. Find the number of values of x which satisfies the equation | x Pe" = 1. 


1.14 | EXPONENTIAL 
INEQUALITIES 


The elementary exponential inequalities are in- 
equalities of the form 


a*>b,a*<b, (1) 
where a and b are certain numbers (a> 0,a# 1). 


Depending on the values of the parameters a 
and b, the set of solutions of the inequality a* > b 
can be in the following forms: 

1. xe (log,b, ~ ) fora>1, b> 0; 

2. xe (-~, log,b) for0<a<1,b>0; 

3. xe Rfora>0,b<0; 


Depending on the values of a and b, the set of 
solutions of the inequality a* <b can be in the fol- 
lowing forms: 

l. xe (~, logab) for a> 1, b> 0; 

2. x € (log,b, - ) for for0<a<1,b>0; 

3. xe dfora>0,b<0 (i.e. the inequality has 

no solutions) 


| EXAMPLE 1.1 Solve the inequality 


3 3x-l x—3 
2 x-l < Q3x-7. 
| SOLUTION We transform the inequality 
3x-l x—3 
2 x-l < 93x-7 (1) 
3x71 3(x-3) 


to 9 3(x-1) <2 3x-7 


This is equivalent to the inequality 
3x -1 2 3(x — 3) 
3(x -1) 3x -—7 
Sk). 3x=9 2% 
3x-3 3x-7 
12x — 20 
> ——— 
(3x — 3)(3x — 7) 
5 
x —— 
ee ei 


cafe 


Solving the last inequality by the method of 
intervals, 


5 7 ee 
we get (—9%, 1) U (7 which is the solution 
of inequality (1). > 


| EXAMPLE 1.2. Find the number of integral 


values of x satisfying the inequality 


( 3 i 7 
— < er 
4 64 


SOLUTION 6x+10—x’>3 


= x’?-6x-7<0 
=> (x+ 1) (k-7)<0 


(2) 


~ + 
= 7 =>x=0,1,2,3,4,5,6 
Hence, there are 7 integral values of x satisfying 
the inequality. 
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| EXAMPLE 1.3 Solve the inequality 


l (x?-2x? +1) 1 l-x 
G)<G) 
2 2 
* SOLUTION If we disregard the exponents, 


we can say that this is an elementary exponential 
inequality with base less than unity: (1/2)* < 1/2)”. 
Solving it, we find that the original inequality is 
equivalent to the inequality (x° — 2x° + 1)!? > 
l-x. 


Since (x°— 2x + 1)! =\(x?-1) = |x?- I], 


it follows that we have yet to solve the inequality 


Ix? -—1)>1-x 


Since the left member here is non negative, it 
is automatically satisfied for 1 — x < 0, that is, 
when x > 1. 


We now consider x < 1. In this case, x? < 1, 
and so |x* — 1| = 1 —x° and we have the inequality 


1-x°>1-xorx(x-1l) (x+1) <0 


Solving this inequality by the method of inter- 
vals, we find that it is true for x < — 1 and for x 
located in the domain x < 1 under consideration 
and so are solutions of the original inequality. 


Thus, the original inequality is valid for 


x<-10<x<1,x>l. 


| EXAMPLE 1.4 Solve the inequality 


gxt2_9kt3_9xt4y 5xtl_5xt2 


| SOLUTION We get 


2" (a Oa) S52 Gala 1), 
=> 2**2(_5) > _* °(-2), 
pxt2 A 


2)" (2) 
<— => = <{|—] . 
soe Oy 5 5 


The last inequality is equivalent to the inequality 
<2 SZ, 


from where we find (0, c) which is the solution. 
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EXAMPLE 1.5 Solve 2*+2"'> 2V2 
es Let x <0 


2 4+2°*> 2V2 
Ie 
2?*_ 2/2 2x +1>0 


+, —, + 


V2-1 V2+1 
2° < J2-1 > x <log2(V2-1) 


> J24+1 > x>log2(V2 +1) 
Let x>0 


2x +2x>2V2 => 2.2x>2V2 => x>1/2 


Hence, the solution is x € (— ©, log’( joe 1)] U 
[1/2, 00) 


, EXAMPLE 1.6 Solve 2**-—2x+2+4.3*>6* 
SOLUTION 2%(2%-4)+3* (4-2) 2>0 


(2* — 4) (2*-3*)>0 
The sign scheme of the expression is: 


0 5 
Thus the solution is 0 <x <2. 
Alternative: 
Casel: 2*-4>0 and 2*-3*>0 


x>2 x <0 
There is no solution in this case. 


Case2: 2*-4<0 and 2*-3*<0 
x <2 x>0 
=> 0<x<?2. 


Hence, the solution is x € [0, 2]. 


| EXAMPLE 1.7 Solve the inequation 


AX <3.g%t VK 4 gis | 


SOLUTION The inequation is defined if x > 0 

Writing the inequation as 2°* < 3.2** vx 

+ 4.22%* and dividing by 22 we get 
1<3.2°5-* 4 4.22x-”) 


avx-x 


On putting t = we get 4t? + 3t-1>0 
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=> (4t-ldt+l=0 

(. t+1>0) 
2-2 =e, 

= 2 > 2 


= Vx -x>-2 (... 2a increases as @ increases) 
On putting Vx =u, we get u’—u-2<0 

=> (u-2)M+)<0 

=>u<2 (Vvxu= Vx 20) 

> Vx <2 > x<4 

= Solution set is [0, 4! 


TEXAMPLE1.8 Solve 'x*?-*-?> 1, 


D tee 
SOLUTION Ix’ ~*~ 7> |x\° 


Casel: 0<|x|<1>5-1<x<1,x#0 


Solve the following inequations: 
1 0 tx -2x-2 <0. 1283 


2. x¢° Sa 5°" <0, 
[x|+1 


2. Gi >9 
3 
4. 4%¥4+2%1_6 <0 
( 1 y" ( 1 y" +4+3x+4 
= | 


3 3 

2'* -2* +1 

—— 
al 

7, QS eee BY) OR 


8. v9" +4+3*-2 >9-3* 


9 34% > 28 
10. 8—x.2%+2°>-*_x>0. 


ll. [xf <1 


0 


12, 3% <Qhoxy 


Basics 


x?-x-2<0. 
x7 +x—-2x-2<0 


x(x + 1)-2(x + 1) <0 
x => [-l, 2] 


Under the given conditions -1<x<1,x+#0. 


Case 2: |x|>1=>x<-landx>1 
x*’-x-2>0 
+, -, + 
—1 2 


x<-l,x>2 
Under the given conditions x <-—1,x>2 
Case 3: |x|=1 

x = + 1, the inequation holds true. 
Finally, x € (— 9, 1] U [2, -) — {0}. 


WW PRACTICE PROBLEMS [J] 
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1.15 | LOGARITHMIC 
EQUATION 


1. Consider logarithmic equations of the 
form 
log, f(x) = log, g(x), where a> 0 anda# 1. 
(1) 
The equation loga f(x) = logag(x) is equivalent to 
the system: 
f(x) = g(x) 
f(x)>0 (2) 
g(x) >0 
Note that for solving equation (1) it is not nec- 
essary to solve system (2). We may proceed in a 
different way, namely, to solve the equation f(x) = 
g(x) and from the found solutions to choose those 
which satisfy the system of inequalities 


f(x)>0 
g(x) > 0, 
domain of equation (1). 
2. Now, consider equations of the form 
logarxy f(x) - logag) g(x). 
It is equivalent to the system: 
f(x) = g(x) 
f(x)>0 
g(x) >0 
a(x) >0 
a(x) #1 
In other words, the roots of equation are repre- 
sented by those and only those roots of the equa- 
tion f(x) = g(x) which simultaneously satisfy the 
conditions : 
f(x) > 0, g(x) > 0, a(x) > 0, a(x) 4 1 


(these conditions specify the domain of equation). 


that is, those which belong to the 


If the given equation includes logarithms to 
different bases, it is first necessary to reduce all 
the logarithms to the same base. 

3. When solving logarithmic equations, we use 
the properties of logarithms. Consider, for instance, 
the equation log, f(x) + log,g(x) = log, h(x) ...(1) 
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It is transformed to: 


log, (f(x) g(x)) = log, h(x). ...(2) 
but Equations (1) and (2) may be non-equivalent. 
Indeed, the domain of the expression 


log, f(x) + log,g(x) f Xx) >0 
is given by the system of inequalities ; 
g(x)>0 


whereas the domain of the expression log, f(x) 
g(x)) is specified by the inequality f(x) g(x) > 0 
which is, in turn, equivalent to the collection of 
systems of inequalities: 
f(x)>0° f(x) <0 

ee >0° es <0 

Thus, when passing from equation (1) to 
equation (2), we can encounter an extension of 
the domain of equation (1) (at the expense of the 
solutions of the last system of inequalities), and, 
hence, extraneous roots may appear. Therefore, 
on solving equation (2), we have to choose those 
of its roots which belong to the domain of the 
original equation (1), that is, which satisfy the 
f(x) >0 
g(x)>0 . This check is 
h(x) >0 
an essential part of the solution of a logarithmic 
equation. 


system of inequalities 


It is clear that the check may also be realised 
by a direct substitution of the found solutions into 
the original equation. 


| EXAMPLE 1.1 Find the sum of all solutions 


of the equation 


(log, x)? - ibe x+5 
3 _~ 


= 3V3. 


| SOLUTION We have 


(logy *y? - logy x +5= 


Put logy x =y 


ay syt5=2 


—2y*-9y + 10=3 
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= 2y?-9y+7=0 
=(2y -7)Yy-D=0 
7 
>y=-,1. 
‘i Z 
= logox = 1 or log, x = 


Se 


=> x=9orx=97?=37 
=> The sum of all solutions = 9 + 2187 = 2196. 


| EXAMPLE 1.2 Find the number of real roots 


of the equation log) (7x — 9)” + logy) (3x — 4)” =2. 


* SOLUTION log 9(7x—9) +log,)(3x—4)°=2. 
logio [ (7x — 9)” .8x - 4)? ] =2 
(7x — 9) (3x -—4)=+ 10 
Taking positive sign, 
21x*-55x+26=0 => x=13/21,2 
Taking negative sign 21x” — 55x + 46=0,D<0 
(imaginary roots). Hence, the number of real roots 
of the equation is 2. 


| EXAMPLE 1.3 Solve that equation 


log(¥x +141) _ 3 
log 3/x — 40 
| SOLUTION We have 

log(./x + 1+ 1) = log(x — 40). 
Putting x +1=t and raising we get the equa- 
tion 

t’-t-42=0, 

whose roots are t, = 7 and t, = —6. 

Since t= x +1 > 0, the root t, is discarded. 
The value of x corresponding to the root t, is equal 
to 48. By substitution we check that it satisfies 


the original equation. Thus, the equation has the 
unique root x = 48. 


| EXAMPLE 1.4 Solve the equation x + log), 


(1 + 2*) 
=x log), 5 + log,,6. 


Basics 


SOLUTION x + log) (1 + 2°) 


= x log)) 5 + log,,6. 
= xt log,, (1 + 2%) —x log,) 5 = log),6 
= x log), 10+ log,)(1 + 2*) — x logy, 5 
= log},6 
=> log), 10* + log, (1 + 2%) — logy, 5* 
= log 196 


10%(1+2*) _ 
os! 


=> log 08106 


=F (1+2%=6 > (2x) +2x-6=0 
Let 2*=y 

=>yty-6=0 => (y¥t+3)(y-2)=0 
=>y=-30ry=2 > 2x=-3 or 2*=2 


But 2* > 0 for all values of x. So 2* = — 3 is 
impossible. Now from 2* = 2 


x = 1 is the solution of the equation. 


PEXAMPLE 1.5 Solve logy, .3)(6x7+23x+21) 


= 4 — logis, +7) (4x° + 12x + 9) 


PSOLUTION Here. logo +3) (2x +3) Bx +7) 


=4- log.3x +7) (2x+ 3)2 

= logos + 3)(2x + 3) + loge, +3) Gx + 7) 
=4—2 loge, +7) 2x + 3) 

= 1+ loge, +3) Gx+ 7) =4 
— 2 logs, + 7) (2x43) 

Let logy, + 3(3x + 7) =y 


] 
= log +7) 2x + 3) = 7 


2 
>1lty=4-—= => y’-3y+2=0 
y 


=> (y-2)(y¥-l=0 = y=lor2 
Now logo, + 3(3x + 7) 

= Lor, logis + 38x + 7) = 2 
=> 3x+7=2x+3 or 3x+7=(2x+3) 


>x=-4 => 4x*+9x+2=0 
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= (4x + 1) (xk +2)=0 
> x=- Don: 
4 


But for the logarithm to be defined 
2x+3>0,3x+7>0,2x+341 
and 3x +7#1 

Now for x = — 4 
2x+3=2(-4)+3=-5 <0, 

hence x = — 41s not solution. 

Now for x = — 2 
2x+3=2(--2)+3=-1<09O, 

hence x = — 2 is not solution. 


Now for x =— : 
4 


2x +3=2(-2) +3= - > Oand 41, 

ax+7=3(-2) +7= = > Oand# 1 
1, ; 

Therefore, x = — ri is the only solution. 


| EXAMPLE 1.6 Solve the equation 


1+ log, ¥27 log,x+1=0. 


3 
1+ ——— |lo = 
SOLUTION 2log, -| 83% +1=0 


Let log;x =y 


3 
= he lyon (Q) 


3 1 
=> (1+ 3)-4 => = 
2y)  y 2y soy 
= 2y? + 3y -2=0 = 2y?+ 4y -y-2=0 
=> (y+2)Qy-1)=0 
=> y=l/2ory=-2 
From (1), y is negative. 
Hence, y = 1/2 > x=1/9. 


| EXAMPLE 1.7 _ Find the value of x that satis- 


1/x 


1 
7 5050 
base of the logarithm is 10. 


fies the equation oe , where 
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1 1 
SOLUTION bees: = 


5050 


| 1 


x XatD = 10)5050 
1 


x(x+l) _ 


—— = x= 100 (by trial). 
5050 ae 


| EXAMPLE 1.8 It is known that x =9isa 


root of the equation log, (x* + 15a’) — log (a- 2) = 


= logl0x 


8 ax 
log, es Find the other root(s) of this equation. 


2 2 
1 
PSOLUTION log, —- eee 
a-— 


a-—2 


= x? + 15a” = 8ax 


x’ — 8ax + 15a” =0 (2) 
(x - Sa) (& -3a)=0 > a= 2 ora= = 
; 9 
*. x =9 satisfies (1) hence a= . ora=3 


o- 
But a= . is not possible since a > 2. 


>a=3 

Substituting a = 3 in (2), 

x’ 24x +225=0 => x=9orx=15 
= Hence, the other root is x = 15. 


| EXAMPLE 1.9 Solve the equation 


log’ (4 — x) + log (4-x) . log [x +) log’ 
[. + 5 |r 
2 
| SOLUTION 
log’ (4 — x) + log (4-x) . log [x + | 
1 
—21lo (245) =0 
8 , 
Let log(4-—x)=A and log [x+ >| =B 


— A*+ AB-2B’=0 
— A*+2AB—-AB-2B’=0 
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= A(A+ 2B)- B(A+ 2B) =0 
=> A=B or A=-—2B 


*. log(4 — x) = log [x43] 
: eee => a 
2 4 
7 
=> x=-. 
4 


1 
Now _ log(4-—x) =-2 log [x “ | 


1 
(x + (1/2))° 


=> (4—x)(x’?+ 7 +x)=1 


=> 4-x= 


= 40-41 Tt ax—x?-1=0 


= x? 3x? uals 


=0 
= x(4x*- 12x - 15) =0 
=> x=0 or 4x*-12x-15=0 


_ 12+ v144+ 240 _ 12+ V384 


8 8 
_ 1244V24 _ 34V24 
8 Z 
er 3- 
Rejecting x = - , we get 
_ 3424 
a 
_ 0 34+ V24 
"4? 9) . 


tEXAMPLE 1.10 Find the real numbers x 


which satisfy the equation 
2log,log,x + log, log, (2V2x) =] 


SOLUTION 2logjlog,x Hog, ,log, (2V2x) =1 


=> 2 log, log, x + log, ; log, 2 V2x =1 


Basics 


=> log,(log5x)” — log,log, 2 V2x=1 


(log, x)? a 


1 
log, 2V2x 


= log, 


| 2 
a (log, x) _ 
log, 2V2x 
=> (log,x)* = 2log, 2V2x 
=> (log,x)” = 2(log, 2V2 + log,x) 


=> (log,x)° =2 (> + log, ) 


= (log,x)* = 3+ 2 log,x 
Putlog, x = y, then 

= y*-2y-3=0 

> (y-3)Vv¥t+)D=1 

= y=-lor3 


= log,x=-1 or log,x=3 
1 
=> x=—-— or x=8 
2 
1 , 
Hence x = —, 8 are the solution of the given 
equation. 2 


| EXAMPLE 1.11 Solve thesystem of equations: 


S(logxy + log,x) = 26 and xy = 64. 


| SOLUTION Let log,y =t. 


Then the first equation becomes 


1 
5 Gr = 26 


= 5t?-26t+5=0 

= 5t?-25t-t+5=0 
=> S5t(t-—5)-(t-5)=0 
= (t—5)(5t—1)=0 
Hence t=5 or t=1/5 
Now _ log,y =5 


64 : ; 
= x° =y = — (using second equation) 
Xx 


= x°= 64 
=> x=2 and y=32 
When log, y = 1/5 


1/5 


y=x : 


5 64 
> x=y > —FHY 
y 


=> y°=64 => y=2 and x=32 
Hence the solutions are (32, 2) or (2, 32). 


| EXAMPLE 1.12 Solve the equation 


4 — 
1+ log, = (log log n — 1) log, 10. 


How many roots has the equation for a given 
value of n? 


tSOLUTION Passing over to logarithms to 


the base 10 we obtain 


1 
log x 


= (loglogn — 1) 


After simple transformations this leads to the 
equation 


4-x logn 
log| x. =lo : 
s( 10 : 10 


Taking antilogarithms we obtain 


x*-4x + logn=0, 


X12 5 4 —— logn . 


A simple argument now leads to the following 
results 


(a) If0<n< 10‘ andn ¥ 10°, the equation has 
two different roots, namely 


xX; =+ /4-logn and x,=-— ./4-logn 

(b) If n = 10°, there is only one root x = 3 
(x = 1 should be discarded) ; for n= 10* we 
also get one root x = 2. 


(c) Ifn> 10* there are no roots. 
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-EXAMPLE 4.13 Find the real solutions to 


the system of equations 
logjo(2000xy) — log;ox * logigy = 4 
log jo(2yz) — logyoy * logyoz = 1 
and log,9(zx) — log; z - log, x = 0 


| SOLUTION From the first equation, 


3 + log, 9(2xy) — log,9x : loginpy =4 C1) 
logio(xy) — logiox * logyoy = 1 — log, o(2) 
From the second equation, 
logio(yZ) — logyoy * logyoz = 1 — logy (2) 
Hence, log x + log y —log x- logy 
= log y + log z—log y: log z 
= log x (1-log y) = log z (1 — log y) 
=> (log x — log z)(1 — log y) =0 
Hence either, 
logx=logz or 
=> y=10 


logioy = 1 


But y = 10 does not satisfy equation (1) hence 
rejected. 
* log x =logz 
From the third equation, 
(log ox)” = 2logyox) 
= log x [log;ox — 2] = 0 
=>x=1 or x=100 
If x=z=1 then y=5 
If x=z=100 then y=20. 
Hence, the solutions are x = 1, y =5,z=1 
or x= 100, y = 20, z= 100. 


| EXAMPLE 1.14 If the solutions of the sys- 


tem of equations 


8 
log’ x + log” y 
8/y 
log y + OE) = 0 


log’ xX + log’ y 


are (X,, Y;) and (xX), y>), (the logarithms are taken 
to base 10), then find the value of y,y>. 
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| SOLUTION Letu=logx, v=logy 


u+ 8v 


u + ——- = 2 (1 
ue + Vv? () 
Su—v 

v + ———- - 0 (2 
we +v? @) 

(1) x u + (2) x (v) 

=> 2uvt+8=2v => u=1-— 
Vv 
Put this in (2) to get v? — 16 =0 
v=+4 => logy=+4 
=> y=10'10" 
YiY2= 1. 


| EXAMPLE 1.15 Solve 


(2/08 * +4 3/0852 —-x— 3 


SOLUTION Let f(x) = 2'°8* +3 


The given equation is f(f(x)) =x. 
Since f is increasing, if f(x) < x then f(f(x)) < f(x) 
If f(x) > x then f(f(x)) > f(x). 
Since for f(f(x)) = x to be have, we must have 
f(x) =x. 
Let t = log;x 
2hs* 4 3=% 
2t+3=5t 
Using trial, the solution is t = 1. 
Hence, x=5. 


| EXAMPLE 1.16 Solve for x : log,(x — 1) 
— log 5 Vx+3 


= log,(x — a)? + log, (x—3). 
2 


| SOLUTION Domain: x-1>0,5 x>l 


V¥x+3 >0 => x>-3 


Basics 


(x-ay>0 => x>a 
x-3>0 > x>3 


Finally, x > 3 and x > a. 


log,(x — 1) —log,(x + 3) = log,(x — a) — log,(x — 3) 


log, cae = log, Soa 
(x +3) (x —3) 
X)-x—3x+3=x’-ax+3x-3a 
x(7 -—a) =3 + 3a 
3+3a 
> x= 
1a 
. 343 
Now we check for domain ames pe 
—-a 
=> ae 2350 
7y-a 
—21 
ey) > eG. 
7J-a 
Also, ae 70 
—a J-a 


343a—TJat+a’ 
J—-a 


>0 


2 
_, a 4a+3 <0 @ 3)(a ) eo 
a—7 a—7 


ae (-~, 1) U3, 7). 


3(1+ a) 
7y-a 


| EXAMPLE 1.17 Locate the real root of the 


equation 2—x-—Inx=0. 


Finally, x = ifae (3, 7). 


| SOLUTION We write the left member of the 
equation in the following way : 


f(x) = (2 -—x)+ (-Inx), 


We see that the function f(x) is a sum of two 
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strictly decreasing functions, and therefore it is 1 
also strictly decreasing. Consequently, the given Here y=Inx,y= - 
equation has a single root. 1 
Now, f(1)>0, (2) <0 Constructing the graphs y = In x and y = 2 


This shows that the root lies in the interval (1, 2). (See figure), we find the approximate value of 


the only root ¢ = 2.5. 
| EXAMPLE 1.18 Solve graphically the equation 


x Inx-—1=0. 


* SOLUTION Let us rewrite the equations in 


the form 
1 
In x=-— 
X 


PRACTICE PROBLEMS [K] 


l. Pipe x? -4x4+4 - a ee ee = (0) 
10 2 vx 


2. [1 —logy5x| +2 = |3 — log;)s x| 
| xlsx +5 — 1915 +3 logx 


<2 log, x log; x 


4, *__i24 
4 


gloss (log x) _ log, x — (log, x)? + 1 


. log 6 x + logyx” =log 6 2-1 


. (1+ x/2) log,3 — log, (3°-13) =3 log <¢,,,5 +4 
log | (5+x)= log, . (15 + Vx) 


2+|x| 


10. 20 log,, Vx +7 log. X —3 log, x” = 0 


5 
6 
7. 3*=10-log, x. 
8 
9 


1 
11. log, log3(x” — 16) — log,» log,)3 ae =2 
xX — 
12. |log, (3x — 1) —log,3] = | log, (5 — 2x) - 1] 
13. | 3-x jos" x—log x? = 3 = x|° 


Solve the following equations: 


14, fx — fla fox? py 8 
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15. 20 log, Vx + 7log,¢ x —3 log,» x? =0 
16. (x+1) logs x + 4x log,x — 16 = 0 


Basics 


17. (log, , ~ 10) logyo(x” - 3x + 2) = (logyo(x — 3)) log, 10-2 


18. log.(x?+ 1) = [log ex (1+ x7)) +4; 


19. log, (6+ Vx -|Vx -2/)= —+ 10g, Vx -\Vx —2| 


1 _ 
20. Show that the equation log, (2x”) + log, x. x/°8x(le82 ale log,” (x4) + 27310812 (los. x)= 1 has no 


solution. 


21. aand f are roots of 


log"(1+ =] + log?(1- +) =2 log" : 
x x+4 x—-1 


22. Solve the system of equations: 


( 1 
log,5x 
lo 


— 1 , then find the value of a? + B?. 


5 + log, y) = log, x and log, x . (log; (x + y)) =3 log; x 


23. Find the sum of the roots of the equation (x + 1) = 2 log,(2* + 3) — 2 log,(1980 — 2%). 


1\* 1 
24. Prove that solution of the equation, 208s (2) -1 = oem (+) -4) 


irrational number. 


3 
is an 


25. Find the sum of all integral solution of the equation, 4log, , (Vx 7) 2log,,(x’) =3 log,.(x°). 


1.16 | LOGARITHMIC 
INEQUALITIES 


The nature of logarithmic function is dependent 
on the base. Let us consider an equality: 
log,x > y 


What should we conclude: x > a” or x < a’? It 
depends on the value of a. We can understand the 
same by considering LHS of the inequality equal 
to an exponent z: 

log,x =Z 


If a> 1, then a’ will yield a greater x than a’, 
because z > y (it is given by the inequality). On 
the other hand, if 0 < a < 1, then a’ will yield 


a smaller x than a’, because z > y. We can 
understand this conclusion with the help of an 
example. 


Let log x > 3 
Let log x = 4 
Clearly, 2*> 2° as 16>8 
Let us now consider a < 1, 
log) 5x =4 


Clearly, 0.5* < 0.5° as 0.0625 < 0.125. Thus, 
we finally conclude: 
log,x >y > x>a’;a>1 


log,.x >y > x<a’;0>a<1 
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log,X» }--------; 
logaXy _— 


If0 <x, <x, then 
log,Xy = log,X2 


If0 <x, <x, then 
log,x; > log,x> 


Consider the following elementary logarithmic 
inequalities 
(i) If a> 1, then the inequalities 0 < x, < x, 
and log,x, < log,x, are equivalent 
(ii) If0 <a< 1, then the inequalities 0 <x, <x, 
and log,x, < log,x, are equivalent. 
(iii) Ifa> 1, then the inequalities log,x <k and 
0<x<ak 
(iv) Ifa> 1, then the inequalities log,x > k and 
x > aX are equivalent. 
(v) If0<a<1, then the inequalities log,x <k 
and x > a‘ are equivalent. 


(vi) If 0<a<1, then the inequalities log,x > k 
and 0 <x<ak are equivalent. 
An inequality of the form log, f(x) > b is equiv- 
alent to the following systems of inequalities: 
(i) f(x) > 0, f(x)>a° fora> 1 
(ii) f(x) > 0. f(x) <a? fora <1, 
and an inequality of the form log, f(x) < b is 


equivalent to the following systems of inequali- 
ties: 


(i) f(x) > 0, f(x) <a’ fora> 1: 
(ii) f(x) > 0, f(x) > a’ for 0<a<1. 


? EXAMPLE 1.1 Solve log,(x”- 1) <1. 
PSOLUTION Domain 


x?-1>05x<-1x>1 (A) 


Taking antilog, x*-1<2 
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=> x*-3 <0, -v3<x<v3 (2) 
Taking intersection of (1) and (2), we get 


xe (-V3,-1) U (1,V3) 


| EXAMPLE 1.2 Solve 


2 
log, (2—x)> log, (=). 
4 4 x+1 


Domain: 2-x>0>x<2 


| SOLUTION 


2 
— >0>x>-1 
x+1 


Hence, —-1<x<2 C1) 


2-x< 


x+1 


2 
—+x-2>0 
x+1 


pe ee a ay . 
x+1 


(x) 4 
x+1 


0 


x € (-1,0) U C1, 2) ...(2) 
Taking intersection of (1) and (2), we get 
xe (-1, 0) U1, 2) 


EXAMPLE 1.3 Solve log, (log,(x? —5))>0 


3 
SOLUTION Domain: x*-5>0 
x >5 => xe (-~, -V5)U(V5,0) .(1) 
Also, log,(x’ - 5) >0 > x’-5>1>x’>6 
=> xe (-~, — V6) U (V6, ©) (2) 
Now the inequality reduces to 
log, (x°-5) <1 
x°-5<4 
x? <9 > xe (-3, 3) (3) 
Taking intersection of (1),(2) and (3), we get 
xe (-3,- V6) U (6,3) 
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| EXAMPLE 1.4 Find the value of x for which 


(log, x — 2)(log, ,. x — 2) ‘ 
(log, x —1) 


0 


| SOLUTION 


ce (log, x — 2)(log;;2 x — 2) . 
(log, x —1) 
The factor log,;x — 2 becomes zero at x = 9. 
Similarly the other two factors become zero at 
x = 1/4 and x = 4. Note that we must consider 
only positive values of x. 
We now find the sign scheme of the expression by 
using some test points inside the various sub-intervals. 
We also use the fact that logax > 0 for x > 1 if 
a> land log,x>0for0<x<1lif0<a<l1. 


0 


Sign of expression S 


0 1/4 4 a 


=> 0<x<1/4or4<x<9 
=> xe (0, 1/4) UG, 9). 


| EXAMPLE 1.5 Solve log, (2x — 3/4) < 2. 


SOLUTION 2x -3/4>0 > x>3/8 (1) 
Case 1:0<x<1 (2) 
Taking antilog, 


2x- <x? => x?-2x+3/4>0 
4x’ —8x+3>0 = (2x-3)(2x-1)>0 
pe (ees ee 


+ + 
ly 3/2 


me (+5) U(3.<] 3) 


Taking intersection of (1), (2) and (3), we get 


3 1 
x E€| —,— AA 
(Fa) 
Case 2: x>1 . (5) 
Taking antilog, 
2x — 3/4 > x’ 


4x* —~ 8x +3 <0 


Basics 


1 3 
—<x<— 6 
5 5 (6) 
Taking intersection of (1), (5) and (6), we get 
3 
ejl, — 7 
xe(1 5] ~ 


Taking union of (4) and (7), we get 


es}e(3] 
xE€ },—,—]U/1,— 
8 2 2 


| EXAMPLE 1.6 Find the solution set of in- 


equality, log,., (x? —x) <1. 


SOLUTION x(x-1)>0 
acm ct 


0 1 
=> x<0orx>|1 (1) 
Casel: x+3>1> x>-2 (2) 
Taking antilog, 


= x*-x<x+3 => x?-2x-3<0 


=> (x-3)\(x+1)<0 


yO 


ad 3 
= lage 3, (3) 
Taking intersection of (1), (2) and (3), we get 
xe (-1, 0) UC, 3). (4) 
Case 2: 0<x+3<1 
=> 3<x<-? (5) 
Taking antilog, 


x?-x>x+3 5 x*-2x-3>0 


=> (x—3)\(x+1)>0 


es ee oe 


=| 3 
=> x<-I1,x>3 (6) 
Taking intersection of (1), (5) and (6), we get 
x € (-3,-2). (7) 


Taking union of (4) and (7), we get 
x € (-3,-2) UCI, 0) UCL, 3). 


Functions and Graphs for JEE Main & Advanced 


| EXAMPLE 1.7 Solve the inequality 


log, _5 (2x — 3) > log, 5 (24 — 6x). 


| SOLUTION Since we do not know whether 


the base (x — 2) is greater or less than 1, we have 
to consider two cases: (i) x -2>1 Gi) 0<x-2<1. 

Thus, the problem has been reduced to solv- 
ing the following collection of two systems of 
inequalities 


x-2>1 O0<x-2<1 
2x -—3>0 _ {2x-3>0 
24-6x>0 * 124-6x>0 

2x —3>24-6x 2x —3<24-6x 


2 
From the first system we get ee <x <4, from 
the second we get 2<x <3. 


me 2 
Thus, the solution is (2, 3) U (4) ; 


| EXAMPLE 1.8 Solve log,,|x — 1| > 0 
| SOLUTION The function log,,|x — 1| is not 


defined for |x| = 0,1. 
Case 1: Let 0 <|x| <1 
The given inequality reduces to 
Ix- 1] <|xP=1 
=> -l<x-l1<l 
=> 0<x<2 
Intersection with 0 < |x| < 1 gives 
O0<x<l. (1) 
Case 2: Let |x| > 1 
The given inequality reduces to 
Ix— 12 |x=1 
=> x-l<-lorx-121 
=> x<0orx>2 
Intersection with |x| > 1 gives 
x<-lorx>2. ...(2) 
Taking union of intervals (1) and (2), gives the 
required solution set as 
x € (-co, -1] U [0, 1] U [2, ©). 


| EXAMPLE 1.9 Find the values of x smaller 


than 3 in absolute value which satisfy the inequality 
log 4-2) % — 2ax)> 1 for alla>5. 
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-SOLUTION log (54-42) (X — 2aX) >la>5 


and -3 <x <3. 
Note that 2a—x”> 1 for all a> 5 and xe (-3, 3) 
Hence the above inequality will be true if 
(x —2ax) > 2a—x’ 

=> x-2axt+x’-2a>0 

= x(1+x)-2a(1+x)>0 

=> (x+ 1) (x-2a)>0>xe (3,-1). 


| EXAMPLE 1.10 Solve 


ee ee ee 
toss ( =" log,(x + 3) 
x+2 


>0,x+3>0 


SOLUTION Domain **! 
x+2 


xE (-~,-2)UECl1, ~~), x>-3 
= xe (-3,-2) VE, ~) 
Let log,(x + 3) > 0 
> x+3>] 
=> x>-2 


x+1 
Let lo —— |>0 
e(~5 
x+1 x+1l-x-2 
=> ————> 


>] 0 
x+2 x+2 


>0O => x<-2 


=> 
x+2 
Casel: x<-2, 
Le. x € (-3, -2) 
The inequality becomes: 
1 | 


+ve +ve 
Hence, it has no solution. 
Case 2: x>-2 
1.e.x € (-l, ©) 
The inequality becomes: 


1 1 bans 
—— < — which is always true 
—ve +ve 


Hence, the solution is x € (—l, ©). 
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fEXAMPLE 1.11 Solve log,,,(x+a)<1. 
PSOLUTION x+a>0—>5x>~2 


a+1l>0=>a>-]1 
a+14l>az0 
Case 1: 0<a+1<1l>-1<a<0 
xta>at+l>x>l 
Since — 1 <a<0, we have —a< 1. 


Hence, if -—1<a<0 then xe (1, ~). 
Case 2:a+1>l>a>0 
xta<xat+lox<l 


If a> 0, then x € (a, 1). 


? EXAMPLE 1.12 Solve log,,(20—x)> log}, x. 
| SOLUTION Domain: 20—x>0andx>0 


ie. x € (0, 20) 


The solution of the inequality is x € (0, 10]. 


| EXAMPLE 1.13 Find the solution set in [0, 27] 


of the equation log|sin x|(x” — 8x + 23) > losin x((8)- 


*SOLUTION Note that x” — 8x + 23 > 0 


Vxe R, x#nmandx# Qn + 1). 


=. x7 {0 Tl, an, =, =| 
a 2 


Since | sin x | < 1, the above inequality holds if 
x’ — 8x + 23 <8 
=> x’-8x+15<0 


Basics 


= (x—3)(x-5)<0 


=> xe (3,2) U G =) U (5) 


2 
| EXAMPLE 1.14 Find the domain of the function 
6x — x? 
f(x) = ,/logio 
8 
| SOLUTION We need to find the interval of 
x for which 
6x — x’ 
> 0 
8 


= 6x—x’>0 
= x’?-6x <0 
=> 0<x<6 
Now, we interpret second condition according 
to which the whole logarithmic expression within 


the square root should be a non-negative number. 


6x — x? 


8 
2 


= 0 


= logo 


6x — xX 
8 
= 6x—x’>8 
= x?-6x+8<0 = 
= x(x— 2) -4(x-2) <0 
=> (x-2)(x-4)<0 
=> 2<x<4. 

Now the interval of x valid for real values of 
f(x) is the one which satisfies both conditions si- 
multaneously, i1.e., the interval common to two 
intervals determined. 

0<x<6N2<x<4 
Hence, the domain is [2, 4]. 


| EXAMPLE 1.15 Find the domain of the function 
f(x) = /{(log, > x)° + logy» x? logy» 0.0016x + 36} 


>] 


=> 6x—x’-8>0 


x? —2x —4x + 8 <0 
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| SOLUTION logy 5x° logy, 0.0016x = 


3logy 5x logy 5 0.2°x 


= logy >x° . logy ,0.0016x 
= 3logy 2x .(Alogy 7 0.2 + logy 2x) 

We observe that all logarithmic functions have 
the base of 0.2. Let us consider that z = logy 5x, 
then logarithmic expression within square root 
is: 

z+ 3z(4+z)+36=z> +3z°+ 122+ 36 

=z (z+ 3) +12 (z+ 3) 

Now, this expression is non-negative for square 

root to be real. Hence, 


PRACTICE PROBLEMS 


Solve the following inequations: 


35—x? 1 
l. logis 7 = 2° 


2 
log” x —3logx +3 25, 
logx -1 
x —1 
So i ee es 
log, (9 -3°)-3 
(x —0.5)(3-x) . 


log, |x —1| 


0. 


5. Find the domain of the function: 


@ ve log, (x? — 4) 


log 3(x —)) 
f > $0. 
V2x —x° +8 
2 — 
7. logy > log, = | > 0. 
x° +1 
log, (4x* —x-1) =A 
log, (x? +1) 


= 


(x —1)*(x — 2) log(1+ x) ai 
x3(x-3)(x-4) 
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(z7 + 12) (z+3)>0 
But, we see that z” + 12 is a positive number. 
It means that: 


(z+3)>0 => logy,x>3 
1 
=> x<0.2° —_ = x <125. 
0.008 


Note that we have reversed the inequality as 
the base is 0.2, which is less than 1. 


Further, we have substituted z = logy ox 

This logarithmic function is valid by definition 
for all po sitive value of x. 

Now, the domain of given function is x € (0, 125]. 


[L] 


(ii) y =log,, (2x — x? + 3) 
6. Find the integral solutions of the inequality 
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10. log (2) 
PEL KFDK-5)) 


1 
11. Jiog;@x=3) < og, { x-5 
12. log, (VS5—x —x+1)>-3 


3log, x +6 | 


LS: | 


logs x +2 


. (log; x)(2 — log, x) 


14. logsx + log, — 
3 log; x 
15. log, . 92. logy (x°-x-2)> 1. 


16. log, 3) (2(x? — 10x + 24)) > log, 3) (x° — 9) 


17. Jlog;,.x+4log, Vx <V2 (4- log sx"). 


18. log, (x — 1) + log,x > 2. 


19. log, 2x < Vlog, (2x°) 


20. log, 2. log,, 2 . log, 4x > 1. 
|x? —4x]43 = 
x7+|x-5| 7 
1 | 


————— 
logs(x+1) 210g, Vx? +6x +9 


23. log, (1 -8a*)>2(1 -x) 


21. log, 0. 


22, 


24. log, 2'* 20 
ae 4 

25. log ; = — 
* |[x-2| 2 


1.17 | TRIGONOMETRIC 
FUNCTIONS 


Trigonometric functions 


There are six trigonometric ratios. In this sec- 
tion, we describe each trigonometric function 
with corresponding domain, range and graph. In 
particular, we shall come to know that some of 
these trigonometric functions are not defined for 


Basics 


all values of angles. Further, we shall deliberately 
denote an angle by variable x not by 0 as con- 
ventionally denoted. This is to emphasise that an 
angle is a real number. 

Besides, domain and range, we shall also dis- 
cuss periodicity of each trigonometric function. 
We refer to a function as periodic if its values are 
repeated after certain intervals. Graphically, peri- 
odic function has a fundamental segment, which 
can be used to draw plot of the function by repeat- 
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ing that fundamental segment again and again. 
Mathematically, we say that f(x+T) = f(x), where 
T is the fundamental period. 

Here, we shall make use of one important rule 
about periodic function. If T is the period of func- 
tion f(x), then period of function af(kx + b) is 


a , where a,b and k are real numbers. Important 
points to note that a and b do not affect period, but 
coefficient of x i.e. k affects period and is given 
by —“ 
|k| 
On the other hand, we find whether the func- 
tion is even or odd. If f(x) = f(-x), then function 
is even and its plot is symmetric about y-axis. If 
f(x) = —f(x), then function is odd and its plot is 
symmetric about origin. 
(a) y=cosxxe R;ye [-l, 1] 
(b) y=tanxxe R-(Q2n+1)n/2,nelyeR 
(c) y=cotxxe R-nanelyeR 
(d) y=cosecxxe R-nelye (~,-lle 
[1, o) 
(ec) y=secxxe R-(QQn+1)a/2nel;sye 
(—ee, —I] € [1, ©) 


Sine function 


For each real number x, there is a sine function 
defined as f(x) = sin x. 
The plot of y = sin x is shown here. 


The plot, here, is continuous and period is 27. 
We think period of the function in terms of the 
minimum segment which can be used to extend 
the plot on either side. Further as sin(—x) = —sinx, 
sine function is an odd function. This fact is also 
substantiated by the fact that plot is symmetric 
about origin - not y-axis. 
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Since function holds for all values of x, its do- 
main is R. On the other hand, the values of sine 
function is bounded between —1 and 1, inclusive 
of end points. Hence, domain and range of sine 
function are: 

Domain: x € R 

Range: y € [-1, 1] 

Let us now consider sine function which is 
given as f (x) =Asin x. 

Multiplying sine function by a constant A does 
not change the periodicity of the function. How- 
ever, it changes the maximum and minimum val- 
ues of the function. The plot extends from —A to 
A along y-axis as against from —1 to 1 when func- 
tion is not multiplied bythe constant. This, in turn, 
changes the range of the function: 

Range y € [-A, A] 

We now consider yet another form of sine 
function which is given as: 

f(x) = A sin (kx) 

Multiplying argument x of sine function by 
a constant k does not change the nature of plot. 
However, it changes the periodicity of the func- 
tion. Recall that if T is the period of function f(x), 


then period of function af (kx + b) is 77 Clearly, 


; . oT ; 
the period of sin(kx) is KI If |k| is less than 1, 
then period is more than 27 and if |k| is greater 
than 1, then period is less than 27. 


PEXAMPLE 1.1 Find domain and range of 


function 
f (x) = sinx + 2. 


SOLUTION We know that the domain of 


sinx is the real number set R and range is [—1,1]. 

The given function is real for all real values of 

x. Hence, its domain remains R. On the other 

hand, minimum and maximum values of function 

changes from that corresponding to sinx function: 
Vag L2H) 

=14+2=3 


Y max 
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Hence, range of the given function is [1, 3]. 
It is evident that graph of the function is that of 
graph of sinx shifted up by 2 units. 


Cosine function 


For each real number x, there is a cosine function 
defined as f(x) = cos x. 
The plot of y = cos x is shown here. 


The plot, here, is continuous and its period is 
2x. Further as cos(—x) = cosx, cosine function is 
an even function. This is also substantiated by the 
fact that plot is symmetric about y-axis. 

Since the function holds for all values of x, its 
domain is R. On the other hand, the values of co- 
sine function is bounded between —1 and 1, inclu- 
sive of end points. Hence, domain and range of 
cosine function are: 

Domain: x E R 

Range: y € [-l, 1] 

When cosine function is given as f(x) = Acosx, 
maximum and minimum values of function be- 
comes —A and A. The range is modified as: 

Range: y € [-A, A] 

When cosine function is given as f(x) = Acos(kx), 


, ; bey 28 T 
the period of cosine function is given by ik] , 


tEXAMPLE 1.2 Find domain range of the 


function 
f(x) = 12sinx + 5cosx. 


tSOLUTION The given function comprises 


sine and cosine functions. Here, we reduce the 
function in terms of one trigonometric function and 
then find range of the function. This reduction is re- 
quired as otherwise it would be difficult to estimate 
when two trigonometric functions together evaluate 
to minimum and maximum values. Let us put, 
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acosa = 12 
asina = 5 


Clearly,a= ¥12” +5? = 13. Putting these val- 
ues in the function, 

f(x) = 13(cos @ sin x + sin a cos x) = 13sin 
(x + Q). 

We know that range of sine function is [-1, 1]. 
Hence, range of given function is [—13, 13]. 


| EXAMPLE 1.3 Find the number of solutions 


of the equation cos x = |x|. 


| SOLUTION 


Clearly the graphs of y = cos x and y = |x| inter- 
sect at two points. Hence, the number of solutions 
is two. 


Tangent Function 


The tangent function is defined as f (x) = tan x. 
The tangent function is not defined for all real 
values of x. We have 


sin x 


tan x = 
cos xX 


This is is defined for cos x # 0 . Now, cos 
x evaluates to zero for certain values of x, 
which appears at a certain interval given by the 
condition, 


cosx=0 5 x=(2n+1) >. where n € L 


: ‘1% 30 
The function cos x is zero for x = + o 2s o. 


ST — 
+ a etc. It means that tangent function is not 


defined for odd multiples of 2/2. On the other 
hand, the values of tangent function are extended 
along the real number line on either side of zero. 
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The range of the function, therefore, is R. Hence, 
domain and range of tangent function are: 
Domain: xe R—{x:x=(n+ I) .ne iF 


Range: ye R 
The plot of y = tan x is shown here. 


The period of tanx is a. Multiplication of 
a tangent function by a constant A does not 
change the range as in the case of sine and cosine 
function. The plot is always extended on either 
side of x-axis so that its range is R. Multiplying a 
factor with the argument x like tan(kx), however, 
changes the points where function is not defined. 
It is now given by: 


x = (2n+ 1) * ne I 
2k 
Therefore, domain is now modified as : 


Domain: xe R- {x:x=(2n+ 1) sp :Re T} 


Cosecant function 


The cosecant function is defined as f (x) = cosec x. 
We have 


This is defined for sin x # 0. Now sin x evalu- 
ate to zero for values of x, which appears at a cer- 
tain interval given by the condition. 


snx=0 => x=nm, wherene I 


This means that sin x is zero for x = 0, + 7, 
+ 2m, + 30, ...... etc. It means that cosecant 
function is not defined for integral multiples 
of 7. 
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On the other hand, values of cosecant func- 
tion fall at certain intervals. We have seen that 
values of sine function is between —1 and 1, 
including end points. Reciprocal of these 
values of are either lesser than —1 or greater 
than 1. Symbolically, 

cosecx<-l or cosecx>1 

Combining the two intervals, using modulus 
function 

lcosec x| > 1 

The combined interval of the cosecant func- 
tion, therefore, is (ce, —1] U (1, ©). 

Hence, domain and range of cosecant function 
are : 


Domain : x € R-{x:x=naz,ne ]} 
Range : y € (-°, -1] € C1, ~) 
The plot of y = cosec x is shown here. 


The period of cosecx is 27. Important to note 
here is that function is not defined even within a 
periodic segment. Since cosec(—x) = — cosecx, we 
conclude that cosecant function is an odd func- 
tion. Multiplication of cosecant function by a 
constant A changes the range as the plot lies on or 
beyond —A or A. The range is modified as: 

Range : y € (-ce, -A] U (A, ©). 

Multiplying argument x like coses(kx), how- 
ever, changes the points where the function is not 
defined. It is now given by: 


nit 
x= —, nel 
k 


’ 


Therefore, domain is now modified as : 


Domain : x € R-{x: x= = ne I} 
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Secant Function 


The secant function is defined as f(x) = sec x. 
We have 


sec X = 
COS X 


This is defined for cos x # 0. 


: TT 30 
The function cos x is zero for x = + a + oF 
Lae etc. It means that secant function is not 


defined for odd multiples of 7/2. 

The values of secant function are bounded 
by certain intervals. We have seen that values of 
cosine function is between —1 and 1, including 
end points. Just like the case of cosecant function, 
the range of secant function is |sec x| > 1 


or (-ce,-1l] Ud, ©). 

Hence, domain and range of secant function are: 
Domain: x € R- {x: x =(2n+ 1) 7/2,ne T} 
Range: y € (-, -1] U (1, ©). 


The plot of y = sec x is shown here. 


The period of secx is 27. Important to note 
here is that function is not defined even within 
a periodic segment. Since sec(—x) = secx, we 
conclude that secant function is even function. 
Multiplication of secant function by a constant A 
changes the range plot lies on or beyond —A or A. 
The range is modified as: 

Range: y € (—e, —A] U (A, ©) 

Multiplying argument x like sec(kx), however, 
changes the points where function is not defined. 
It is now given by: 
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x = (2n+ 1) w/2k, ne I 
Therefore, domain is now modified as: 
Domain: x € R—- {x: x =(2n+ 1) n/2k, ne I} 


Cotangent function 


The cotangent function is defined as f(x) = cot x. 
We have 


cot x = —— 
sin x 


This is defined for sn x #0. 


sin(x) is zero for 
x = 0, ta, £22, +37.... etc. 

It means that cotangent function is not defined 
for integral multiples of 7. On the other hand, the 
values of cotangent function are extended along 
the real number line on either side of zero. The 
range of the function, therefore, is R. Hence, do- 
main and range of cotangent function are: 


Domain: x € R—- {x: x =naz,ne T} 


Range:ye R 
The plot of y = cot x is shown here 
¥ 
—T| —n/2 0| x Tt) 3n/2 2n X 


The period of cotx is m. Since cot(—x) = —cotx, 
we conclude that cotangent function is odd func- 
tion in each of periodic segment. Multiplication 
of cotangent function by a constant A does not 
change the range plot extends either side of x-ax- 
is. Multiplying argument x like cot(kx), however, 
changes the points where function is not defined. 
It is now given by: 
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nv 
x= —,nel 
k 


Therefore, domain is now modified as: 


Domain: x € R -{x: x = “ne I} 


| EXAMPLE 1.4 _ Find range of the function: 


ft 
2—sin 2x 


| SOLUTION The denominator of given func- 


tion is positive as value of sin2x cannot exceed 
1. We know the range of sin2x. We shall build up 
expression from this basic trigonometric function 
to determine range of the given function. Here, 
—] <sin 2x <1 
Multiplying with —1 to change sign of sine func- 
tion, we have (note the change in inequality sign): 
] >-sin 2x >-1 
> 2+1>2-sn2x>2-1 
=> 3>2-sin2x>1 
We need to take reciprocal of each term in the 
equality to obtain required function form (note 
the change in inequality sign), 
1 1 


—<——__ < ] 
3 2-sin2x 


f(x) = 
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=> : <f(x) <1 
1 
. Range y € (=). 
| EXAMPLE 1.5 Find range of the function 
2 
f(x) = 2sin = — ° 


| SOLUTION Before we attempt to find range, 
we heed to find domain of the function so that 


we can determine interval of function values. We 
know that expression within square root is non- 
negative. Also, expression is a quadratic func- 
tion. Analysing this quadratic function, domain 
of quadratic function is found as [—7/2, 1/2]. The 
coefficient of x” is negative. Hence, the maximum 
value of the quadratic function is: 


1Y 
p 0-4-5 


Ymax — ae 


TU 


4(-1) 20 

Since the expression is non-negative within 
square root, the minimum value of the function is 
0. Now, sine function is an increasing function in 
[0, 70/2] as is evident from its graph. Thus sine func- 
tion assumes values in the interval [sin0, sin 71/2] 1.e. 
[0,1]. Sine function, however, has a coefficient of 2. 
Hence the range of the function is [0, 2]. 


TRIGONOMETRIC IDENTITIES 


1. Pythagorean identities 
cos’x + sin?x = l; 1+ tan’x = sec’x : 
1 + cot’x = cosec’x 


2. Trigonometric Functions of Allied Angles 


(a) sin(— x) =— sin x, cos (— x) = cos x, 
tan(— x) = — tanx 


1 
(b) sin( =x) = COS Xx, cos( =—x] = sin x, 


tan 5 —x] = co 
an ) = Cot X. 


1 iy 
(c) sin( $4 ‘ = COSX, COS (E+x) =—sin x, 


Tl 
tan (= + x) =— cotx 


(d) sin(x — x) = sin x, cos (at — x) =— cos x, 
tan(x — x) =— tanx 

(e) sin(x + x) =—sin x, cos (1 + x) =—cos x, 
tan (x + x) = tanx 

(f) sin(2x + x) = sin x, cos(2a + x) = cosx, 


tan (2a + x) = tanx 
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3. Sum/difference identities 


sin(x + y) =sin x cosy + sin y cos x 

cos(x + y) =cos x cosy # sinx siny 
tan(x + y) = (tanx + tan y)/(1 + tan x tan y); 
x, y and (x + y) are not odd multiple of x/2 
cot (x+y) =(cotxcoty + 1)/(coty +cot x); 
x, y and (x + y) are not odd multiple of 2/2. 
sin?x — sin’y = sin (x + y) . sin (x — y) 


cos?x — sin?y = cos (x t+ y) . cos (x — y) 


4. Double angle identities 


: 2 tan x 
sin2x = 2sin x cos x = ——— 
1+ tan“ x 
cos2x = cos’x — sin’x = 2cos’x — 1 
. 2 tan x 
= 1 — 2 sin2x = > 
1+ tan“ x 
2 tan x 
tan 2x = ee wind 
1— tan“ x 
cot? x —1 
cot2x = ————_— 
2cotx 


5. Triple angle identities 
sin3x = 3sinx — 4sin°x 
cos3x = 4cos*x — 3cosx 

3tan x — tan? x 
1-—3tan~ x 

_ 3cotx — cot? x 
1—3cot? x 


6. Power reduction identities 


cot3x 


a) 1-—cos2x 

sin’x = ————— 
Z 

7 1+ cos 2x 

COS*x = = 5 


3sin x —sin3x 
sin®x = 4 
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3 cos 3x + 3cosx 
cOos’x = i 


7. Product to sum identities 


2 sin x cos y = sin(x + y) + sin(x —y) 

2 cos x siny = sin (x+y) —sin (x—y) 

2 cos x cos y = cos (x + y) + cos (x—y) 
2 sin x sin y =—cos (x + y) + cos (x-y) 
= cos (x —y) —cos (x+y) 


8. Sum to product identities 


: , ae = 
sin x + sin y = 2 sin oy) cos oe 


2 2 
. + = 
sin X — sin y = 2 cos (x+y) sin (x y) 
2 2 
+ _ 
cos x + cos y = 2. cos (x+y) bes oS 
. + = 
cos x—cos y =—2 sin (x+y) sin a 


=2 sin Gy) sin Sy) 


2 
9. Half angle identities 
—. 1-—cosx 
sin—| = ——— 
2 2 
x 1+cosx 
cos —| = {—— 
2 2 
x 1-—cosx 
tan—| = {——_ 
2 1+cosx 
x sin X 1-—cos x 
2 1+ cosx sin x 
x sin X 1+cosx 
cot — = ———— = —— 
Z 1—cosx sin X 
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wos = N34! = a 
12 22 12° 
tan © 2338-1 9 _ cot OF 
12 341 2 
V3 +1 
pie = = 24+ V3 =cot % 
12 3-1 12 
2-—wv2 V2 2 
8 2 8 2 
tan = = V2 -1 stan —* = V2 +1 
Tl V5 -1 Tt V5 +1 
(c) sin — = ;cos — = 
10 4 5 4 


Maximum and Minimum values of 
Trigonometric Functions 


(a) Min. value of a’ tan” @ + b’ cot’@ = 2ab 

(b) Max. and Min. values of acos® + bsin®@ are 
Ja’ +b* and-— Ja’ +b?. 

(c) If f(@) = acos(a + 8) + bcos(B + 8) where a, 
b, o and B are known quantities then 


— a? +b* + 2abcos(a—B) <f(0) 
< va’ +b? + 2abcos(a — B) 


(d) Ifa,Be (o. 4 and a + B = o (constant) 


then the maximum values of the expres- 
sions 

cosa cosh, cosa + cos, sina + sinB and 
sina sinB occurs when a = B = 0/2. 


(c) Ifa, Be [0.5 


then the minimum values of the expres- 
sions 
seca + secB, tana + tanB, coseca + cosecB 
occurs when o = 8 = 0/2. 

(f) If A, B, C are the anlges of a tnangle then 
maximum value of sin A + sin B + sin C and 
sinA sinB sinC occurs when A= B=C = 7/3 


and a + B = o (constant) 
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(g) When a quadratic expression in sin@ or 
cos@ is given then the maximum or mini- 
mum values can be interpreted by making 
a perfect square. 


Summation of Trigonometric Series 


Sum of sines or cosines of n angles in A.P. 
(i) sina + sin (a + B) + sin (a + 2B) +...... 
nB 
—— sin =- = 
+ sin (a+n-1fB) = 3 sin [a+ 2p) 
sin Dp} 2 
(ii) cosa+cos (a+ B)+cos (a+ 2B) +...... 
. np 
2° 


z B cos [a+ "5 


sin > 


| EXAMPLE 1.6 Graph the function 


sin 2x + 3 cos 2x. 


| SOLUTION The most convenient technique 
here is to reduce this function to the function A 


sin (@x + Q) using the method of introducing an 
auxiliary angle. 


+cos (#+n-1f) = 


sin 2x + “3 cos 2x =2 sin 2x + cos2x| 


=o ain [ax+2), 


The fundamental period of this function is 7. 


Xx 


y=sin 2x + V3 cos 2x 


(1) The points of intersection of the graph with 
the x-axis are given by 


sin [ax+%) = (), that is, x = 1 ie I 
3 6 2 
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(ii) The points of maxima of the function are: 


sin [ax+2] =]. that is.x= = +ak kel 
3 12 


therefore the points of the form [= Tk, 2 
k € I lie on the graph of the function. 


(iii) The points of minima of the function are: 


sin [2x4 = —], that is, x =—- ox + 7k, 
3 12 


5 
k € [, therefore the points (- + 1k,— zy : 
k € I, lic on the graph. 


| EXAMPLE 1.7 Find the number of solutions of 


2 
the equation (1) sin (=) 5 iG 2 


| SOLUTION (i) We plot two curves: y = sin 


(=) and y = cas . Note that the second curve 
2 500 
is below the line y = 1 atx =5. 
Y _ 99x 
500 


y = sin 1x/2 


Plotting the curves on the same axes, we can 
see that they intersect at 5 points. Hence, the giv- 
en equation has five solutions. 


(11) We plot two curves: y = cos 7x, and 
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Plotting the curves on the same axes, we can 
see that they intersect at 2 points. 
Hence, the given equation has two solutions. 


| EXAMPLE 1.8 Prove the identity, 


sinx —cosx+l 1+sinx (= *) 
Ge = tan ; 


—+— 
sinx+cosx—1 cos x 4 2 


wherever it is defined. 


ae 2 
SOLUTION LHS= (sin x) — (cos x —1) 


(sin x + cosx — 1)’ 
2cos x — (cos 2x +1) 
2+ 2sin x cos x —2cosx —2sinx 
2cos x(1— cos x) 

2(1 — sin x)(1 — cosx) 

cosx — (1+sinx) 
l-sinx —-cosx 
_ cos(x/2)+sin(x/2) _ 1+ tan(x/2) 
7 cos(x/2) —sin(x/2) 1—tan(x/2) 


tan) —+ = |. 
4 2 
| EXAMPLE 1.9 The function f (x) is defined by 


f (x) =cos'*x + K cos’2x + sin*x, 
where K is a constant. If the function f (x) is a 
constant function, then find the value of K. 


SOLUTION Your first impulse might be to 
complete the square to get the expression (cos*x 
+ sin’x)” somewhere in the problem. While this 
works, it is easier to substitute in two values for x 
and force them to be equal, since the function is 
to be constant. Any two values will work, but we 
want to use ones for which we know the sine and 
cosine. All multiples of 2/2 result in 1 + K, so we 
need to put in one value that is not a multiple of 
1/2. Try 1/4. This gives us 


cos*(1/4) + Kcos?(n/2) + sin’(1/4) 
=1/4+K-04+1/4=1/2. 


So now we know that 
1+K=1/2,soK=- 1/2. 
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This does in fact give us the function 


f (x) = (cos’x + sin’x)? — 1/2 = 1/2. 
? EXAMPLE 1.10 Given that 
5 cos’ a —2 sina —-2=0 (= <a< *). 


then find the value of cot 5 


| SOLUTION Making a quadratic equation in sin a, 
5(1 -sin* &) —2 sina—2=0 
sin” o (sin & + 1) (5 sin a — 3) = 0 sina 


==] 
3 : 51 71 
sin & = — not possible as | — < a < — |}. 
5 4 4 
3xn a 32 31 
Y=, = SS Col — I, 
2 2 4 4 


PEXAMPLE 1.11 Calculate tan 5 


if cos 20 = a and @ € (-n,-), 
32 4 


| SOLUTION Since cos ois negative for an an- 


gle a belonging to the indicated interval, we have 


1+ cos2a 39 
cos © = — ,, —————_- = —- —_.. 
2 8 
3m \ . 
Since & € [-r, -=) , it follows that 
oO Tm 30 


oO 
— € | -—,-— |}. For any angle — be- 
2 ( 2 =) oe 2 


— a. ; 
longing to this interval tan > is negative, 


and therefore 


Oo 8+ 39 


tan — =- 
Z S 


| EXAMPLE 1.12 Calculate 


4 sin +8) cos(1+ = . 
6 3 
SOLUTION TU 1 
SOLUTION 4sin [1 + =| cos [1 + =) 
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= 2cos (-2) -l=2cos2-1. 
Thus, 4 sin +2) cos +2] =2cos2=l1. 
EXAMPLE 1.13 If0<0<nand 

sin - = J/1+sin@ —V1-—sin® , then find 


the possible values of tan 0. 


| SOLUTION We have sin . 


0. . 0. | 
= |cos—+sin—| — | cos——sin— 
2 2 2 2 
if 0262 vn oe SOe0. 
2 2 2 
1 0 
If — <@<z,sin— =2cos— 
2 2 2 
es =2 => tan 5). 
2 1-4 =, 
Hence, the possible values of tan 9 are 0 
and —4/3. 


tEXAMPLE 1.14 Prove using induction or 


otherwise that, 


where R. H. S. contains n radical signs and 
Be (0,7). 


| SOLUTION Wehave2cos : = ,/2(1+ cos8) 
0 
2008 — — = 2( 1+cos$ = J2+./2(1+cos0) 2(1+ cos) 
= /2( Ie ( 


nag, = ,/2/ (1+-cos $\ = J2+ 2cos 
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= 42+ 2+ /2 (1+ cos®) and soon. 


) 
In the same way 2 cos os 


Similarly 2 sin = =2 


| 9) 
= ers 


= 2-V2+42+ 2+ ates 2+2cos0 


where R. H. S. contains n radical signs. 


| EXAMPLE 1.15 Show that 


27 30 4 51 6 
cos — cos —— cos — cos —— cos —_cos — 
15 15 15 15 15 15 


SOLUTION We have sin = =2 sin” cos 


15 
_ 4m. . Qn 27 
sin — = 2 sin — cos—, 
15 15 15 
. 8x . An 4n . 167 
sin — = 2 sin — cos —, sin—— 
15 15 15 15 


. 8r 81 
= 2 sin — cos —. 
15 15 


Multiplying the equalities and noting that 


167 T ST 71 
sin —— =— sin —, cos —- =—cos — = — 
15 1 15 15. 2° 
Further cos on = 
15 2 
3 3 
and sin — =2 sin — cos ay 
15 15 
12% . 6n 61 
sin —— =2 sin — cos — 
15 15 
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The rest is obvious. 


| EXAMPLE 1.16 Simplify the expression 


sin X 


| a 


b—a ( ) 
1+ sin xX 
a 


where b>a> 0. 


PSOLUTION After a few simple manipula- 


tions, this expression (for brevity denote it by P) 
can be rewritten 


sinxvVa + btan7 x 7 sinxva + btan7 x 
Ja+(b—a)sin’ x Vacos’ x + bsin’ x 


Some students handle this as follows: 


5 sin? x acos” x+bsin’ x 
a+btan“ x =,/a+b—— = 
cos” xX 


COS X 
and get a wrong answer: P = tan x. In this trans- 
formation what we actually have to simplify is the 


expression Vcos* x which is equal to |cos x|. And 
so the final result is P = sinx / |cos x\. 


| EXAMPLE 1.17 Prove that 


Va+btan’ x 


tan80 _ (1 + sec26) (1 + sec4@) (1 + sec86). 
tan @ 
SOLUTION 
me ae 
cos 20 cos 48 cos 80 


2cos* 0 x2cos” 20 x 2cos” 40 
cos 28 cos48 cos 80 
_ [8cos Ocos 20 cos 40]cos@ 
cos 88 
& cos 9 
sin 9 
cos 88 
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PEXAMPLE 1.18 Eliminate 9 between the 


equation a sec8 + b tan8 + c = 0 and p sec8 + q 
tand + r=0. 


| SOLUTION Given asec + b tanO + c = 0...(1) 


and p sec0 + q tanO+r=0. ..(2) 
Solving (1) and (2) by cross multiplication 
method, we have 


tan 8 1 


secO | 


br—gqc pc-ar — aq — pb 


sec’@ — tan? 6 = 1 


[=a -(2==) = 

aq — pb aq — pb 

or, (br—qce)” — (pe — ar)” = (aq — pb)” 

| EXAMPLE 1.19 Find the minimum value of 


the function 


f(x) = Gsin x —4 cos x — 10)(3 sin x 
+ 4cosx-— 10). 


SOLUTION f(x) = 9 sin’x — 16 cos*x — 10 


(3sinx — 4 cos x) 
— 10(3 sin x + 4 cos x) + 100 
= 25 sin’x — 60 sin x + 84 
= (5 sinx — 6)” + 48 


=>  f£(%)min OCCurs when sin x = | and the mini- 
mum value is 49. 


tEXAMPLE 1.20 Find the minimum and 


maximum value of (sin x — cos x — 1) (sin x + cos 
x-1I)VxeR. 


SOLUTION y = (sin x — 1)’ -cos*x 


= (sin x — 1)’ — (1 — sin’x) = 2sin’x — 2 sin x 


ly 1 
y = 2(sins-sinx)=2|sinx—2) i 


4 
9 | ; 
Hence, Vmax = 2 4 = 4 when sin x =—- 1 
: 1 
Yair™ 2] 0-2 =— 5 when sin x = 7 
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| EXAMPLE 1.21 Find the sum of the maxi- 


mum and minimum values of the function 


1 
1+ (2cosx — 4sin x) 


SOLUTION —~ §20 <2cosx-—4sinx< /20 
=> 0<(2cosx—4sin x)’ <20 


Hence, the minimum value m of f(x) = — 
1+ 20 


1 
ar and the maximum value M = 1. 


—> M+m = 


| EXAMPLE 1.22 Find the greatest value of c 


such that system of equations x” + y” = 25 and 
x +y =c has areal solution. 


| SOLUTION Putx=5cos8, y=5sin®@ 
: 5(cos 8 + sin 9) =c, 
but (cos @ + sin ®) max = V2 and 


(cos 8 + sin 8),3, =— V2 
Hence, Cyax = 5V2 | 


tEXAMPLE 1.23 Find the minimum and 


maximum value of f (x, y) = 7x” + 4xy + 3y” sub- 
jected to x? + y*= 1. 


+SOLUTION Let x = cos 9 and y = sin 8 
z =f (0)=7cos’0+ 4 sin 0 cos 0+ 3 sin’0 
=3 +2 sin 20+ 2(1 + cos 20) 
=5+2(sin 20+ cos 20) but 
—~ J2 <(sin 20 + cos 20) < V2 
- Zenax = 5 + 2V2 and zmin = 5 — 2 V2 


| EXAMPLE 1.24 Let 


f(x)= sin°x + cos°x + k(sin*x + cos*x) 
for some real number k. Determine 


(a) all real numbers k for which f (x) is con- 
stant for all values of x. 


(b) all real numbers k for which there exists a 
real number ‘c’ such that f (c) = 0. 
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| SOLUTION 
ee: 


(a) f(x) = (sin’x + cos’x - 3. sin’cos’x 
(sin’x + cos*x) +k[(sin’ + cos’x)’ — 2sin’x cos’x] 
= | —3sin*x cos’x + k(1 — 2 sin’x cos’x) 

f(x) =(k + 1)-sin’x cos’x (2k + 3) V) 
For f (x) to be independent of x, 
3 


2 

(b) f(c) =(k+ 1) -sin’c cos’c (2k + 3) = 0 
k+1 
2k +3 
k+1 
2k +3 
4(k +1) 
2k +3 

i iS 

2k +3 

k+1 0 
2k +3 


k>-1 or 


sin’c cos*c = 
1.5 
=> —(sin*2c) = 
4 
a ee 
=> sin*2c = but 0 < sin*2c < 1 


4(k +1) $0 
2k+3 


Hence k<- — 


1<0 


Again solving — <1 Se 


+3 7° 2k +3 
4k+4-2k-3 ays 2k +1 < 
2k+3 2k+3 


+ (oS 


— 3/2 —1/2 


0 


Z 


| EXAMPLE 1.25 Show that the equation 


Pa 


1 
Hence, k € =, | 


= x” — 2x + 3 has no real roots. 


SOLUTION We have 2° = = x?-2x +3 


RHS = x?- 2x +3 =(x-1)*+2>2 
It has the minimum value 2 at x = 1. 
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LHS = 2cosx 


has a maximum value 2 at x = 2n7m, ne I. 

Thus, the given equation can have a solution 
only if both the sides are equal to 2 for the same x. 
This requires x=1=2n7,ne I 
which is not possible for any n. 


Hence, the given equation has no solution. 


EXAMPLE 4.26 Prove the inequality 


: : 3 
sin & sin 20 sin 30 < i 


| SOLUTION Let us carry out some transfor- 


mations of the left-hand side of the inequality. We 
have 
(sin 0: sin 2c) sin 30 = “ee sin 304 


2 sin 3Q0cosa —2sin3acos3a 


4 
_ sin4a+sin2@—-sin 6a 
; ; 

Since sin 4a0<1, sin2 o<1,-sin6a<1, we 
have: sin 4a + sin 20 — sin 60 < 3, the equality 
sign taking place only for those values of « which 
satisfy the system of equations: 


sin4a = 1 
sin2a=1 
sin6a = —1 


But this system has no solution. 

Indeed, if sin 2 = 1, then cos 2a = 0, and 
therefore sin 4a = 2 sin 20 cos 2a = 0. 

Thus, sin 40 + sin 20 — sin 60 <3, and, hence, 
sin 4a + sin 20 — sin 60 Z 3 


5] 


4 4 
from which the given inequality follows. 


| EXAMPLE 1.27 Prove that for arbitrary a the 


inequality 4 sin 20+ 5>4 cos 2a +5 sin o 1s valid. 
* SOLUTION 4(3 sin 0 — 4 sin® a) +4 
>4(1-2sin?o) +5 sina 


or 16 sin? @ —8 sin? a—7 sina—1<0 
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The latter inequality should be valid for all val- 

ues of a. Denoting sin a by x, we rewrite it as 
16 x° — 8x’ -7x-1<0 

We now have to prove that this inequality is valid 
for arbitrary values of x in the interval —1<x <1. 

The latter inequality can then be rewritten as 

8x” (x — 1) + 7x (x’- 1) + (x°-1<0 

or (x— 1) (4x + 1)? <0. This inequality is clear- 

ly valid, and so the original inequality is proved. 


| EXAMPLE 1.28 Find the sum of the series, 


cos + cos a aie 
2n+1 2n+1 2n+1 
upto n terms. 
TT 
| SOLUTION Let 9= ——. 
2n+1 
S=cos 0+ cos 30+ cos 50+ ........ cos (2n — 1)0 


(2 sin 8) S = 2 sin 8 [cos 8 + cos 30 + cos 50 
A seedeen cos (2n — 1)0] 
T, = sin 20 — 0; T, = sin 46 — sin 20; 
T, = sin 60 — sin 49; ........... 
T,, = sin 2n® — sin 2(n — 1)0 


. 2nt 
sin 1 
“. (2 sin ®) $= sin2nd = §= 20+! — 


2 sin 
2n+1 


| EXAMPLE 1.29 Find the sum of the series , 


cot2x.cot3x+cot3x.cot4xt...... 
+ cot (n+ 1)x.cot(n+2)x. 


*SOLUTION cot x=cot [(n+2)x-(n+1)x] 


_ cot(n+2)x.cot(n+1)x+1 
- cot (n + 1) x — cot (n+ 2)x 
or, cotx[cot(n+ 1)x-cot(n+1)x] 
=cot (n+ 2)x.cot(n+1)x+1 
Hence cot (n+ 1) x — cot (n+ 2)x 
=cotx | cot(n+ 1)x-cot(@n+2)x]|-1 


Put n=1,2,3,...... , nand adding we get 


L.H.S. = cot x [ cot 2x — cot (n+2)x]- 
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| EXAMPLE 1.30 


2 sin 26 
cos 28—cos 4n8 


(ii) f, (=) 


(iv) f5) (=) . 


2 sin 20 
cos 20 — cos 4n8 
7 2sin 20 
7 2sin(2n + 1)0 sin(2n —1)0 
_ sin((2n+ 10 -(2n—-1)6) 
~ sin(2n + 1)6 sin(2n —1)0 
cot(2n — 1)0 — cot(2n + 1)0 


then calculate: 


Let f,(8) = y 


n=l 


@ £2] 
Git) fa9( © 


SOLUTION Consider 


f,(0) = >} cot(2n — 1)0 — cot(2n + 1)0 
n=1 
= (cot 8 — cot 30) + (cot 39 —cot 50) + ....... 
+ (cot (2n — 1)0 — cot (2n + 1)8) 
f,(0) =cot 8—cot(2n + 1)0 


T Tt lin 7 30 
Now, f;| — | = cos — — cot — = cot — — cot — 
8 8 8 8 8 
= cos = = tan ~ - (V2 +1)-(V2-1) =. 
8 8 


Tt T 7% Tt 7 
5(2| = cot— — cot— = cot— + tan— 
12 12 12 12 


= (2+ V3)+(2-~3] = 4. 


1 1 (4019)x 
f. — |= cot— —- cot 
2009 ( 4 4 


Si 2 eee 
4 4 


1 (103) 
= cot— - oe 


un 
— 
oN 
aAla 
Ne” 
| 


cot — cot(102 +1) = 
6 6 


Tl 1 
cot— — cot—=0. 
6 6 
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WW PRACTICE PROBLEMS [M] 


Z 
1. Find range of y = sin x, x € =, 2m : 
2. Find range of the following functions: 
(i) y=2sin’x+S5sinx+l, VxeR 
(ii) y=cos*x—cosx+1, VxeER 
: 3 ; ; 
3. Prove the identity, cos (= + 40. + sin (37% — 8a) — sin (4% —12Q) = 4 cos 20 cos 40 sin 60 . 
2 —] 
4. If cos a = zac) then find the value of tan ~ cot B (0 < a < @ and 
2 —cosB 2 2 
0<B<7) 
Oe 4/2 3 
5. Calculate as if sin ao = — andae 4 6 
t 1 t 
6. If ——~~— = — , then find the value of ————_. 
tan@-—tan30 3 cot 8 — cot 38 
7. Which is greater: sin (tan 1) or tan (sin 1) ? 
8. If0<a1< , then prove that 
1 
(i) sin®x cos® x < cal (11) sec°x cosec® x > 64 
(iii) sec®x + cosec® x > 16 (iv) sec®x + cosec® x + sec® x cosec®x > 80. 
9. Let [a] denote the greatest integer less than or equal to ‘a’. Find the set of all values of °x’ 
2 
1 cos 8 T 1 
satisfying the inequality |2x? — 4x — 7| < | 1+ —| ——————————_ |_|, where -— < 9<_. 
tying ee | la | | 2 2 
10. Find all values of a for which the equation cos x = 7 ii ; possesses solutions. 
—0.5a 
0 i) 4b 
11. Ifcos 0 + cos =a, sin 9 + sin o = b, prove that tan — + tan = = ——_JZ—_. 
Z 9 a +b'+2a 
12. Find maximum and minimum values of following 
(i) 10cos’x — 6sinx cosx + 2sin’x (ii) cos@+3 V2 sin [6 a =] + 6 
31 , 3% . 
13. If the expression cos | x— om. + sin - +x] + sin (2m + x) — 18 cos(19m —- x) 
+ cos(56m + x) — 9 sin(x + 177) is expressed in the form of a sin x + b cos x find the value of a + b. 
14. Find sum of the series: sin2m + sin3a+ sin4a + ..... + sin na, where (n + 2)a = 27 
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1.18 | TRIGONOMETRIC 
EQUATIONS 


Trigonometric functions are many-one relation. 
We are required to find angles corresponding to a 
given trigonometric value. 

For example, what are angles corresponding to 


sine value of —V3/2. In other words, we need 
to find angles whose sine evaluates to this value. 
Note that these values corresponds to the inter- 


section of parallel line y = — V3/2 with the graph 
of sine curve. 

For the time being, let us concentrate the in- 
terval [0,27], which corresponds to one cycle of 
four quadrants. 


For sinx = —V3/2 , we first consider only the 
magnitude: 


Now, sine function is negative in third and 
fourth quadrants. The angle in third quadrant is: 


Similarly, angle in the fourth quadrant is: 
<a Se, 
3 3 


| EXAMPLE 1.1 Find angles in [0, 27], if 


1 
cotx = —. 
ae 


SOLUTION Considering only the magni- 


tude, we have 


cot 9 = _ cot . 
V3 om 
Now, cotangent function is positive in first and 
third quadrants. The angle in third quadrant is: 
nm An 
= oe = 
3 3 
Hence the angles are 7/3 and 47/3. 


Negative Angles 


When we consider angle as a real number entity, 
we need to express angles as negative angles as 
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well. The corresponding negative angle (y) is ob- 
tained as: 
y=x-20 
Thus, negative angles corresponding to 47/3 
and 57/3 are: 


4n 27 
=> y= —— = 2 SS 
3 3 
3 3 


We deduct 27 from the positive value. 
Trigonometric equations are formed by equat- 
ing trigonometric functions to zero. A solution of 
a given trigonometric equation is the value of the 
unknown angle that satisfies the equation. 


1 

For example if sin 9 = —— 
V2 
11 
then 8 = LLL A ate are solutions. 
44 4° 4 

The trigonometric equation may have infinite 
number of solutions because of their periodic na- 
ture. 


The solutions can be classified as: 


(i) Principal solution (ii) General solution. 

The solutions of trigonometric equation which 
lie in the interval [0, 27) are called principal so- 
lutions. 


| EXAMPLE 1.2 Find the principal solutions 


eee: 1 
of the equation sinx = - 
1 
| SOLUTION sinx= > 
Y 
51 2. 
Ge 6 
0 x 
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; Tt 5% ; 
Since, there exists two values - and = which 


— ae — 
lie in [0, 270) and whose sine is 5) the principal 


solutions of the equation sinx = > and 7 =" ; 

The expression involving an integer ‘n’ which 
gives all solutions of a trigonometric equation is 
called general solution. 

Solutions of some standard equations involv- 
ing sine, cosine and tangent functions are listed 
here: 

l. Ifsin8=sina 

um 1 
= @=nz+(-1)"a where aE EE) ne I 
2. Ifcos8=cosa 


=> @=2nnt+awherece [0,n],nel1. 


3. Iftan 0 = tan o 
=> 0=nn+a where WE [-5,4).ne I. 
4. Ifsin?0=sin?o>O=nT+Q. 
5. cos?8=cos?a® >O90=n7+Q. 
6. tanr?oa=tanr?a >O0=n7nr+0. 
Note that o is called the principal angle. 


Note 


l. smx=0 => x=na;ne!l 
2. cosx=0 3 x=Qnt1) > snel 


In order to understand the working with trigo- 
nometric equation, let us consider an equation: 


| v3 
sin xX = — 
2 


As worked out earlier, — /3/2 is sine value of 
two angles in the interval [0, 27]. The important 
question here is to know which angle should be 
used in the solution set. Here, 


Sn _ NB 


3 2 


We can write general solution using either of 
two values. 


. 41 ; 
sin — = sin 
3 


Basics 
x =nt+(-l)* an sne | 
5 
or, x= nn + Cl)" Sine! 


The solution sets appear to be different, but 
are same on expansion. Conventionally, how- 
ever, we use the smaller of two angles which lie 
in the interval [0, 27]. 


| EXAMPLE 1.3. Solve 4 tan70 = 3sec’ 90. 
SOLUTION 4 tan’0 = 3sec” 0 (1) 


For equation (1) to be defined 8 4 (Qn + 1) 5 ; 


ne I. 
The equation (1) can be written as 

Asin’ 0 _ 3 

cos’ 0 cos’ 0 
=> 4 sin? 0 =3 

2 
ioe, 
=> sin’ 9 = 7 
=> sin? @ = sin” ue 
3 

— 8@=nt+ . nel 


cos 31x 


- EXAMPLE 1.4 Solve 7 Btannx = 
SOLUTION cos 32x = 0 


= 3nx = Qn + 1)> a x7 SE nel 
1357911 
= , a ae ee ae ee ae 
6666 6 6 
Since, tan7x must be defined, tx # (2m + 1) i 
(2m + 1) 13 5 
= x#-—— => x#-—,-,-,.... 
2 22 2 
Also, 1+ ./3 tannzx #0 
1 
=> tantx 4 —-—= > wx #kn- — 
V3 6 
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1 -1 5 11 
= x#k--—- >x4¥—,-,-, 
6 6 6 6 
Hence, ee. aces 
6 6 
6£4+1 
1.e. X= é wfeL 


1. Solution by Factorisation 


| EXAMPLE 1.5 Solve 


(2 sin x—cos x) (1 + cos x) = sin” x 
SOLUTION (2 sin x — cos x)(1 + cos x) = sin’ x 
=  (2sinx-—cos x) (1 + cos x) 

— (1 -—cos x) (1 + cos x) =0 
(1 + cos x) 2 sin x —- 1) =0 


1+cosx=0Oor2 sinx—1=0 


; 1 
cos x =—lorsinx= 5 


! Yo vd 


' . 1 
x= (2n+ 1)x,ne lorsmx=sin aoe 


=> x+nn(-In 7 ne] 


*. The solution of the given equation is (2n + 1) 


Tne lornn+(-1)" = .ne I. 


| EXAMPLE 1.6 Find the general solution of 


the equation 


sin?x(1 + cot x) + cos*x(1 + tan x) = cos 2x. 


| SOLUTION 


sin’x(cos x + sin x) + cos’x (cos x + sin x) 
= cos 2x 


(cos x + sin x)(cos’x + sinx) 

= (cos x + sin x)(Cos x — sin x) 
=  (cosx+sin x)[cos x —sinx—1)]=0 
= either cosx+sinx=0 ..(1) 
or cosx—sinx=1 ...(2) 


From (1), tan x =— 1 or 1 — sin 2x = 1 
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=> sin 2x =0 


If tanx=-1 = tan( -*) 


T 
. x=na-——,nel 
4 


If sin 2x = 0, then 2x = nt 
But x = ~ is to be rejected because tan x or 
cot x will be undefined. 


TU 
. x=nt—-—, nel. 
2 


| EXAMPLE 1.7 Find the solutions of the equa- 


tion log 5, (1+ cosx) = 2 in the interval [0, 27]. 


| SOLUTION If the logarithmic expression is 


to make sense, then V2 sinx > 0, J2 sin #1 and 
1 +cos x> 0. For this we must have 


xeE|0,—JU} —,— }U] —, aI. 
4 4.4 4 
Now, if x belong to this set 


10g Finy (lt cosx)=2 > 2 sin’x = 1 + cos x. 


Using sin?x = 1 — cos’x, the last equality oc- 
curs if and only if 
(2cos x — 1) (cos x + 1) =0. 
If cos x + 1 = 0, then x = 2, a value that must 


be discarded. If cos x = ; , then x = > , Which is 


the only solution in [0, 27]. 


2. Equations reducible to quadratic 
equations 


| EXAMPLE 1.8 Solve the equation 


sin’ x(tan x + 1) =3 sin x (cos x — sin x) + 3. 


* SOLUTION The given equation makes no 


sense when cos x = 0; therefore we can suppose 

that cos x # 0. Noting that the right-hand member 

of the equation is equal to 3 sin x cos x + 3 cos” x, 

and dividing both members by cos” x, we obtain 
tan’ x (tan x + 1) =3 (tanx+ 1) 
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= (tan’ x —3) (tanx+ 1)=0. 


axyo-4 + kn, x)= + kt, x= — a tkn. kel 


| EXAMPLE 1.9 Find the general solution set 


of the equation log,,,, (2 + 4 cos’x) = 2. 


SOLUTION 2 +4 cos’x = tan’x 


= 3+4cos’x = sec’x 

= 4cos*x + 3 cos*x -1=0 

Letcos’x = t. Then, 
4t°+3t-1=0 

=> t=1/4ort=-1 


= (4t- 1)(t+ 1) =0 


1 
= cos’x = ; or cos*x =— 1 (not possible) 


ae 21 
=> cos*x = cos z= 


i 
Hence, x = na + aoe I. 


| EXAMPLE 1.10 Solve the equation 


2 —(7+ sin 2x) sin’ x + (7 + sin 2x) sin* x = 0. 


| SOLUTION The left member of the equation 
being equal to 


2 —(7+ sin 2x) (sin’ x — sin*x) 
= 2-—(7+sin 2x) sin’ x . cos’ x 
1. 

= 2-(7+ sin 2x) rm sin* 2x, 
we can put t = sin 2x and rewrite the equation in 
the form +7’?-8=0. (1) 
It is readily seen that equation (1) has the roots 
t, = 1. The other two roots are found from the 


equation t? + 8x +8 =0 (2) 
Solving this equation we find t =—4+2-/2 and 
ee eo 


These roots should be discarded because they 
are greater than unity in their absolute values. 
Consequently, the roots of the original equation 


coincide with the roots of the equation sin 2x =1. 


Hence, x = 7/4 +ka,k € I. 


Basics 


3. Solving equations by introducing an 
auxilliary argument 


P EXAMPLE 1.11 Solve sinx + cosx= V2 
+ SOLUTION sin xX a + cos x ae = 
ae ae) 


. . 1 
=> ee EOS eos =] 


Tl Tl 
=> ar =2nz7,ne l>x=2nn+ 7° I. 


| EXAMPLE 1.12 Solve the equation 


cos 7x — sin 5x = V3 (cos 5x — sin 7x). 


| SOLUTION Rewrite the equation in the form 


= 00s ee ae SB cos SD. ae > sin 5x 


. wT 
= a cos ee sin 7x 


. 1 Tm, 
ms cs COs SS sin 5x, 


= sin (= +f 7x) = sin (= + sx | 

6 3 
But sin a = sin B if and only if either a — 8 = 2ka 
orat+B=(2m+ 1)a(k,m=0,+1,+2.,.....).Hence, 


a Se 9icg 


or ae ee —5x= (2m + 1)7z. 
6 3 
Thus, the roots for the equation are 


x =~ (12k +1), 

7 wk, me I. 
x=—(4m+1) 

24 
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| EXAMPLE 1.13 Solve the equation 


; 1. 
sin’ x + cos?’ x = 1— — sin 2x. 
2 


| SOLUTION Using the formula for the sum of 
cubes of two members we transform the left-hand 


side of the equation in the following way: 
(sin x + cos x) (1 — sin x cos x) 


1. 
= |1- oo 2X | (sin x + cos x). 
Hence, the original equation takes the from 
1. 
[1 _ 5sin2x | (sinx + cos x-—1)=0. 
The expression in the first bracket is different 
from zero for all x. Therefore, it is sufficient t 


consider the equation sin x + cos x — 1 =0. The 
latter is reduced to the form 


sin (x + =] = a 
4) 20 
2 14 
X, = 2ak, x° = 7 + 2nk,k € I. 
4. Solving equations by transforming a 


sum of trigonometric functions into a 
product 


| EXAMPLE 1.14 Solve 


cos 3x + sin 2x — sin 4x = 0. 


| SOLUTION cos3x+sin2x—sm4x=0 


cos 3x + 2 cos 3x . sin (—x) = 0 
cos 3x -—2cosx.sinx=0 
cos 3x (1 —2 sin x) =0 


cos 3x = Qor 1-2 sinx=0 


Wu’ ud 


l 
Nl 


3x = (2n+ 1) Sui! or sinx= 


uy 


x=(2n+1) Z,nel 


or x=nz+(-l)" = nel 
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5. Solving equations by transforming a 
product of trigonometric functions into 
asum 


EXAMPLE 1.15 Solve 


sin 5x . cos 3x = sin 6x . cos 2x. 


| SOLUTION sin 5x . cos 3x = sin 6x . cos 2x 


= 2sin 5x . cos 3x = 2sin 6x . cos 2x 


= sin 8x + sin 2x = sin 8x + sin 4x 

= sin 4x — sin 2x = 0 

= 2 sin 2x . cos 2x — sin 2x = 0 

=> sin 2x (2 cos 2x -— 1) =0 

=> sn2x=0 or 2cos2x—1=0 

=> 2x=na,nel or cos 2x = 5 

=> x= nel or 2x=2nn+ ~ nel 
2 3 

=> x=nrat 


KT ne I. 
6 


, . . nT 
*. Solution of the given equation is a? 


TU 
na + —,ne I. 
6 


6. Solving equations by a change of variable 


(i) Equations of the form 
P (sin x + cos x , sin x . cos x) = 0, where P 
(y, z) is a polynomial, can be solved by the 
change. 
cosx+sinx=t=>142sinx.cosx=t’. 


(ii) Equations of the form of 


a.sinx+b.cosx+d=0, 
where a, b and d are real numbers and a , b # 0 
can be solved by changing sin x and cos x into 
their corresponding tangent of half the angle. 


(111) Many equations can be solved by introduc- 
ing a new variable . For example, the equa- 
tion sint 2x + cos’ 2x =sin2x.cos2x 


1 
changes to 2 (y + 1) [y-5] = 0 by substi- 


tuting, sin2 x .cos2 x =y. 
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| EXAMPLE 1.16 Solve 


sin x + cos x = 1 sin x. cos x 


| SOLUTION sinx+cosx=1sinx.cosx (1) 


Let sinx +cosx=t 
= sin*x +cos*x+2sinx.cosx=t? 
Saeco 
t? -1 
Now putting in (1), we gett = 1+ 
= t—2t+1=0 
=> t=l1 => sinx+cosx=1 (2) 


Dividing both sides of equation (2) by /2 , 
we get 
=> sinx. —= +cosx. —= = 


1 
4 2 2 


T Tl 
=> x-— — =2nn+ — 
4 4 


(i) if we take positive sign, we get 
x =2nz+,ne I 

(ii) if we take negative sign, we get 
x = 2nz, nel 


| EXAMPLE 1.17 Solve the equation 


Xx 
sec” — 
Z 


1 +2 cosec x =—- 
2 


| SOLUTION Transform the given equation to 


the form 2 cos” 52 + sin x) + sin x = 0. 


Using the formula 2 cos” - = 1 + cos x and ope- 


ing the brackets, we obtain 
2+2(sinx+cosx)+snx.cosx=0. (1) 

By the substitution sin x + cos x = t equation (1) is 

reduced to the quadratic equation t” + 4t + 3=0 

whose roots are t, = —1 and t, = —3. 

Since |sin x + cos x| < V2 , the original equation 

can only be satisfied by the roots of the equation. 
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sin x + cos x =-l. (2) 
Solving equation (2), we obtain 


x, =— ~ + 2km and x2 = (2k + 1) 2. 
2 


Here x, should be discarded because sin x” = 0, and 
therefore the original equation makes no sense for 
X =X». 


Hence, x =— + 2kn, k € I. 


6. Solving equations using boundedness 
of the functions 


| EXAMPLE 1.18 Solve the equation 


1— tan x , 
———— =]+s1n 2x. 
1+ tanx 


| SOLUTION The equation makes no sense for 
x= ; + kz and for x = 7 + kz. For all the other 


valus of x it is equivalent to the equation 
cos x — sin x 
————— =]+sin 2x. 
cosx +sinx 
After simple transformations we obtain 
sin x (3 + sin 2x + cos 2x) = 0. 
It is obvious that the equation 
sin 2x + cos 2x +3 =0 
has no solution, and therefore, the original equa- 
tion is reduced to the equation sin x = 0. 


Hence, x = ka. 

EXAMPLE 1.19 Solve 

sin xX [cos =~ 2sinx ]+(14+-sin=—200sx 
cos x = 0. 

‘SOLUTION 

sin X [cos *—2sinx))+(1+sin%—2c0sx } 
cos x = 0 (1) 


= sinxcos X —2 sin’ x + cosx 
4 
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. x 
+ sin 7 cos x —-2 cos’ x =0 


[ ) 
= | sinx.cos—+sin—.cosx 
4 4 
— 2 (sin’ x + cos” x) + cos x = 0 
= sin * +c0sx=2 (2) 
Now equation (2) will be true if 


sin —* =1 and cosx=1 


= = = 2nn + 5 nelandx= 2mm, mel 


2 
and x=2mz2,me | (4) 


Now to find general solution of equation (1) 
(8n +2) 


=2mi1 
5 
= 8n+2=10m 
_ 5m —1 


If m=1 thenn=1 
if m =5 thenn=6 


eee eee eee eee ee ee ee ey 


If m=4p-—3,pel thenn=5p-—4,pe I 

.. The general solution of given equation can 
be obtained by substituting either m = 4p — 3 in 
equation (4) or n = 5p — 4 in equation (3) 

. The general solution of equation (1) is (8p — 6) 
a,pe lL. 


| EXAMPLE 1.20 Solve the equation 


(sin x + cos x) J/2 =tanx + cotx. 


| SOLUTION Let us transform the equation to 


the form 
ae + Poe = 4 
J? J? 2 sin x Cos x 


[ +3] 1 
x+—|]= 
a 4 sin 2x ” 
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Tt 
=> sin( x += sin 2x = 1. (1) 


We have |sin a| < 1, and therefore (1) holds if 
either 


sin [x+4) = ] and sin 2x = -1. 


or sin [x+2) = ] and sin 2x = 1. 


But the first two equations have no roots in com- 
mon while the second two equations have the 


1 
common roots x= 1 + 2kn. 


Consequently the roots of the given equation are 


X= 7 + 2kn, k € I. 


tEXAMPLE 4.21 Find the solutions of the 


equation 


cos lx — gin? % = 1. 


| SOLUTION Since | cosx | < 1 and | sin x | <1, 


we have 


2001 2001 


l1=cos” “x-—sin” “x 

= cos7?"!(—x) + sin??!(—x) 

< cos?! (— x) | + | sin29(—x) | 
= |cos’?”” (—x)| cos” (— x) 

+ | sin’? (—x) | sin* (-x) 
< cos” (— x) + sin (-x) = 1. 
The inequalities are tight, and so equality holds 
throughout. The first inequality above is true if 
and only if cos (— x) = 0 and sin (— x) > 0. 
The second inequality is true if and only if |cos 

(— x)| = 1 or |sin (— x)| = 1. Hence we must have 
either cos (— x) = 1 or sin (— x) = 1. This means x 
= 2nn or x =— 1/2 + 2nn where ne I. 


| EXAMPLE 1.22 Solve the equation 


(tanx)"™ = (cotx)°°*, 


| SOLUTION For the tangent and cotangent to 


be defined, we must have x # ~ n € I. Then 
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vee — 1 € Iorsin x + cos x = 0, which implies tan x =— 1, 
(tan x)" = (cotx)™ = (tan x)°* but this does not give real values for the expres- 
> (tanx)%™ * 2% = ] sions in the original equation. The solution is thus 


Tl 
‘15 =— +na,nel. 
Thus either tanx = 1, in which case x = — +na,n 4 


a PRACTICE PROBLEMS [N} 


= Ding (sin x) 1 
1. Solve the equation for x, 52 +52. = 15? +log,.(cos x) 


2. If (1+ sec’nx) . (1 + sec’y) =—x* + 2x + 3 then find x and y. 
3. Solve the following equations: 
(i) cos*x + cos?x — 4oos’— =0 (ii) cot’@+ 3cosech +3 =0 
4. Solve the following equations: 
(i) sin7@ = sin3@ + sin@ 
(ii) 5sinx + 6sin2x +5sin3x + sin4x = 0 
(iii) cos@ — sin30 = cos20 
5. Solve the following equations: 
(i) sin2x + 5sinx + 1 + 5cosx = 0 
(ii) 3cosx + 3sinx + sin3x — cos3x = 0 
(iii) (1 —sin2x) (cosx — sinx) = 1 — 2sin’x. 
6. Solve the following equations: 
(i) sin3x + cos2x =—2 


(ii) V3sin5x—cos* x —3 = 1-sinx 
1 


7. Solve the equation sin® x cos x — sin x cos*x = —. 


fs 


Solve the following equations: 
8. 2sin17x+ V3 cos 5x +sin 5x =0 
9. cotx—2 sin 2x = 1 


10. 3cosx+4sinx=5 
11. 2 +cosx=2tan > 


12. 2cot 2x —3 cot 3x = tan 2x. 


1 ‘1 Acos’ x 
13. tan | x ——} tan x tan| x + — | = ———————__ 
4 x x 
tan — — cot— 
14. (cos 4x —cos 2x)’ = sin 3x + 5. 2 


. ; ’ . Tt 5 
15. Find all solutions of the equation 1 + (sin x — cos x) sin — =2.cos” — x, which satisfy the condi- 
tion sin 6x < 0. 4 2 
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1.19 | TRIGONOMETRIC 
INEQUALITIES 


Evaluating trigonometric ratios is a direct process 
in which we make use of known values, trigono- 
metric identities and transformations or even pre- 
defined trigonometric tables. The evaluation of 
trigonometric inequalities is somewhat inverse of 
this process. Consider an inequality: 


tan x = - V3 
Clearly, we need to know x for which this inequal- 
ity holds. Trigonometric functions are many-one 
relations. The value of x satisfying a given in- 
equality is not an unique interval, but a series of 
intervals. Incidentally, however, trigonometric 
function values repeat after certain period. So this 
enables us to define periodic intervals in generic 
manner for which trigonometric inequality holds. 


Solution of Trigonometric Inequality 


Determination of base or fundamental interval is 
central to solving trigonometric inequality. The 
function values in this interval is repeated with 
a periodicity of trigonometric function. The base 
interval depends on the nature of trigonometric 
function and inequality in question. 

In order to understand the process, let us solve 
the inequality given by: 


tanx >= — V3 
We observe that line y = — V3 intersects tangent 
graph at multiple points. The sections of plots 
satisfying the inequality are easily identified on 
the graph. 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
+ 
| 
| 
| 
| 
| 
| 
| 
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Since the function tan x is periodic with pe- 
riod x, it suffices to find all the solutions of the 
inequality in question belonging to a definite in- 
terval of length x, since all the remaining solu- 
tions will differ from the found ones by a shift to 
the right or left by integral multiple of z. 

To get the shortest possible answer, it is de- 
sired that the initial interval of length 2 be chosen 
so that the solutions belonging to that interval, in 
turn, constitute a continuous interval. Here we 
may take, for instance, (—2/2, 2/2) as such an in- 
terval. 

The corresponding trigonometric equation, is: 


tan x =—- V3 


The angle lying in (—1/2, 2/2) is -— > | 


Tangent values are greater than — V3 for angle 
greater than —x/3, but its value asymptotes to in- 
finity at 7/2. Tangent function is not a continuous 
function. 

Thus, the basic interval satisfying the inequality is: 
Beye kh 
3 2 

It is also clear that the solution in this interval 
is repeated with a period of 2, which is the period 
of tangent function. Hence, solution of the given 
inequality is: 


T T 
nt— — <x<nat+ —;nel 
g 2 


| EXAMPLE 1.1 Solve trigonometric inequality: 


sin x > 


| SOLUTION The solutions of the correspond- 
ing equation are: 
; 1 1 
sinx= — S>x=—, —,..... 
2 6 6 

The sine curve is defined for all values of x. 
The valid intervals on sine plot are shown in the 
figure. 
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3 


tan x 
> 


eo 
The second inequality implies —————— > 0 
tanx 


Hence, tanx <—v3, 0 <tanx <1 


; _ 1 ST 
The base interval, therefore, is a <x< 7 
The periodicity of sine function is 2x. Hence, we _ From the figure, the solution set is: 


add 2nzx on either side of the base interval: 


Te 2 T 
5 51 nw 5 xX <n F 
ae ra nel. 


TU 
Te ee 


1 V3 
| EXAMPLE 1.2 Solve 2 < cosx < a 
SOLUTION | EXAMPLE 1.4 Solve log, cosec *) >-1 
SOLUTION 2 
| SOLUTION Let cos ec = t We have t > 0 


and log,t > —-1 


1 x 1 
=> t> —, Hence, cosec—>— 
2 2 2 


From the figure, the solution set is: 


2 
in <x oa 
3 6 


2nn+ 2 <x<2nn+—, nel 


| EXAMPLE 1.3 Solve 


en x (v3 cot ee From the figure, the solution set is: 
PSOLUTION V1—tanx (V3 cotx +1) >0 2nn < 5 <2nn+ 7 


tanx <1, and V3 cotx +1>0 4nn <x <(4n+2)7z. 
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P EXAMPLE 1.5 Solve V3 —4cos” x > 2sinx + 1 
* SOLUTION Letsinx=t, V4t? -1>2t+1 (1) 


1 1 1 
4°-1>05t>- ste{---3]u] 5}. 
4 2 


1 
Casel: 2t+1>0>t> = 
Squaring (1), 4t?-1> 4t?+1+4t 


1 
=> 4t<2 >1t< -- 
We have no solution. 


Case2: 2t+1<0 


1 
ea 


From the figure, the solution set is: 


2nt — me ae 
6 6 


| EXAMPLE 1.6 Solve the inequality 


cos’ x < 3/4. 


| SOLUTION The given inequality is equiva- 


lent to the inequalities — V3/2 <cos x <V3/2 
The set representing the solution of this system 
is the intersection of the sets which are the solu- 
tions of two simple trigonometric inequalities. In 
order to find this intersection, it is convenient to 
consider the closed interval [—1, x] and mark on 
it separately the solutions of the first and second 
inequalities. Then we get two subintervals. 
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51 Tl Tl 51 
—— <x<-— and — <x< —. 

6 6 6 6 

Noting that one interval can be obtained from the 
other by shifting the latter by 2 and taking into ac- 
count that cos2 x is a periodic function with period 
7, We may write the answer in the following form: 


ne I, 


| EXAMPLE 1.7 Solve the inequality 


sin X > COS x. 


Tl St 
— Th SX: —— a, 
6 6 


| SOLUTION In order to solve this inequality, 
it is required to convert it in terms of inequality of 
a single trigonometric function. 
sin X > COS x 
=> sinx—cosx>0 


. TU . 
=> sin x cos ri —cos x sin 7 > 0 


= sin [x-4] > 0 
4 


Let y = x— 72/4. Then, sin y > 0 
Thus, we see that problem finally reduces to 
solving the sine inequality. The base interval is 
O<y <zZ. 
The periodicity of sine function is 2x. Hence, 
we add 2nz on either side of the base interval 
2nn<y <2na+a,ne I 
Now substituting for y = x — 77/4, we have: 


1s 
a aaa <2nxi+2,neE I 


5 
=> nn +7 <x<2na+ ne I. 


| EXAMPLE 1.8 For which real numbers x is 


() 1ogcosx X 
(i1) log, cos x, a real number ? 


| SOLUTION 


(i) If logat is defined and real, then a> 0,a# 1 
and t > 0. Hence, one must have cos x > 0, 
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cos x # 1 and x > 0. All this happens when 


xX € 0.5) U (= + 2an, 2m (n + 1)) 


5 
U( 2a (n+ 1), = + 2nn), forn>0,ne I. 
(11) In this case one must have x > 0, x # 1 and 
cos x > 0, Hence, 


31 ByI 
(0. 1)y 0. ©)» (2% +20, 2% 
x (0, DY», SI mm, = 


+ 2mn), forn>0,ne I. 


EXAMPLE 1.9 If domain of a function f(x) 


is [0, 1], then find the domain of the function 
f(2sin x — 1). 


PSOLUTION The domain of the function is 


given here. we need to find the domain when ar- 
gument (input) to the function is a trigonometric 
expression. The given domain is: 

O<x<l. 

Changing argument of the function the domain 
condition becomes: 

0<2snx-1<1> 1<2sinx <2 
=> 1/2<snx<1] 

However, the range of sinx is [—1,1]. It means 
that the above interval is equivalent to a trigono- 
metric inequality given by: 


1 
siInx> —. 
p) 
ST 
a 
The value of x satisfying the above condition is 


2nn + 2/6 <x <2nn + 52/6, ne I 
Hence, the required domain is: 


Two values of x between 0 and 27 are 7 , 


ann, 2nn+ =F], ne I. 
6 6 


| EXAMPLE 1.10 Solve the inequality 


x tanx —2 
tan — > —————_- 
2 tanx+2 
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| SOLUTION Put tan = = t. Then the inequal- 


ity takes the form 
2t 2+ 2t° 
e 2 
2t+2-—-2t 
t—-1)(t? +t+1 
= Cow ) 
t*-t-1l 
Since t7 + t+ 1> 0 for all real values of t, inequal- 
ity (1) is equivalent to the inequality 
t-1 
atl 


t 


0. () 


> 0 .(2) 


The trinomial t” — t — 1 has the roots 


1-V¥5— 14+. V5 
and 
Z 2 
Solving (2), we find that either 


x 1+ V5 


tan— > . 
2 2 


Hence, 2kz + 2 tan 


<x<a+2ka, 


5 - 
2 


<x< bla + 2k. 
2 


| EXAMPLE 1.11 Solve the inequality 


cos°x cos 3x — sin 


+ SOLUTION From the formulas for sin 3x 


and cos 3x we find 


—— 


2kn — 2 tan”! 


3x gin 3x > a 
8 


3 cos3x + 3cosx 
cos’ x= —_-_-- > 
3 3sinx — sin3x 
sin” x = ————_ 
4 
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Using these formulas, we rewrite the given in- 
equality in the form 


(cos3x+3 cos x) cos 3x— 
(3 sin x — sin 3x) sin3x > - , 
or sin? 3x + cos” 3x +3 
(cos 3x cosx — sin 3x sin x) > : ; 


1 
1.€. cos 4x > a 


~* 42m <4x< = +2an 
3 3 


nm 1 nm 1 
or ——+—7mn<x<—+—-—7n, ne I. 
2 2 12 2 


PEXAMPLE 1.12 Solve the inequality 


; . . : ; 10 
sinx sin2x < sin3x sin 4x if 0 < x < a . 


tSOLUTION Transforming the product of 


sines into the sum, we replace the given inequal- 
ity by the equivalent inequality 
cos 3x > cos 7x or sin 5x sin 2x > 0 


iy 
But for 0<x< e we have sin 2x > 0 and, conse- 


quently, the original inequality is equivalent to sin 
5x > 0. Hence, the solution is 


O<x< = and eee 2 
2 2 2 


PEXAMPLE 1.13 If 1 + log,(1 + cos 2x) > 


log, 2 then find x. 

FSOLUTION Here, 1 + log,(2 cos? x) > > 
1 

log, 2 = 5 


1 
or 2 +log, cos’ x > ra 


—3 
or 2 log, cos x > > 
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4 = 
*. log, cos x > rs =log, 24 
is 
4 


1 
=> cosSx> 92 73/4 
Z 


Let a=cos 


93/4 


2nt—-—a<x<2nt+a 


4 1 _ 
*, 2nz —cos oon <x <2nz+ cos ——— 
93/4 93/4 


where ne I. 


Note that log,(1 + cos 2x) is defined for all ob- 
tained values of x. 


| EXAMPLE 1.14 _ Find all positive values of x 


not exceeding 22 for which the inequality 
cos x — sin x —cos 2x > 0 is satisfied. 


| SOLUTION Let us write the inequality in the 
form 
(cos x — sinx) [1 — (cos x + sin x)] 


2 ee x 
= asin (sin — cos 4 
2 2 2 
(cos x — sin x) > 0. (1) 


a. ; 
But sin > 0, since 0 < x < 27. Let us consider 


the following two possible cases when inequality 
(1) is fulfilled. 
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Case 1: 


cosx — sinx > 0, 


2) 


. x x 
sin — — cos— > 0 
2 2 


By the hypothesis, we have 0 < x < 22. Taking 
this into account, we find from (2) that the first 


inequality is fulfilled if 0 <x < 7 or > <x< 
2n and the second if ; <x < 2x. Hence, in this 


5 
case qs 


Case 2: 


cosx — sinx < 0, 


3) 


5 x 
sin— — cos— < 0 
és 2 


Taking into consideration that 0 < x < 22, we see 


that system (3) is satisfied if ; <x< 


Ree and Dee. 
4 2 4 


| EXAMPLE 1.15 Solve the inequality 


5 1 
~ sin? x + — sin? 2x > cos 2x. 
4 4 


SOLUTION Using the half-angle formula for 
sine, we rewrite our inequality in the form 
5(1 — cos 2x) + 21 - cos” 2x) > 8 cos 2x, 
or 2 cos’ 2x + 13 cos 2x-7 <0. 
Setting y = cos 2x, we get the quadratic inequality 
2y” + 13y — 7 <0 whose solution is the interval 
—7<y <1/2. 
Thus, the problem has been reduced to solving 
the inequality —7 < cos 2x < 1/2. The inequality 
—7 <cos 2x is satisfied for any x. 
Solving the inequality cos 2x < 1/2, we get 


Basics 


S + 2mm <2x <= + 2nn, ne I, that is 


Tt 5i 
2 +an<x< a I. 


| EXAMPLE 1.16 ‘Solve the inequality 


5+2 cos 2x <3|2sinx—-1 |. 


PSOLUTION Using the formula for cosine, 


we reduce the given inequality to the form 
7-4 sin? x <3|2sinx-1]. 
Setting y =sin x, we get 
7 —4y? <3 | 2y-1]. 
(a) Let y > 1/2, then 7 —4y” <3(2y -1) 
or 2y” + 3y — 5 > 0. Solving this inequal- 
ity, we get y > 1 and y <—5/2, but from the 
condition y > 1/2 we have y > 1. 


(b) Let y < 1/2. Then the inequality is rewritten 
as follows : 7 —4y” <-3(2y — 1) or 2y?— 3y 
—2> 0. Solving the last inequality, we get 
y > 2 and 


y <- 1/2. 


Thus, all x’s satisfying the inequalities sin x > 1 
and sin x < —1/2 are solutions of the original in- 
equality. The first inequality holds true only for 
x’s satisfying the equation sin x = 1, that is, 


x= are 2mm,neé | 
Z 
Solving the second inequality, we get 


= + 2nn <x <~ 7 + 2an, ne I. 


Thus, x= + 2xn,ne€ I, and 


5 
=: meee + 2mm, ne I. 


| EXAMPLE 1.17 Solve the inequality 


sin® x + cos® x > 13/16. 
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SOLUTION Transforming the left hand side, 
we have sin® x + cos® x 
=(sin’ x + cos’ x) (sin* x— sin’ x cos? x + cos"x) 
= (sin’ x + cos” x)” — 3sin’ x cos” x 
ae eee oer ee ee 
4 4 2 
3cos 4x 
a. 
Hence, the problem reduces to solving the in- 


4, 3008 4x > 13 or cos 4x > 1/2. 
8 16 


5 
= + 
8 


2 
equality . 


Hence, . + 2nn <4x < = + 2nmn, ne I, 


TU um TU mum 
agg ae ie 


12 2 12 


| EXAMPLE 1.18 Solve the inequality 


sin 2x + tan x > 2. 


SOLUTION The left hand side is defined for 


TU 
> . +an,ne I. 


The substitution 


rt ‘ ; : 
even leads to the equivalent inequality 


1+ tan“ x 
2 tan x 


1+ tan’ x 


sin 2x = 
+tanx—-2>0. 


2y 
I+y 
=> 2y+(y-2)(y*+1l>0 
=> y>—2y? +3y-2>0 
=y(y-l-yy-)+2y-)=z0. 
=> (y*-y+2)(y-D>=0. 
The quadratic function y’—y + 2 is positive for any 


y (since the discriminant is negative), therefore 
the last inequality is equivalent to the inequality 


Setting y =tan x, we have yy 20, 


y —1=0, or tan x> 1. Hence 
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Tl TU 
— +m<x< — +an, ne Il. 
4 z 


| EXAMPLE 1.19 Find the solution set of the 


equation 
logisinx|(X — 8X + 23) > logisin gi(8), x © [0, 271]. 


? SOLUTION Note that x7-8x+23>0VxeR 


x # nm and x ¢ (2n+ De 
| sin x | < 1 hence above inequality holds if 
. xd {0 T, 2m, ~, =| 
2 2 


* x? 8x+23<8 
x7 -8x+15<0 
(x — 3)(x —5) <0 


-EXAMPLE 1.20 Find the solutions of the 


equation (tan? x — 1)! = 1 + cos 2x, which satisfy 


the inequality 2**'-—8> 0. 


| SOLUTION Let us reduce the trigonometric 


equation to the form (1 + cos 2x) [ + 


= 0). 
2cos2x 
The following values of x are solutions of this 
equation 


TU TT 
ears RE ese ae k e€ I. 


We must choose those values of x which satisfy 
the inequalities 


2**!_g>0 cosx#0. 


TT 
The values we need are x = + 3 +7n, ne N. 
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| EXAMPLE 1.21 Solve the inequality 


2sin? (x + 0/4) + V3 cos2x >0. AQ) 


* SOLUTION Applying the formula 1 — cos 20 


= 2 sin’ a, we transform the inequality (1) to 


1 —cos (2x + "/2)+ V3 cos2x > 0, 


and further -cos(2x + 1/2)+ V3 cos 2x>- 1, 


sin 2x +V3 cos 2x > —l, 
cos (2x — 1/6) >—1/2 ...(2) 
We then solve inequality (2). 


Setting t =(2x—71/6), we get the inequality: 
cos t > — 1/2 whose solution is 
2 
— > + 2nk <t< = + 2k. 


Returning to the variable x, we get : 


-= + Ink <2x— = < = +27k, 


1.e. + +ak<x< = + zk which is the solution. 


| EXAMPLE 1.22 Solve the inequality 
V3 +2tanx —tan’ x > — 


SOLUTION Denoting tan x by y, rewrite the 
inequality as V3+2y-y’ >1+3y (1) 


The domain is the interval — 1 <y <3. Our in- 
equality is obvious for those values of y in the 
domain for which 

1+3y <0; 
that is all values of y in the interval —1<y <-1/3 
are solutions of inequality (1). 


Basics 


It remains to consider — 1/3 <y <3. ...(2) 


Here both members of (1) are non-negative and 
sO squaring in the case at hand yields the equiva- 
lent inequality 13y’ —2y-11 <0. 

The solution of the last inequality consists of 
all values of y in the interval — 11/13 <y <1. Tak- 
ing into consideration condition (2), we find that 
in this case the solution of inequality (1) consists 
of all values of y in the interval — 1/3 <y <1. 

Combining both cases we find the solution to 
be all x satisfying the inequality — 1 < tan x < 1. 
We solve this elementary trigonometric inequal- 
ity to get the answer: 


- tke <x< 7 +kn, where k € iB 


| EXAMPLE 1.23 Solve the inequality 


6 sin’ x — sin x cos x — cos’ x > 2. (1) 


SOLUTION Since 2 = 2 (sin” x + cos” x), 


we transform the inequality (1) to 
4 sin” x — sin x cos x =3 cos’ x> 0. .(2) 


Since cos” x > 0, the inequality (2) is equivalent to 
the following collection of systems : 


cos*x=0 | 
4sin’ x >0 


2 
cos’ x >O 
.(3) 


4tan’ x —tanx —3>0. 


The first system of collection (3) has the following 
solution: x = 2/2 + ak. the second system of this 
collection is equivalent to the following system : 


x 4h 4-Hk 
2 
3 
(anx—v(tanx+ 0, 


which, in turn, is equivalent to the collection of 
inequalities tan x <— 3/4; tan x> 1. 
On solving this we get 


4+ mk <x <x —-—tan—1 3/4 + zk. 
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PRACTICE PROBLEMS [O] 


Solve the following inequalities : 


1. sin2x<1/V2. 


2. sin ~ >-1/2 
3. tan 3x —1) <1/V3 
4. |tan x|> V3 
5. tan?x>1/3 
6. 2cos*x+cosx<1 
7. |sin x| > |cos x| 
8. |sin x|cosx> 1 
9. |sin x| + |cos x| > 1 
10. es 53 
sin X — COS x 
11. cotx+— ~~ 20 
cosx — 2 
12. sinx + cosx > J2 cos 2x. 
13. 4 sin x sin 2x sin 3x > sin 4x. 
2 
2 
14. “> 3tanx 
cos’ x 


cosx + 2cos” x + cos3x 
1s. ————————__ 1 


cosx + 2cos’ x — 1 
.x dl 
a 
16. i 
cos 2x >-—— 
2 
17. 2(¥2 -1)sinx — 2cos2x + 2 -V2 <0 
18. sin2x> V2 sin? x + (2- V2) cos’x, 0<x<27 


19, 1 —cosx < tanx — sinx 
; 1 
20. Solve : log), sin x + logj9 (8 cos x ) = i log 7 3. 


21. Solve : 1 + log, sin x + 2 log,, cos x > 0. 


22. Iflog, sin *) <-—] then find the set of general values of x. 


23. Solve : 1+ log, sin x + log, sin 3x > 0,0 <x <2z. 
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2.20 | GREATEST INTEGER 
FUNCTION 


In this section, we shall study a family of functions 
which return integers based on certain rule, corre- 
sponding to a real number. Greatest integer func- 
tion (floor), least integer function (ceiling) and 
nearest integer function form part of this family. 


Greatest Integer Function 


The function y = [x] is called the greatest integer 
function where [x] denotes the greatest integer 
just less than or equal to x. It is also known as 
integer floor function. 

In other words, we can say that greatest integer 
function rounds “down” any number to the near- 
est integer. This function is also known by the 
names of “floor” or “step” function. The greatest 
integer function (GIF) is denoted by the symbol 
[x] or | x]. 

Interpretation of greatest integer function is 
straight forward for positive numbers. Consider 
the values 0.23 and 1.7. The greatest integers for 
the two numbers are 0 and 1. Now, consider a 
negative number —0.54 and —2.34. The greatest 
integers just less than these negative numbers are 
—1] and —3 respectively. 

Interpretation for negative numbers need some 
explanation. We interpret these values in the con- 
text of the fact that every real number can be de- 
composed to have two parts (1) integral and (11) 
fractional part. From this point of view, the nega- 
tive number can be thought as: 


— 0.54 (real number) 

= —] (integral part) + 0.36 (fraction part) 

—2.34 (real number) 

= —3 (integral part) + 0.66 (fraction part) 
We may be tempted to disagree (why not 

—2 + -0,34 = —2.347). 


Basics 


But, we should know that this is how greatest in- 
teger function (GIF) treats a negative number. It 
returns —3 for —2.34 and not —2. Subsequently, we 
shall define a function called fraction part func- 
tion (FPF) that returns fraction part of real num- 
ber. We shall find that the function exactly returns 
the same fraction for negative number as has been 
worked out. The fraction part function (FPF) re- 
turns a fraction, which is always positive. It is de- 
noted as {x}. Because of these aspects of GIF and 
FPF, we can understand the reason why negative 
number is treated the way it has been presented 
above. In terms of integral and fraction parts, we 
write a real number x as : 
x = [x] + {x} 

In the nutshell, we can use any of the following 
interpretations of greatest integer function : 


[x] = Greatest integer less than equal to x 
= Greatest integer not greater than x 
= Integral part of x 


In general, ifn is an integer and x is any real num- 
ber between n and (n + 1) 


le.n<x<n+1,ne I, 
then 


& 


1. If xis an integer, then [x] =x. 


[x] =n 


2. If x is not an integer, then [x] evaluates to 
the greatest integer less than x. 


Thus, [3.245] =3, [0.75] = 0, [3] =3 
[-5.86] = — 6, [-0.57] =— 1, [x] =3 
[e] = 2, [-a] =-4 


Graph of f(x) = [x] 

The function values for some intervals are as 
follows: 

For —1 <x <0, f(x) = [x] =-l 

For 0<x <1, f(x) = [x] =0 

For 1<x <2, f(x) = [x] =1 

For 2<x <3. f(x) = [x] =2 
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Thus, 
-1 ; -l<x<0 
af | 4 O<x<]l 
ye exer 
n ; nsx<n+l 
Graph of y = [x] 


This function is known as step function as values of 
function steps by 1 as we switch values of x from 
one interval to another. We see that there is no re- 
striction on values of x and as such its domain is 
the set of real numbers. On the other hand, the step 
function or greatest integer function evaluates only 
to integer values. It means that the range of the func- 
tion is set of integers, I. Hence, 

Domain: xe R 

Range : ye I 
GIF is not a periodic function. Even if the func- 
tion is defined for all real x, the graph is not con- 
tinuous. It breaks at integral values of x. 


Note 


(i) [x] =x if and only if x is an integer. 
(ii) —[-x] is the least integer greater than or 
equal to x. 


(111) [x + 0.5] is the nearest integer to x. If two 
integers are equally near to x, [x + 0.5] de- 
notes the larger of the two. 
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Definition of a General Step Function 


A function f, whose domain is a closed interval 
[a, b], is called a step function if there is a partition 
P= {Xpo, Xj,..... X,$ Of [a, b] such that fis a constant 
on each open subinterval of P. That is to say, for each 
k= 1, 2, ...., n, there is a real number f, such that 

f(x) = f, if 
Step functions are sometimes called piecewise 
constant functions. 


& 


At each of the endpoints x, _, and x, the function 
must have some well-defined value, but this need 
not be the same as f,. 


| EXAMPLE 1.1 Let x = log,9 + log,28 show 


that [x] = 3, where [x] denotes the greatest integer 
less than or equal to x. 


| SOLUTION Now x=log,9 + log,28 


i log, 28 : i “e at 


083 


Xp y SX < Xy. 


= log,3 


log,3 


3 
= log,3 + 5 


> log, 2V2 + : => + =3 


Hence x>3 (1) 

Again x=log,3 + log 28 < log,4+ log,81 
=2+2=4 

Hence x<4 . (2) 


From (1) and (2),3 <x <4 => [x]=3. 


-EXAMPLE 1.2 If [x] denotes the integral 


part of x for real x, then find the value of 


a) * Let a0] * Ls i] 
—|+/—+—J]+]—+— 
4 4 200 4 100 


; 3 | F = | 
ee Sana | ai 
4 200 4 200 
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PSOLUTION The given expression can be 


written as 


|: => | F a 
OS xa OP | | a as 
4 200 4 200 


+ [242 | =1x50=50, 
4 200 


PEXAMPLE 1.3 Iff(x)=cos[r’] x + cos [-2"] x 
where [x] stands for the greatest integer function then 
show that (5) =-1. 


SOLUTION [x*] = 9, and [- x7] = -10 


f (x)= cos[17] x + cos [- 1] x 
= cos 9x + cos (—10 x) 
= cos 9x + cos 10 x 


. f (F) = cos si +cos5x=- 1. 


| EXAMPLE 1.4 _ Find the sum of all positive 


integral values of a, a € [1, 500] for which the 
equation Ix] + x —a=0 has solution, (where [. | 
denotes the greatest integer function). 


SOLUTION x=a-—[x} > xel 


. a=xtx 
7 7 2 
Ya=>)r+ yr = () , 1x8 
r=1 r=l 2 2 
= 784 + 28 = 812. 
| EXAMPLE 1.5 Find the domain of the func- 
1 
tion given by f(x) = ————. 
Vm —[x] 


| SOLUTION For the function to be defined 


a — [x] > 0 
=> [x] <a 
71S approximately 3.14. Here, [x] returns integral 
value. Clearly, it can assume a maximum value of 
3. But, GIF returns integer value n for x <n+ 1. 


Basics 


The inequality, therefore, has solution given by : 
x <4 
Hence the domain of the function is (2, 4). 


Properties of Greatest Integer Function 


Let x and y be real numbers. Then we have 
G) [x] <x<[x]+1 
(Gi) x—1<[x] <x, 0<x-[x]<1 
(iii) [x +m] = [x] + m if m is an integer. 
(iv) [x] + ly] <[xt+y]<I[x] + ly] +1 
If and only if the sum of fractional parts of 
x and y is less than 1, we have 
[x + y] = [x] + ly] 
For example, let x = —2.27 and y = 0.63. 
Then, 
[x + y] =[-2.27 + 0.63] = [-1.64] =—2 
[x] + [y] = [-2.27] + [0.63] =-3 + 0=-3 
However, if one x = 2.2 and y = 0.63, then 
the proposed identity is true. 
(v) [-x] =— [x], ifx eI 
=—[x]-l,ifxe IL. 
In another form, 


Y J 


QO if x is an integer 
[x] + [-x] = 
—1 otherwise 
For example, let x = 2. Then 
[2] + [-2] =2-2=0 
Let x = 2.7. Then [2.7] + [-2.7] =2-3 =-1 
(vi) [x]=n > 


(vii) [x] >n 


x>n,ne I 
=> x>nt+lIlI,nel 
(vii) [x]}<n > x<ntIl,nel 
=> 


(ix) [x]<n x<n,ne! 


(x) ey = =| if m is a positive integer 
m m 


(x1) x}+|x+—]+[x+2]+. 
n 


n 
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(xii) Ifn and a are positive integers, [n/a] is the 
number of integers among 1,2....., n that 
are divisible by a. 


(xiii) de Polignac’s Formula : To find the high- 
est power of a prime p which is contained 
in nl. 

Let p denote a prime. Let E be the largest expo- 

nent of p such that p” divides n!. 


ae) 


Out of the first n integers, as many are divisible 
by p as the number of times p is contained in n, 
that is, p, 2p, 3p,..... out of these, some may con- 
tain the factor p again, namely, p”, 2p”, 3p”... The 
number of such integers is the number of times 
p’ is contained in n. Some of these may contain 
p a third time. The number of such integers is the 
number of times p® is contained in n. We proceed 
in this manner examining higher and higher pow- 
ers of p, stopping when p‘ > n. 


Then 


Hence the highest power required 


eueney 
: 3 = eee 
where [ ] is the greatest integer function. 


| EXAMPLE 1.6 Find the highest power of 5 


that divides 518! 


| SOLUTION The highest power of 5 less than 518 
is 125 = 5°, Therefore the highest power of 5 in 518! is 


ES =) | 
S| ee a 
5 25 125 
= 103 + 20+ 4= 127. 


| EXAMPLE 1.7 How many zeros are there at 


the end of 60! ? 


| SOLUTION Let[x]bethegreatestintegerfunc- 
tion. With this notation, the highest power of 2 in 60! 
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>| = | = = 

= |—]} + |—] + | —/+ |—] + |—}, 

2 2 2 z 2 
=30+15+ 7+3+1=56 

Also, the highest power of 5 in 60! 


=| =| 
—a + —— Is 
5 5° 
=12+2 =14. 
The highest power of 


10 (ie. 2 x 5) in 60! = min. (56, 14) = 14. 


EXAMPLE 1.8 Prove that for ne N. 
ast ae?) a) a+8) 
+ + a +....=N. 
2 4 8 16 
SOLUTION Note that [x] = Bal 


Hence, 


+ EAE) G)- EPE2) 
tet. 


Adding these equations we get the required result. 


| EXAMPLE 1.9 Find domain of the function 


f(x) = x2] 


~ 
Ny] + 
—" 
Ld 


* SOLUTION The given function has having 


GIF in its denominator. The denominator should 
not evaluate to zero for real values of x. The do- 
main of GIF is real number set R. But, we know 
that GIF evaluates to zero in an interval which is 
spread over unit value. In order to know this inter- 
val, we determine interval of x for which 
[x -—2]=0 
We can write this function as : 
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=> [x+@)]= 0 

Using property [x + m] = [x] + m, 
[x] -2=0 
xjH2S>25=<3> xe |Z, 3) 

Hence, domain of given function is : 
xe R-[2, 3). 


-EXAMPLE 1.10 Ify =2 [x] +3 =3 [x—2] +5, 


then find the value of [x + y]. 


PSOLUTION y=Zixl+3=3/x—-Z)4 3. 
or 2 [x] +3 =3 [x-2]+5 

= 2 |x| P3—3 {|x| 23 

= 2 [x] +3 =3 [x] -—6+5 

= [x] =4 

From (1), y=2.4+3=11 

Now, [x + y] =[x+ 11] = [x] + 11 =44 11=15. 


EXAMPLE 1.17 Let S.= }ir!, show that 


r=1 


Sal: 
S,i7/7 Ss is a constant for n > 6. 


| SOLUTION We have 


S_= 1) 4+2!4+3!+ 4145! + 6! =873. 
Forn > 6, we have S, = 7m + 873, me I. 
= 7m + 868 + 5 = 7(m + 124) +5 

=7k+5,ke 1. 
Thus, we have 
a 5 
Sh 7| 52 (7k + 5) 7 k+3| 
= 7k + 5 — 7k = 5 which is a constant. 


| EXAMPLE 1.12 Solvethe equation [sinx]=0. 
| SOLUTION _§[sinx] = 0 


=> 0 <sinx <1 


Basics 


From the figure the solution set is : 


nee ine 
2 
nel 


2 


dna + <x <(2n+1)n 


EXAMPLE 1.43 Let [ Vn? +1] =[vn? +a] 


where n, A € N. Show that 2 can have 2n different 
values. 


SOLUTION We have n*+1 


=(n+ 1)?-2n<(n+ 1)? ne N 
1.¢. Vn? +1 <n+1, 
Thus, we have n 2 <nt+]l 
ie. [vrai] =a 
Now, the given equation reduces to [ Vn? +2 | =n, 


ie.n<vVn?+A <(n+1) 


ie.n?<n?+A%<(n+1) 
1e.0<A<2n+ 1. 


Hence, A can have 2n different values. 


Fractional Part Function 


We define a fraction part function (FPF) denoted 
by {x} as: 

{xf =X — [x] 
This function returns fraction part of the number, 
when x is not an integer. This exception of non- 
integral x is important. Zero is not a fraction. For 
integer x, the function evaluates to zero : 
=> {5} =5-[5]=5-5=0 
=> {-5}=5-[-5]=-5+5=0 
Though zero is not a fraction, but FPF evaluates 
to zero for integral values. We should keep this 
exception in mind, while working with FPF. Let 
us, now, work out with numbers that we earlier 
used for evaluating greatest integer function. : 
=> {0.23} = 0.23 — [0.23] = 0.23 -0 = 0.23 
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=> {L7}=1.7-[L.7]=1.7-1=0.7 

=> {0.54} =-0.54-[-0.54] =—54-(1) 
= 0.544 1.0 =0.36 

=> {-234] =-2.34-[-234] =234-(C3) 
= 234+ 3.0 = 0.66 


We can see that interpretation of fraction for the 
negative number is consistent with what has been 
explained earlier. 


Graph of f(x) = {x} 


The simplification of the function in some inter- 

vals are : 

For —2 <x <-— 1, f(x) = {x} =x— [x] =x-(2) 
=x+2 

For —1 <x <0, f(x) = {x} =x -[x] =x-(Cl) 
=x+] 

For 0 <x < 1, f(x) = {x} =x - [x] =x -O=x 

For 1 <x <2, f(x) = {x} =x- [x] =x-1 

For 2 <x <3, f(x) = {x} =x- [x] =x-2 


xt+l ; -Ilsx<0 

: _ |x=0 ; O0<x<l 
OS Noe a ees = 

X-n ; nSx<n+l 


We see that there is no restriction on values of x 
and as such its domain the set of real numbers. 
The fractional part function can only evaluate to 
non-negative values between 0 <y < 1. Hence, 
Domain: xe R 
Range :0<y<1 
FPF is a periodic function. The values repeat with 
a period of 1. Further, even if the function is de- 
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fined for all real x, the graph is not continuous. It 
breaks at integral values of x. 
Properties of Fractional Part Function 
Let x be a real number. Then we have 
G) O<{x}<l 
(ii) {x +m} = {x} if m is an integer. 
(iii) {-x} =1—- {x}, xel 
=0, xel 
(iv) Consider the equation {x} =f, 0<f<l. 
The solution is x=n+f,ne I. 
For example, the solution of {x} = 1/3 is 


l 
x=n+—, nel. 
3 


This can be seen in the figure below. 


(v) Consider the inequation {x} <f,0<f<1 
The solution isn<x<n+f,nel. 


; Lg 
For example, the solution of {x} < . is 
n<x<nt ste I. 


(vi) Ifthe inequationis {x} >fthen the solution is 
n+f<x<n+1 


I 
The solution of {x} > Fi is 


1 
n+ 7 <x<nt+l1nel. 


PEXAMPLE 1.14 Solve (2{x}-1)G{x}-2)<0 


| SOLUTION Solving the quadratic inequality 


in {x} we get 


The values of x satisfying this inequality are 
1 2 

hee — Sxeir — 

2 3 


ne I. 


> 
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| EXAMPLE 1.15 If {x} and [x] represent frac- 


tional and integral part of x, then find the value of 
2000 


{x +r} 
[x] + ——_., 
2 2000 


2000 


PSOLUTION [x]+ pyaa! 


21 2900 
{xt+r}= {x} asre I 
2000 cn 


* 2X 5000 2000 


{x} ox) 
= [x] +] 2000 2000 
+......+ upto 2000 times 


2000{x} 


we know that 


=f] + SOS = x + Oh =x 
2000 
+ 
Thus, [x] + »y ae = 


r=1 


| EXAMPLE 1.16 Solve the equations: 


(i) {x} + {sinx} = 2 
(11) {x} + {sinx} = 0. 


| SOLUTION 


(i) We have {x} <1 and {sinx} < 1 
Hence, {x} + {sinx} <2. 
Thus, the equation has no solution. 
(ii) {x} + {sinx} = 0 
We have {x} > 0 and {sinx} > 0 
Hence, {x} + {sinx} > 0. 
Thus, the equation holds only when 
{x}=0 => xeland 
{fsnx}=0 => sinxel 
=> sinx = 0,+ 1 


nit 
> x= —, nel. 


Basics 


The only integer in this list is x = 0. 
Hence, the solution is x = 0. 


Least Integer Function 


We have seen that greatest integer function rep- 
resents the integer, which can be considered to 
be the floor integral value of a real number. Cor- 
respondingly, we define a ceiling function called 
least integer function (LIF), which returns the 
least integer greater than or equal to the number x. 


We denote least integer function as (x) or | x |. 
If x is an integer, then (x) = x. If x is not an inte- 
ger, then (x) evaluates to least integer greater than x. 


Thus (3.55) =4, (0.62) = 1, 
(0.265) = 0, (-6.28) = — 


Graph of least integer function 


Few initial values of the function are : 
For—3 < x <-2, f(x) = (x) =-2 
For— 2 <x <-l, f(x) =(x)=- 1 
For-1 < x < 0, f(x) = (x) =0 

For0 <x <1, f(x) =(x)=1 

Forl <x <2, f(x) = (x) =2 

y = (x) 


Graph of 


We see that there is no restriction on values of x and 
as such its is the set of real numbers. On the other 
hand, the least integer function evaluates only to in- 
teger values. It means that the range of the function 
is set of integers, denoted by I. Hence, 

Domain: xe R 

Range: y € I 
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LIF is not a periodic function. Though function is Note) 
defined for all real x, the graph is not continuous. 


It breaks at integral values of x. The following definitions help in simplification of 


Properties of Least Integer Function functions involving GIF. 
(i) If and only if x is an integer, then : 

(x) =x Bete Aen 

(ii) (x) = [x], ifx © Tand f(-2)  -2sx<-l 
(x) = [x] + Lifxe L f(-l) -Isx<0 
In fact (x) =— [-x] f([x]) = 4 f£(0) O<x<l 

(ii) (x+n)=(x)t+n, nel f(1) 1<x<2 
If and only if at least either x or y is an in- f(2) <x <3 
teger, then 


(xty=()+(%) 
For example, let x = 2.27 and y = 0.63. —-- 0 HH 


Then, —2 —2<f(x)<-l 
(x + y) = (2.27 + 0.63) = (2.9) =3 _] ~1<f(x)<0 
(x) + (y) = (2.27) + (0.63) =3 + 1=4 [f(x)] = 0 O<f(x)<1 
However, if one of two numbers is integer 1 1<f(x)<2 


like x = 2 and y = 0.63, then the proposed 
identity as above is true. 2 2<f(x)<3 
(iv) (-x) =-(x), xe l SSeS SSS 

(-x) =-(x)+ 1 x¢€I 
Nearest Integer Function nx] if O<{x}<1/n 
The nearest integer function, as the name sug- BPE ea NS) eo 
gests, returns the nearest integer. It is denoted by [nx] = yn[x]+2 if 2/n< {x}<3/n 
thesyimbol=— 5 ii ee a i et etna 
The value of < x > is an integer n such that : | 

f(x) =<x> n[x]+n-—-1 if - <{x}<n 
=nifn<x<n+1/2,ne I 


=n+lifnt+1/2<x<n+1l1nel 


Equations in [x] and {x} 


a ‘abl a 
Foreunple 23S, <265=3 To solve equations is one variab e (say x) involv 
ing greatest integer and fractional part of x, we 

SOF SLOP SS 8 follow the following steps : 


<2.5>=2. 1. Simplify the given equation / inequality in 


the form of only greatest integer part and 
fractional part using the fact x = [x] + {x}. 


2. Now find the fractional part in terms of 
sreatest integer part i.e. {x} = f([x]). 


3. Now use the fact 0 < {x} < 1 to write the 
given inequality in the form 0 < f([x]) < 1. 
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4. Simplify the above inequality so that [x] is 
obtained in some interval a < [x] <b. 


Now as [x] is an integer, find the integers 
satisfying the above inequality. 


5. Now from {x} = f([x]), find the corre- 
sponding values of {x} for each value of 
[x] thus obtained. 


6. Now using x = [x] + {x}, we get the values 
of x, the solution(s) of the given equation. 


? EXAMPLE 1.17 Solve 4{x} =x + [x], where 


{x} and [x] denote the fractional and integral part 
of a real number x respectively. 


| SOLUTION As x=[x] + {x} 


4{xy =x + [x] 
= 4txy = [x] + tx} + [x] 
= 218) 
= {x} 7 


As [x] is always an integer and {x} € [0, 1), the 
possible values are 


[x] {xs X= [x] + {x$ 
0 0 0 
i 2 2 
3 3 
*, There are two solutions of the given equation 
x = 0, 2 
3 
n - f method 


For simplicity, we can use the following notations : 
[x] =n,ne I 
{x} =f,0<f<1 
. x=nt+f 
Let us solve the equation 2x — [x] = 3. 
Using the above notations, we get 
2(n+f)-n=3 
n+ 2f=3 
2f=3-n (1) 
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Here, R.H.S. is an integer, hence L.H.S. should 
also be an integer. 

So, 2f is an integer. 

Since, 0 <f< 1 we have 0 < 2f <2. 

The only integers in this interval are 0 and 1. 


Let 2f=0 Let 2f=1 

> f=0 > f=1/2 
From (1) 

n=3 n+1l=3 > n=2 

Since x=n+f 

x=3+0 x=2+4+1/2 

x=3 x = 5/2. 


Hence, the solutions are 3 and 5/2. 


EXAMPLE 1.18 Solveforx:2x+3 {x}=4[x]-2 
SOLUTION 2x + 3{x} = 4[x] —2 


— 2(n+f)+3f =4n-2 


Js ge 2(n — 2) 

Now. 02f4i = 02-2 > a 

=> 2<n<9/2 

— n=2,3,4 

Forn=2,f=0 > x=2 
n=3,f=2/5 >= x=3+2/5=17/5 
n=4,f=4/55 => x=4+4+4/5=24/5 


Therefore, solution to given equation are 
2, 17/5, 24/5. 


EXAMPLE 1.19 Solveforx:3x+5{x}=4[2x]+3 
| SOLUTION 3x +5{x}=4 [2x] +3 


As x= [x] + {x} where 0< {x}<1l 
2x =2[x]+2{x} for O<2{x}<2 
0<2{x}<1] 


Now 
=> [2x] =2[x] for 
or 0< {x} < 1/2 
and [2x] =2[x]+1 for 
or 1/2 <{x}<] 


1 <2{x} <2 
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Case 1: 0 < {x} < 1/2 
3x + 5{x} = 4[2x] +3 
=> 3[x] + 3{x} + 5{x} = 8[x] +3 
=> 8{x} =5[x]+3 
= {x} =(5[x] + 3)/8 (1) 
Now as 0 < {x} < 1/2 
=> 0 <(5[x] + 3)/8 < 1/2 
=> 0<5[x]+3<4 
=> -—3 <5[x] <1 
= — 3/5 < [x] < 1/5 
=> [x] =0 
From (1), for [x] = 0, {x} = (5.0 + 3)/8 = 3/8 
=> x=0+3/8 =3/8 
Case 2: 1/2 < {x} <1 
3x + 5{x} = 4[2x]+3 
= 3[x] +3{x} + 5{x} =4Q[x]+ 1)+3 
= 8{x} =5[x]+7 
= {x} =(5[x] + 7)/8 ...(2) 
Now as 1/2 < {x} <1 
= 1/2 <(5[x] + 7)/8 <1 
=> 4<5[x]+7<8 
=> -—3 <5[x] <1 
= — 3/5 < [x] < 1/5 
=> [x] =0 
From (2), for [x] = 0, {x} = (5.0 + 7)/8 = 7/8 
> x=0+7/8=7/8 


Therefore, the solutions to given equation are 3/8 
and 7/8. 


EXAMPLE 1.20 Solve |2x— 1|=3[x] + 2{x}. 
SOLUTION |2x — 1] = 3[x] + 2{x}. ll) 


Case 1: Let x > 1/2 
Equation (1) reduces to 
2x — 1 = 3[x] + 2{x}. 
=> 2([x] + {x}) — 1 =3[x] + 2{x} ...(2) 
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=> [x]=-1 
which is not acceptable since x > 1/2. 
Case 2: x < 1/2 
Equation (1) reduces to 
] — 2x = 3[x] + 2{x} 
= | -—2([x] + {x}) = 3[x] + 2{x} 
= 1-—5[x] = 4{x} ...(3) 
Since, 0 < {x} <1, therefore we have 
0<1-5 [x] <4 
=> 0<5[x]-1>-4 


=> 1<5[x]>-3 
— 1 
=> = < [x] < — 
5 5 


Hence [x] = 0, since 0 is the only integer lying in 


Putting the above value in equation (3), we have 
xX —— 
{x} ; 


1. 
Hence, x= Fi is the only solution. 


EXAMPLE 1.21 Let F (x) be a function de- 


fined by 
F(x) = x — [x], x e R- {0} 


where [x] is the greatest integer less than or equal 
to x . Then find the number of solutions of F(x) + 
F(1/x) = 1. 


PSOLUTION ~ F(x)=x—[x],x#0 


F(x) +F(<) =] 
xX 
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= « + | = ( + | =] (1) 


*. R. HLS. is an integer, hence L. H.S. is also 
integer 


1 
Let [x] + =| + 1=A (integer) 
Xx 


1 
then equation (1) becomes x + — =A 
xX 


=> x?-Ax+1=0 


_ AAC 4 
— 
For real x, A7- 4>0 
=> A>2and A< -2 
A=2 and A=~-2 does not satisfy (1) 
The equation (1) has infinitely many solutions. 


P EXAMPLE 1.22 Solve the equation (x)’ = [x]? 


+ 2x, where [x] and (x) are the integer just less than 
or equal to x and just greater than or equal to x repec- 
tively. 


| SOLUTION Casel1: Ifx¢ I 


then (x) = [x] 
(x)? = [x]? + 2x 
=> [x]? = [x]? + 2x 
. x=0 
Case 2: If x € I 
then (x) =[x]+ 1 
= (x) =[x]? + 2x 
= [x]?+1+ 2[x] =[x]* + 2x 


=> SC =nt Sey 
2 2 


4 


Hence the solution of the original equation is 


x=O,n+ Pred 
2 


| EXAMPLE 1.23 Solve the equation, 


x’ — 4x + [x] +3 =0. 


Basics 


‘SOLUTION Weare given thatx’—4x+[x]+3=0 
=> x? -4x+x—{x} +3 =0 

=> x*-3x+3 = {x} 

> 0< x’-3x+3<1 

Now x°-3x+3>0V xe RsinceD <0. 
Also x’-3x+3<1 

= x?-3x+2<0 


= l<x<2,[x|= 1 


Now from the original equation we have 
x -4x+4=0 => (x-2)=0 
=x =2. 

which does not satisfy 1 <x <2 


Thus, the given equationdoesnothaveany solution. 


| EXAMPLE 1.24 _ Find the solution set of 


(x) + (x + 1? = 25, 
where (x) is the least integer greater than or equal 
to x. 


| SOLUTION 


Case 1: If x € I then (x) = [x], 

and (x)* + (x + 1)* = 25 reduces to 
[x]? + [x + 1] =25 

= [x]? +(x] + l? =25 

= 2[x]* +2 [x] -24=0 

= [x]? + [x] -12=0 

= ([x] + 4)([x] - 3) = 0 

“. [x] =—1 and [x] =3 

= xe [-4,-3) U[3, 4) 

*xerlx=-4,3 . (1) 

Case 2: If x ¢ I then (x) = [x] + 1 

and (x)* + (x +1)” = 25 reduces to 
([x] + 12)? + (fx + 1] 4+ 1? =25 

=> ([x] + 1)? + ({x] +2)” =25 

= 2[x]’ +6 [x] —20=0 
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= [x]? + 3[x] -10=0 
= ([x] + 5) x] - 2) = 0 
’. [x] =—5 and [x] = 2 
=> xe [-5, -4) vu [2, 3) 
‘ x€éI, xe (-5,-4] U2, 3) ...(2) 
Combining (1) and (2), we getx € (-5,-4] U[2, 3]. 


| EXAMPLE 1.25 Solve the equations 


y= ; [sinx + [sinx + [sinx]]] and 


ly + [y]] = 2cosx. 


| SOLUTION We have 


1.. 
y= 3 [sinx + [sinx + [sinx]]] 
1 


a [sinx + [sinx] + [sinx]] 


[°. [n + x] =n + [x] for any integer n] 


= ; ([sinx]+[sinx]+[sinx])=[sinx] 


and [y + [y]] = 2cosx 
=> 2[y] = 2 cosx 
=> ly] = cosx 
From equations (1) and (2), we have 
[[sinx]] = cos x 
= [sinx] = cosx 
Now, we plot the curves y = [sinx] and y = cos x 
on the same axes. 


We can see that the two curves have no intersection 
points. Hence, the given equation has no solution. 


Inequations in [x] and {x} 
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EXAMPLE 1.26 Solve [x]? — [x] —6>0 
fSOLUTION [xl’-[x]-6>0 


or {[x]—3} {[x] + 2]> 0. 
Using sign-scheme, 


“. [x]}<-2 or [x] >3. 
But [x]}<-2 => [x] =—3, -4,—5..... 
. x<-2 
[x]> => [x] =4,5, 6, ..... 
. x24 


x €(-c0, -2) U [4, ©). 


| EXAMPLE 1.27 Solve the inequality 


x[x] — x? —3[x] + 3x > 0. 


SOLUTION We have x[x] — x’ —3[x] + 3x > 0 


= x(x— {x}) —x?-3(x— {x}) + 3x>0 

= (3 -—x) {x} >0 

We have 0 < {x} <1 

Ifx € I then {x} = 0 and the inequality cannot hold. 

If x € I then {x} is a positive number and then 
3-x>0 => x<3. 


Hence, the solution consists of all x less than 3 
except integers. 


| EXAMPLE 1.28  Ifa,,a,,....a,areintegers with 


S=a,t+a,t+t.... +a, then prove that 


Bacay 


for any integer a> 0. 


| SOLUTION We may write a; = aq; +1, with 


0<1,<aforj=1, 2,....n. Then 
S=a,t+a,t....+ 4, gives 
S = a(q,; + q. +... + Gy) + (ty + fot... +r). 


a 
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FY +....4+ 
= a + q> Th aseer Cy ed 


| EXAMPLE 1.29 Prove the following prop- 


erties of the greatest integer function: 
@ [x+y]2[xl+ Ly] 
(ii) ey = =| where n is a natural number 
n n 


(ii) E + 7 = [2x] — [x] 


| SOLUTION 


(i) Let x be an arbitrary real number. Then we 
can write x = [x] + o where a is a nonnega- 
tive number less than 1. Now let us repre- 
sent y in the form 


y =ly] + BC O<B <1). 

Then x + y = [x] + [y] +a+f8. Since a+ 
B > 0 the last equality shows that [x] + [y] 
is an integer not exceeding x + y. Further, 
since (x + y) is the greatest of the integers 
not exceeding x + y we have 


[x + y] = [x] + ly]. 

(ii) Let us represent x in the form x = [x] + a 
where 0 < a < 1. The division of the inte- 
ger [x] by n results in a quotient q and a 
remainder r, that is 
[x] =qn+r(0<r<n-1). Thus we have 
Bd ag [ia 


=| = qandx 
n n Ln 


=qn+r+a=qntr, 

where r,; =r + a<n. Hence x/n=q+1r,/n 
(0 <r,/n< 1) and [x/n] = q= [[x]/n], which 
is what we intended to prove. 


Basics 


Alternative 
Let us consider all whole numbers which do not 
exceed x and are divisible by n. The number of 
these whole numbers is obviously equal to [x/n]. 
Let us also consider all whole numbers which do 
not exceed [x] and are divisible by n. Their num- 
ber is equal to [[x]/n]. Now, since these groups 
of whole numbers coincide, the numbers in these 
groups are equal. 
Hence [[x]/n] = [x/n]. 

(iii) If x —[x] < 1/2 then [x + 1/2] = [x], 

and we have [2x] = 2[x] and 


[2x] — [x] = 2[x] — [x] = [x] = [x + 1/2]. 


If x — [x] => 1/2 then [x + 1/2] = [x] + 1, 
[2x] = 2[x] + 1, 

and we again have [2x] — [x] 

= 2[x] + 1 — [x] = [x] + 1 = [x + 1/2] 


| EXAMPLE 1.30 Prove that for every real 


number x, 


[x] [x+2| [x42 | bat] Aot] 
n n n 


= [nx]. 


| SOLUTION Let x = [x] + y, where 0<y <1. 


Let p be an integer such that p— 1 <ny <p 

(This is always possibe because given a real num- 
ber, we can always find two consecutive integers 
between which the number lies.) 


k k 
Now x+ — =[x]t+y+—. 
n n 


Also y + k lies between pe 
n 
+k 
and P7* 
n 
So long as nel <lie,k<n-(p-)), 
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k. 
y +— is less than 1, and consequently, 
n 


E + < = [x], 
n 


x+<| = [x] fork = 0, l....,n—p. 
n 


ta [x x4 neg xo 
n n 


= [x] +..... +[x] (a — p+ 1 times) 
+ ([x] + 1) + ([x] + 1) + (1) times 


= n[x] + (p-l). (1) 
Also, [nx] = [n[x] + ny], = nly] + (EP + JD, 
since p—I1<ny<p, ...(2) 


Form (1) and (2), we find that 
[x] [x42] + x+=| 
n n 


n-1 
Fee x +2 | = [nx]. 
n 


| EXAMPLE 1.31 Ifa, b andc are integers with 


c > 0, then prove that 


=] ES A =| aeeet) 
— |+] ——]} =] —]+] —]+] ———— }. 
c re Cc Cc c 
SOLUTION Leta=mce+randb=ncts, 


where m, n, r and s are integers and 0 <r <c and 
O<s<c. 


If s>r, 


5 At) 2 |S"), 
c c 


ifs <r, then 2r>r+s+ 1, and [7 |2] Set), 
Cc C 


then 2s+1>r+s+1. 
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In either case, = + E af | > tee) 


a 
| 


r 
Further more, since H = 
C 


=| = (0), we can also say 
C 
= a] F | et] 
that | — |= ae |, 
C C c c c 
Now the proof : 


2a 2b+1 er 2s+1 
ae =| 2m + — |+|.2n ->——£— 
Cc Cc Cc Cc 


ae 
+ 
Cc 
=2m+2n+ Boe 

Cc Cc 


= = ett) 
>mt+|—|+n}|—}| +m+n-t+ | ———— 
c C c 
| 4 | aoa 
=|m+—|+/n+—| +} m+n+ 
c c C 
|| H eee) 
= |—|+}—|+| ———]. 
C C C 
| EXAMPLE 1.32 Let 
_ifja ia a 
f(n) = (|=) +|4]+ eee +|*]). 


Prove that f(2n) > f(n). 


SOLUTION We have [x + y] > [x] + [y] 
ram)= SF] +13 ]+ [3] +a) 
2n 1 2 3 2n 
> +(2{2 A 22] a 2| | | 
2n 1 2 n n+1 
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Basics 


W PRACTICE PROBLEMS [P] 


. Find the value of = + a+] + a+] TP osqieueus a4). 
4 4 100 4 100 4 100 


. Find the exact value of 


[log, 1] + [log, 2] + [log, 3] + .... + [log, 66] 


where [.] denotes the greastest integer function. 


3. Prove that there exists no value of n € N such that [e] + [e7] + .....[e"] = 36. 


4. Ifx be areal number for which 


. Discuss the graph of f(x) = 


(x) = the integer just greater than or equal to x, 
[x] = the integer just less than or equal to x 
then solve (x)” = [x]? + 2x. 


Solve [x] + |x —2|< 0 and —1 <x <3 where [x] is the greatest integer function. 


— 
(x) = [x] 


where (x) is the least integer and [x] is the greatest integer function. 


2 


Find the number of different values which Ss 


can assume. 
x +] 


8. Prove that the equation {x} + x” = 0 has only one solution. 


9. Find the number of values of x satisfying 


10. 


11. 


12. 


13. 


{x7} + [x“] = 1. 
If y = 4 — [x]” where x is real then find x for which [y] + y = 6 where [x] is the greatest integer < 


X. 


Let [x] = the greatest integer < x, and {x}, (x) be defined as follows : 
{x} =x [x]; (x) = thy ae 
[x]+3[x], x<0 
then solve the equation (x) = x + {x}. 
Solve [x] + |x —2|<0,-l<x<3 
where [x] is the greatest integer function. 
If {x} = x — [x] where [x] = the greatest integer < x and f(x) = {x} [x] then find the set 
A= {x | f(x) =1, xe R}. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Zi, 


Ze. 


23. 


24. 


2D. 
26. 
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Prove that the greatest integer function has the properties indicated. 


(a)[x + y] = [x] + [y] or [x] + [y] + 1. (b) [2x] = [x] + x+5 
2 1 . 
(c)[3x] = [x] + x4 | + x4 | 


Find the number of solutions of the equation 
{x} + {tan zx} = 0. 


Show that Ea + =| is identically equal to [x — 1]. 


if = SxS Z and [.] denotes greatest integer function, then find the number of values taken by 
face 4 oa oe x]. 

Find the complete set of x such that 

f(x) = log), _ 1) sin x, 

is defined where [ . ] denotes greatest integer function. 


Find the values of x satisfying the equation 


cos” x — 2 _t 
2 40 


Find the complete set of value of x satisfying 
sgn ([x]) > sgn(x). 


Find the range of the function y = sin | 
Xx 


Find the number of solutions of the equation 
2[x] —x= {x} +1. 


Which of the following functions is not identically zero ? 


9 
@  y=[x3] (i) y= ee 
eee nu : _ 2 3 
(111) {cos 5 | (iv) y cos 5 x| 


Find the complete solution set of the inequality [Vx |= [x’]. 


> 
; +1 
Find the number of points at which the function y = {* ; | , 0 <x <2 assumes integral values. 
If ‘x’ satisfies the equation 


[x + 0.19] + [x + 0.20] .... + [x + 0.91] = 542 where [.] stands for G.I.F then find the value of 
[100x]. 
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Basics 


TARGET PROBLEMS for JEE ADVANCED 


| PROBLEM 1.1 For xe R, let ||x|| be defined 


as follows 


x +1, 
IIx|] = 
|x—-4|, 


O<x<2 
2<x 


then solve the equation ||x||? + 2 = ||x|| + x”. 


| SOLUTION If0<x <2, the equation is 


(x+1)?+x=xt14+x’ 
or x7+2x+14+x=x+14+x’ 
*. x = 0 which satisfies 0 < x <2. 
If x> 2, the equation is 
Ix —4)7+ 2 =|x-4]+ x? 
or (x—4)?+x=|x-4] +x? 
or x*-8x+16+x=|x-4]+x’ 
or |x —4|= 16- 7x 
. x—4=4 (16-7x) 


or 2x = 0, 


16 


7 
When x-4=16-7x then 8x=20 


provided 16-—7x>0, Le., 
5 16 
or x= 5 which satisfies x > 2 and x < es 


*. The solutions are x = 0, 2. 


| PROBLEM 1.2. Find two values of 0 in the 


, um 1 pee ; 
interval (-2.3] satisfying the equation 


(1 — tan 0) (1 + tan 0) sec” 6 + ga? 2) 


SOLUTION Here,(1—tan?0)(1-+tan29) +2" °=0, 
Put tan” 6 = x; then (1 —x) (1+ x)+2*=0 

or 1—x*+2x=0 

or 2x=x’-1 

By observation x = 3 is a root because 


Sao Sand x =1=3°=1=8. 
*. x =3 1s a solution, so tan? 0 =3. 


. tand=V3, « = 2, 
3 3 
Thus we find the equation has two solutions 
eye 
3° 3 


Now, we want to find values of 0 satisfying the 
: T 
given equation other than the values @ = + a 


The solutions of (1) are given by the intersections 
of the graphs of y = 2* and y = x” — 1. The graphs 
are as follows: 


Clearly the curves y = 2* and y = x” — 1 intersect 
at three points only, one of which has negative 
x-coordinate. 

As x = tan’@, x must be positive. 

One value of x found on trial is 3. 


= tan’0=3 = tanO=+ V3 
2 oe 
3° 3 


Note that there are two more solutions but they 
cannot be found by inspection. 


oe : 
| PROBLEM 1.3 [fx= 7 satisfiesthe inequality 


log, (x —x + 2) > log, (-x” + 2x + 3) 


then find all real solutions of the inequation. 
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4. . 
SOLUTION Putting x = a in the inequation, 


16 4 1 
log, {e242} > log, {o—= 43} 
81 9 81 9 


orle. 16-—36+162 tae. —164+724 243 
81 81 
or log, as > log, oak 
81 81 
S ee we can conclude 0 <a< 1. 
81 81 


Thus we have 
log, (x? — x + 2) > log, (-x? + 2x +3) 
where 0<a<l. 
- x*-x+2<-—x7+2x4+3 
or 2x?-3x-1<0. 
The corresponding equation is 2x” — 3x — 1 =0 


_34V9+8 — 34Vi7 
4 4 


-. the sign-scheme of the expression 2x” — 3x — 


1, is as follows: 
+ — + 


or xX 


3-V17 
4 4 
* 2x? -3x-1<0 


aly Sa17 
4 


But, in order that the given logarithms may be de- 
fined we must have 


x?-x+2>0and—x?+2x+3>0. 
D = 1-8 < 0 and coefficient of x= 1>0 
- x*-x+2> 0 is true forallxe R. 


The sign-scheme of —x” + 2x + 3, x € Risas fol- 
lows: 


= fe = 
++ 
—| 3 


. -x?+2x4+3>0 3 -1l<x<3 (2) 
. The required values of x form the set of values 
of x common to (1) and (2). 
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*. The solution is ( 


| PROBLEM 1.4 Solve for x : 


log, 26+ log, . 26 > log, _ 5 6. log, +2 6. 


2=a/17 34417 
4 ° 4 


PSOLUTION The logarithms will be defined if 
x-2>0,x-241,x+2>0,x+2/1 
= xe 2.x23 


Now log 6 log6 log 6 
log(x-—2) log(x+2)  log(x-2) 

log 6 
log(x + 2) 


log(x + 2) + log(x — 2) 
log(x — 2). log(x + 2) 
log 6 
log(x — 2).log(x + 2) 
log(x? — 4)-log6 
log(x — 2). log(x + 2) 


x" —4 


> 0 


or logio 


logy (x + 2) > 0, 


taking the base 10. 
2 
a 0 when x =+ V10 


Now  logio 7 


logjo(x — 2) = 0 when x =3 


logjo(x + 2) = 0 when x =- 1 


Within the domain of inequality, the sign scheme 
of the product is as follows : 


Hence, the solution set is x € (2,3) U (10 50°). 


| PROBLEM 1.5 Findall values of the parame- 


teraeé R for which the following inequality is valid 
for allx € R, 1+ logs(x” + 1)>log; (ax? + 4x +a). 
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SOLUTION Here] >log,(ax’+4x-+a)—log.(x°+1) 


ax? +4x+a 


2 


or 1> log, 
x" +1 


ax? +4x+a 


2 


or log, 5 > log, 
xl 


2 
ax’ +4x+a 
———— (1) 


x” +1 
Also, for the logarithms to be defined, 


x? + 1>0Oand ax*+4x+a>0. 
x? + 1> 0 is true forallxe R. 
ax’ + 4x+a>0 (2) 


”. the values of the parameter a € R should be 
such that both (1) and (2) hold for all x € R. 
Now, (2) holds for all x € R if 


D=4?-—4.a.a<0 and coefficient of x’ is a> 0, 
ie. 16-4a’<0,a>0 
=> a’>4a>0 >a> 2. 
Now, from (1), 
§(x7 + l)>ax?+4xta {fv x7 +1>0} 
or (5—a)x’-4x+5-a>0. 
This holds for all x € Rif 
D = (-4)’ - 4(5 — a) (5-a) <0 
and the coefficient of x = 5-—a> 0, 
i.e. 16—4(5 —a)? <0,5-a>0 
= (5-a)>4,a<5 
= {5-a<-—2 or5-a>2},a<5 
= {a>7ora<3},a<5 


>a<3. 


*. we have 5> 


Now, 


Hence, the required values of a satisfy 
a>2anda<3. 
. ae (Q, 3]. 


| PROBLEM 1.6 Solve the equation 
Vx —4a +16 =2/x —-2a+4-Vx. 


Basics 


For what real values of a is the equation solvable ? 


SOLUTION Transposing Vx to the left- 


hand side and squaring both members of the 
equation we get 


Vx ./x — 4a +16 =x —2a. 


Squaring then both sides of the resulting equation 
2 
we find that x = 7 is the only root of the equa- 


tion. Substituting it into the equation we obtain 


Ja’ —l6a+ 64, 
= 2a? —8a+16 —va2 


which implies, since the radicals are positive, the 
relation 

la — 8] = 2/a —4| - [al . (1) 
For a> 8 equality (1) is fulfilled. Consequently, for 


2 
. a 
a> 8 the original equation has a root x = a 


For 4 <a <8 condition (1) is not fulfilled because 
8—aF 2(a—4)-a. 

For 0 <a <4 condition (1) takes the form 
8—a=2(4-a)-a 

and is only fulfilled for a = 0. Finally, for a < 0 

condition (1) turns into the identity 
8-—a=2(4-a)t+a. 

Hence, for a > 8 and a < 0 the equation has the 

2 
only root x = fle for 0 <a <8 there are no roots 
at all. 


| PROBLEM 1.7 For what real values of x is 


the inequality 
a 
to NIT AX 23 fulfilled ? 
X 
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| SOLUTION The radicand must be > 0, and 


therefore 
1 1 
—-—<xs- etl 
5 5 (1) 


For nonzero values of x satisfying condition (1) 


we have 1/1 —4x* <1. Therefore, if — ; <x <0, 


the inequality indicated in the problem is fulfilled, 
because its left-hand side is negative. 


1 2 
But if 0<x< a then rationalizing the numerator 


of the left hand side we obtain 


1— Jl-4x? _ 4x? 
x (1 +1 - 4x”)x 
- 4x 


- 1+] — 4x? 


It is readily seen that the numerator of the fraction 
on the right-hand side does not exceed 2 for 0 <x 


| 
= 5° and the denominator is not less than unity. 


Therefore, 
= ee 
Pala 4x" 24 3 
xX 


Thus, the inequality in question is true for the val- 
ues x # 0 satisfying condition (1). For x = 0 and 


1 ; 
|x| > 5 the left member of the inequality makes 


no sense. 


| PROBLEM 1.8 Solve for x 


(x-11-1) (x|-3) _ 
4—|14+x| 


1-1) (x |-3 
SOLUTION Letg= Ue cHED dal 3) 


4—|1+x| 
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Since |x-l]=x-1, x21 
=-(x-1), x<l 
[J+x[=l+x, x>-1 
=-(1+x), x<-l 
xJ=x, x20 
=-x, x<0 


As the expressions |1 + x|, |x| and |x — 1| change 
their signs at x = — 1, 0 and 1 respectively, we di- 
vide the number line into four parts as follows: 


Case I: x <- 1 
g = CK=D)-DEx-3) 
4-—(-(1+x)) 
(—x +1-—1)(—x — 3) 
4+ 1+ x 
x(x + 3) 
5+X 


=>S= 


=> S= 
Sign of expression S 


= -3 0 


For S<0,x<-5 and-3<x<0 
But as x <— 1, therefore solution of given inequal- 
ity isx <—5 and-—3<x<-l. 


Case II: —1<x <0 
g = C&-D-DEx-3) 
4-(1+x) 
_ xt1-I(-x—-3) 
4-l-x 


=> § 


Sign of expression S 
3 0 3 


For 8S <0,-3<x<0Oandx>3 
But as — 1 < x < 0, therefore solution of given 
inequality is—1<x<0. 
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Case IIT: 0<x<1 
g = CK=I)-DEx-3) 


4-(1+x) 
59+ (—x +1-1)(x -3) 
(4-1-x) 
5 g= —x(x — 3) 
(3—x) 


=> S=xforx#3 


Sign of expression S 
+ = 


$+? +-——+$_+—> 
0 
For S<0,x <0 
But as 0 <x < 1, we have no solution of the given 
inequality. 


Case IV: x > 1 
g = (x —1-1)(x —-3) 
4-(1+x) 
54 g- (x — 2)(—x — 3) 
(4-1-x) 
eee (x —2)(x +3) 
(3— x) 
The value of expression S 
+ve —ve +ve l —ve 
—3 2 3 


ForS <0, —3<x<2andx>3 

But as x > 1, therefore solution of given inequal- 
ityis 1<x<2andx>3. 

Therefore, the solution of the given inequality is 
xe (-%, 5)UC3,-1]UC1,9 UV [1, 2) U 

(3, 0) 1e.x € (0%, —5)U (-3, 0) U[], 2) U 

(3, °°) 


| PROBLEM 1.9 Find the least value of the 


function 

f(x) = |x —al + [x — b| + |x—c| + |x —-d], 
where a < b <c <d are fixed real numbers and x 
takes arbitrary real values. 


Basics 


| SOLUTION Let us take a number scale and 


mark on it the points A, B, C and D corresponding 
to the numbers a, b, c and d. Let M denote a point 
with variable abscissa x. There can be the follow- 
ing five cases here : 


M A B C D 
—>—_e—_e—_________—_#_#_> 
xX a 4b e od 


(i) If x <a, then we have 
o(x) = MA+MB+MC+MD 
=AB+2MB+2BC+CD, 
which clearly shows that (x) attains the 
least value when the point M coincides 
with the point A and that this value is equal 
to 
3AB + 2BC + CD. 

(ii) Ifa<x <b, then 
o(x) =AM+MB+MC+MD 
=AB+2MB+2BC + CD. 
In this case the least value is attained by the 


function @(x) when the point M coincides 
with the point B, this value being equal to 
AB+ 2BC + CD. 

(ii) If b <x <c, then for these values of x the 
function @(x) is constant and is equal to 
AB+ 2BC + CD 

(iv) Ifc <x <d, then the least value of the func- 
tion @(x) is attained at the point x =c, and 
it is also equal to AB + 2BC + CD 

(v) Ifx>d, then the least value of the function 
(x) is equal to 
AB + 2BC + 3CD 
comparing the results thus obtained we 
see that the least value of the function (x) 
is equal to AB + 2BC + CD, that is to 
b-at+2(c—b)+d=d+c-—b-a. 
This value the function @(x) takes on pro- 
vided 
b<x<c. 
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| PROBLEM 1.10 Find range of the function: 


—x| 


f(x) = e*-—e 


e~+e|x| 


| SOLUTION We observe that for x < 0, 


f(x) = 0. 
Forx > 0 
e* —e hl _ OF =| 
2x 


= y =f(x)= = 
e~+e|x| 2e 
=> y2e*=e*%-1 = (1-2y)e*=1 


1 
= eX = 


~ 4-2y 
We can see that e7* > 1 for all x. Hence, 


=| = a 5a e0 
1-—2y 1-—2y 
1-1+2y 
1-2y 
2 
= y 
1-2y 


>= 0 


2y-1 
Here, critical points are 0,1. Th us, 
range of the given function is : 


1 
Range =| 0,— 
| 4 


X x-l 
fPROBLEM 1.11 Ifthe equation @ +(5] 


Z 


+ b = 0 has a positive solution, then find the interval 
in which the real number b lies. 


1 2x 1 X 
PSOLUTION 5) +25) +b=0 


2 


1 x 
Let a —Yy,¥Y € (0, 1) 
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Hence, y7+2y+b=0 
Since the sum of roots =— 2 is negative, there can 
be only one root in (0, 1). 


Hence, f (0)-f(1) <0 
=> b(b+3)<0 
=> be (3, 0). 


?PROBLEM 1.12 If (Vsv2 7 7) te 
(v5v2 + 7) = 7, then find the value of x. 


SOLUTION Notethat(s V2 - 7) (5V2 +7)=1 
Lety = (5V2 -7) = SV2+7=4 
Now, y*?+ a = 7, assume p = y*” 


Me el => p=6 or p=l 
x/2 X 
(5V2-7) = 6 or (5V2-7) = 1 
= x=2 logis 7 _ 7) © or 0. 


? PROBLEM 4.13 Find the number of solu- 
tions of the equation {/|x — 3/**! = ¥/[x — 3/°-? . 
| SOLUTION Taking log on both the sides 


x+1 x-2 
—  log|x-—3|= log |x-—3 
; g | 7 : - | 
= log|x-3| (= )-(S }|-0 
4 3 
+1 +2 
= log|x-3|=0or = -(4 = 0 


> x=4,2 or x=l11. 


| PROBLEM 1.14 What conditions must be 


imposed on the numbers a and b for the equation 


1 + log, (2 log a — x) log,b = 
log, x 


to have at least one solution ? Find all the solu- 
tions of this equation. 
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| SOLUTION Applying the equality 


log, x 


log, b= 


we have 
log, [x (2 log a— x)] = 2. 
= x’-2loga.x+b’=0. 


Solving this equation we find 


X},.=loga+ Vlog’a—b°. 


1 
For a> 10° and log a# a (b* + 1) both roots are 


positive and unequal to unity and, as is readily 
verified, satisfy the original equation. 


For log a= 5 +1) 


we must only take the root x, = b’. 


For a < 10° the equation has no roots. 


| PROBLEM 1.15 Solve the equation 


log i x,/log, 5/5 + log i 5V5 =-V6 
| SOLUTION After some simple transforma- 


tions based on the formula for change of base of 
logarithms we reduce the given equation to the form 


log 5 Xx : +3=-V6. 
> Vlog ; x 


Putting log ;x = t we obtain, after performing 


some simplification and squaring both sides of 
the equation, the new equation t? +t—2=0 
Its roots are t; = —2 and t, = 1. The first root 


yields the value x = . which, as is readily seen, 
satisfies the original equation. The second root 


gives the value x = 5 which does not satisfy 


the original equation. 
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| PROBLEM 1.16 Solve the equation 


logsinx 2- log.2,a+1=0 


| SOLUTION Passing to logarithms to the base 
base 2 we obtain the equation 


I 
log, sinx 2log,sinx 
log, a 


Hence, log; sinx = — 5 


The quantity on the left-hand side being strictly 
positive (sin x # 1 because otherwise the symbol 
log.inx 2 makes no sense), we have log,a < 0 and, 
consequently, for a > 1 the equation has no solu- 
tions at all. Supposing that 0 < a< 1 we obtain 


| l 
log, sinx = + aaa 


The plus sign in front of the radical must be dis- 
carded because log, sinx < 0. Thus we have 


log, a 


sinx =2. 2 
log, a 
and x =(-1l*sin'2. 2 4+ 2k, 
(k=0,+1,...). 


It can easily be seen that all this infinite sequence 
of values of x satisfies the original equation. 


| PROBLEM 1.17 Solve the inequality 


xB X +1 S g2x (a>1). 


| SOLUTION Since x > 0, the given inequality 


is equivalent to the inequality ,!%*>2° . 


But a> 1, and therefore taking logarithms of both 
sides of the last inequality to the base a we get 
log?x > 2. 


From this we deduce the final result : 


either loga x > J2 , and, consequently, x > av? 


or log,x <- V2, and then 0 <x < oF. 
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? PROBLEM 1.18 I[flogyo 


sin{ x + *)) = ee then find the value of 


log), (sin x) + log) (cos x). 


SOLUTION 2log [Seer ees ) tog (2) 
10 J2 10 


10 
1+2sinxcosx \ _ 6 
= logio —-> logo 10 


=> —+sinxcosx =— 
2 5 
1 
=> sin xcosx = — 
10 


= log) (sin x) + log), (cos x) =—1. 


| PROBLEM 1.19 If the equation 


x’ + 4 + 3cos(ax + b) = 2x has atleast one solution 
where a, b € [0, 5] then find the value of (a + b). 


SOLUTION x* —2x + 4 =—3 cos(ax + b) 
(x — 1)? +3 =-3 cos(ax + b) 

For above equation to have atleast one solution, 
let f (x) =(x-1)?+3 and f(x) =—3 cos(ax +b) 
If x=1 then LHS.=3 

and R.H.S. =-—3 cos (a + b) 

Hence, cos(a+b) =- 1 

. at+tb=nz, 32,52 

butO0<a+b<10 => at+b=zxzor3z. 


+PROBLEM 1.20 Find the minimum and 


maximum value of f(x, y) = 7x” + 4xy + 3y” sub- 


jected to x’ + y*=1. 


| SOLUTION Let x=cos @ andy = sin 0 


y=f{(0= 7cos?0 + 4sin0 cos@ + 3sin70 
=3+2 sin 20 + 2(1 + cos 20) 
= 5+ 2(sin 20 + cos 20) 
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but — V2 <(sin 20 + cos 20) < V2 
Vmax = 5+ 2V2 and Yuin = 5 — 2V2. 


| PROBLEM 1.21 Solve the equation 


5 sin x + —— -—5=2 sin*x + a 
2 sin x 2sin~ x 
ifx € (0, 2). 
. 1 
PSOLUTION 5{sinx+ : )-s 
2sin x 
= 2{sin? x ; ) 
4sin~ x 
1 3 
=2 (sinx- ; -1 
2sin x 
Letsin x + — =t 
sin xX 


st-5=2(0?-1) = 2t?-5t+3=0 
= (2t-3)(t-1)=0 

t=1, or t=3/2 

t=1, 2 sin’x —2 sinx + 1=0 

D < 0 no solution 
If t=3/2, 2 sin’x-—3 sinx+1=0 


=> sinx=1 or sn=1/2 
‘18 


1 
=m, at 

=> xe 4—,—, — >. 
62 6 


| PROBLEM 1.22 Find the value of x, y, z sat- 


isfying the equations 
log,x + log,y + log,z = 2 
logox + log;y + loggz = 2 
and log) 6X + logy ey + logyz = 2. 


| SOLUTION From the first equation, we get 


log(x’yz) = 4 
= x’yz = 2" (1) 


Similarly, y°zx =3" (2) 
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z’xy = 4" ee 
(1) x (2) x GB) 
= x4y4z4=(2-3-4) 
=> xyz=24 
From (1), x= ee 
24 3 
81 = 27 
From (2), = — = — 
@) 24 8 
From (3), i= oh = 
24 3 


| PROBLEM 1.23 If m and n are positive in- 


tegers satisfying 
1+ cos 20+ cos 40 + cos 68+ cos 86+ cos 100 


= a , then find the value of m + n. 
sin 


+SOLUTION LetS=cos0°+cos20+co0s46+..... 


ue + cos 100 

2 sin@ - S = 2 sinO [cosO + cos 20 + .......... + 
cos 100] 

= sin 0 + sin 0 

= sin3@ — sin 0 

= sin5@ — sin30 

= sin70 — sin50 

= sin9@ — sin70 

= §in110 — sin90 

2 sin8 - S = sinl10 + sin@ 

2 sin8 - S = 2 sin6@ - sin56 

_ 2sin60cos50 _ sinnOcosm@ 
2sin 8 

=> n=6andm=5. 


| PROBLEM 1.24 Solve 
y Da 2440x4439 240404 


= 2x for x > 0. 


sin 8 


Basics 
| SOLUTION Since 2- 2+ /2+x >0,we 
must have 
0<x <2. 


Let x =2 cos 0, 0 <| 0, 4 
The equation becomes 


208 + 23 sine = 2x2cos8 


Since ee enaee 
3 8 3 
Caos Ge" 

3 «68 2f 
pec. 

2) 


| PROBLEM 1.25 Show that the expression 
cos® (sind + vVsin?@+sin7a) always lies 


between —V1l+sin*a@ and Vl+sin’o. 


| SOLUTION Let 
y = cos0 (sin@ + Vsin? 0+ sin? 0 ) 
= y—cos0 sin8 = cos0 (Vsin? 0+sin’ a ) 


= (y —cos0 sin®)* = cos’@ (sin’6 + sin’a) 
= y’ —2ysin0 cos 0 + cos0 
= cos’ sin’ + cos’0 sin’a 
= y’ —2ysin0 cos 0 + cos’0 
= cos’ + cos’@. sin’a 
[Here we have added cos’ on both sides to get 
1+ sin’a] 
= y’ —2y sinO cos 0 + cos*0 = cos0 
(1 + sin’a) 
= y’ sec’@ — 2y tand + @=1+ sin’a 
= y’tan’0 — 2ytan0 + 1 =(1 + sin’a) —y? 
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= (ytan0 — 1)? = 1 sin’a-y? 
* square of a real number > 0, 
1+sin? a—y*>0 


= y?-(vl+sin2a )? <0 
= y lies between —V1+sin* o and V1+sin?o . 
| PROBLEM 1.26 If sin (sin x + cos x) 


= cos(cos x — sin x), then find the largest possible 
value of sin x. 


| SOLUTION cos(cos x — sin x) = cos 
(z- (sin x + cos | 
. coSx —sin x = 2nn+ (= (sin x + cos | 


Taking + ve sign 7 
cos x —sinx = 2nma+ — —sinx—cos x 


Tl 1 
= eS ae — a er 


n=0, cos x= 7 (only possible values) 
; 1 16-1 
sin x = ,J/1—-— = 
16 4 


Taking — ve sign 


. 1 ; 
cos x — sin x = 2nz — > +sinx + cos x 


; Tl : Tl 
oo ee ig = eT ae 


; 1 
only possible sinx= rm 
16-7 
as — > 
4 4 
; T 
=> (SIN X) max. = 4 


| PROBLEM 1.27 Prove that 
r=4 _ 4 r=4 _ 4 
¥ (sin ao) = (cos ==) | 


r=l r=l 


Also find their exact numerical value. 
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| SOLUTION LHS 


um  . 430 
—+sin* — 
8 


2 sin’ she +sin* = 
8 8 


490 4 IM 


= sin* +sin* —-+sin 


4 71 
+cos — 


RHS = cos‘ = +cos* ml +cos* — am 
8 8 8 


Tt 
= 2! cos* Pleo =) 


(omg 
{dint scot) 
( 
— 


2| 1—2sin ° = cos” =| 


1 *|> = 
2° 
| PROBLEM 1.28 Let f(x) denote the sum of 


the infinite trigonometric series, 


f (x) = ¥ sin = sin * 
nel a0 an 
Find f(x) (independent of n) also evaluate the sum 
of the solutions of the equation f (x) = 0 lying in 
the interval (0, 629). 


SOLUTION 


f(x) = > sin cas sin — 
neh 3" 30 


Iewean op 2k. ® 
— } 2sin — sin — 
2 3" 3" 


n=l 
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le X x 
= >> COS — COS 
2 n=] S 3 


Now substituting n = 1, 2, 3, 4........ 


1 xX 1 x xX 
f (x) =—] cos——cosx | + —| cos—-—cos— 
2, 3 2, 3? 


3 
+ «| e08-%— cos | 
2 3° 34 
1 x 
...+ —| COS—-—COS 
a 30 30-1 


. 1 1 
f (x)= lim 5 | 608: —c08x |= — [l-cosx] 
noo 2 3" 2 


Nowf(x)=0 >cosx=1l1 >x=2nz7,neEl 


The sum of the solutions in (0, 629), 
SH 2h0 + 2a on cnc + 1007] 
= 2+ 50502 = 101007 . 


89 
1 
TPROBLEM 1.29 Evaluate > 
na. + (tan n°) 
T SOLUTION 


1 ] ] 
= enn Gai Gadi. 
1+(tan1°)* 1+(tan2°) 1+ (tan 3°) 
1 1 
= 
1+ (tan88°)” 1+ (tan89°) 
Reversing the sum 
1 1 
oe 
1+(cotl°)” 1+ (cot2°) 
1 1 
= 27 2 
1+(cot88°)” 1+(cot89°) 
°° l 1 
ao” 0\2 
n-jit(tann®)” 1+(cotn®) 


eeceeccce 


= 1 (tan n°)? 
“7 1+(tann°)? 14+(tann°)? 
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? PROBLEM 1.30 Solve the equation 
cos” E (sin x + V2 cos? | ~ tan’. 


[x + * tan? x] = 
| SOLUTION <x” E (sin x + V2 cos? ) — tan? 


[x+ Eran’ - =| 
4 


Since square of the cosine of any argument 
doesnot exceed 1, the given equation holds true if 
and only if we have, simultaneously 


cos” E (sin x + V2 cos” | =] (1) 


and tan [x a “tan? a‘) =0 ...(2) 


From (1), sinx + V2 cos*x=4k,keI ...3) 
But |sin x + V2 cos? x | <|sin x| + V2 lcos” x| 


<1+ 2 <4 
So, equation (3) has no solution for k 4 0. 


For k = 0, sin x + V2 cos? x=0 


Or, 2 sin? x-sinx — V2 =0 


—] V3 , 
—,v2 butsinx= V2 is not possible 
v2 


So the solution to the equation (1) is 


or, sin X = 


es. + 2 nh, X= om + Ona, ne I 


—T , 
For x, = — + 2na, equation (2) becomes an 
identity 


51 ; 
but x,= ra + 2 nx does not satisfy equation (2) 
So, the solution to the original equation is 


x= = + 2nz Vne I. 
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| PROBLEM 1.31 Solve 


|sin 3x + sin x| + |sin 3x — sin x 


ae: eee 
2 2 
SOLUTION |sin 3x + sin x| = |2 sin 2x cos x| 


Tt 
= sin 3x + sin x, 0<x< > 


: ; v1 
= — sin 3x — sin x, — 7 <x <0 


|sin 3x — sin x| = |2 cos 2x sin x| 


= sin 3x — sin x, 

TU TU 1s 
O<x<s—,--—<x<-— 
4 2 4 


=— sin 3x + sin x, 


Tt cn 
—<x<—,-—<x<0. 
4 2’ 4 
Hence, |sin3x+sin x|+|sin3x—sinx|= 3 ...(1) 
= 2sin3x= V3 for0<x<% 
4 
n i 
= 3x=na+ (1) . 
T. 27 
>x=—,—. 
9 9 


For 7 <x< ; , the equation (1) becomes 


2 sinx = V3 
>x=nn+CI7»* = x=2 
3 3 


Since, the function |sin 3x + sin x| + |sin 3x — sin x| is 
2m Tu NOC; 
an even function, the values — cs — a = will 


also satisfy the equation. 


| PROBLEM 1.32 _ Find a positive number such 


that its fractional part, its integral part and the num- 
ber itself forms a geometrical progression. 


| SOLUTION Let the number be x {x}, [x], x 


are in GP 


=> [x]’=x-> {x} =x(x- [x]) 
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= x” — [x]*— [x]? =0 
=> 2x= [x] + v[xP + 4[xP 


=t(1+ J5) [x] &#1- V5) 


= Stig 


If 0<x< a RHS = 0. This is not possible 


If 1<x <2, [x] = 1 and this satisfies the equa- 
tion. 


V5 41 
2 


Hence x= 


5-1 
= 


=> [x]J=1 > 5 
V5 +1 
2 


—] 
Now 5-1 gad, 
Z 
mon ratio 


20 V5 4+1 
V5-1 2° 


? PROBLEM 1.33 If f(x) = sin“ x — cos“ x 


and g(x) = sin x + cos x, then find the general so- 


lution of f(x) = g (= } , (where, [x] is the great- 


are in GP with com- 


est integer less than or equal to x). 
1 
fSOLUTION f(x) = EC 


= f(x)= sin + COs =| 
10 10 


= [sin 18° + cos 18°] 


ee fs . os 
=[1.26]=1 
= sin x—cos“*x=1 


44 


= sin x=1l+cosx>1 


which is possible if and only if cos** x = 0 


ie.xe Qn+1)e 
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| PROBLEM 1.34 _ If the equation 


(a — 2) (x — [x])” + 2(x — [x]) +a? = 0, 


(where [x] denotes the greatest integer < x) has 
exactly one solution in (2, 3), then find all possible 
values of a. 


SOLUTION (a—2) (x—[x])’ + 2x [x]) +a’ =0 
..(1) 

Let y = x — [x]. Then (1) can be written as 

f(y) =(a—2) y?+ 2y +a7=0 (2) 
As x cannot be an integer. 

y=x—[x]#0 
Thus, a0 
When 2<x<3, [x] =2 
=> 0<x-[x]<lie.0<y<1. 
Since (1) has exactly one solution in the interval 
(2, 3), (2) has exactly one solution in the interval 
(0, 1). 
This is possible if (0) f(1) < 0, otherwise 
the equation (2) has either no or two solution in 
(0, 1). 
=> a’ {a-2+2+a}<0 
= a(a+1)<0 
= -l1<a<0Oorae (-l, 0) 


| PROBLEM 1.35 Solve [x]+2y=a, [y]+2x=a 
| SOLUTION Note that x and y must be half 


of integers. 


[. a? > 0] 


Since [x] + [y] + 2(x+y) =2a 
1 
and x- — <[x] <x 
2 
y= 7 Siyiley 
2 


=> xty-—1<|[x]+ly]|<x+t+y we get 
= 2a<3(xty)<2at+1 


Since x+y must be half of an integer. 


Basics 


2a + : 
itis one of the values — , —__2 ' got 
3 3 3 


Z 
Let 2a=3x. Then x+y= 7 


=> xty=2m 


Here x and y cannot be half of odd integer. 
Both must be integer. 


=> x+2y=a; yt2x=a 
aa 
=> (x,y)=|-,-— 
oy)=(2, $] | 
2a+— 
Let 2a = 3m + 1, thenx+y= 3 


since 4a + 1 is divisible by 3. 


(x, y)= [im + >] 


[m+nn-5) 
or, |}m+1,n-—— 
2 


; 2a-1 a+l 
Solving we get —_ 


6 
‘a GS a=) 
3 6 


2a +1 
Let 2a=3m+2,x+y=— 


1 1 
x=k]+>.y=D1+5 


2a+1 +t) 


2 


= &»=( : Fs 


+PROBLEM 1.36 The set of real values 


ee 3 4 
of ‘x’ satisfying the equality =| + =| = 5 
XxX 


x 
(where [ ] denotes the greatest integer function) 


2 where a, b, c € 


belongs to the interval C 
c 


N and E is in its lowest form. Find the value of 
Cc 


a+b+c+abce. 
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| SOLUTION Case 1: If x <0 then =| and 


X 


4 3 4 
—| are negative and hence |—|+ |—| can 
X X 


X 
never be equal to 5. 


3 4 
Case 2: If x > 0, we have — < — 
xX xX 


, 3 4]. 
Since each of =| and = is an integer 
X 


X 
.. There are 3 possibilities: 


0 [Jeo mt | 
o [Je a | 
0 [a2 = | 


Now, if =| =0 then g<3<y 
x 


II 
aN 


II 
WM 


x|p *K|R KIL 


Ld 
II 
GJ 


x 
= ko, 
4 4 
and =| =s => 5<— <6 
Xx X 
1 x 1 4 
a an ae 
6 4 5 3 5 


These two equations are not possible. Hence, 
there is no solution in this case. 


Now, if =| =1 then 1< 2 <2 
xX XxX 
1 x 

= —<—-<l => —-<x<3 
2 3 2 

and [=| =4 => gcse 
xX xX 
t..x 1 4 

=> —~<-—-<- > —-<x<l 
5 4 4 5 


This is not possible simultaneously => no solution. 
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The common solutionis 1<x< 


4 
Hence xe (. =| 


=> a=b, b=4,c =3. 
=> at+b+ct+abc=1+4+3+12=20. 


REMEMBER 


1. Remainder theorem: The remainder of the 
division of the polynomial P(x) by the binomial 
(x — a) is equal to the value of the polynomial 
P(x) for x = a, 1.¢. r= P(a) 


2. Factor theorem: The polynomial P(x) is ex- 
actly divisible by the binomial (x — a) if and only 
if the value of the polynomial is zero for x = a,, 
1.e. P(a) = 0 


3. Irrational Inequalities: 
(a) An inequation of the form 28/f(x) < g(x), 
n EN is equivalent to the system 
f(x) 20 
g(x)>0 , 
f(x)< g°"(x) 


(b) An inequation of the form 22/f(x)> g(x), 
ne N is equivalent to the collection of two 
systems of inequations 


g(x) 20 pee <0 
; and 
f(x) > g°" (x) f(x) 20 
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4. Inequations containing absolute values: 


(a) The imequation of the form f(|x|) < g(x) is 
equivalent to the collection of systems 


f(x) < g(x), 1f x 20 
Pd < g(x), if x <0 
(b) The inequation of the form |f(x)| < g(x) is 
— g(x) < f(x) < g(x) 
g(x) >0 
In particular |f(x)| <a 


equivalent to 


has no solution for a < 0 and for a > 0 it is 
equivalent to — a < f(x) <a 
(c) The mequation of the form |f(x)| > g(x) is 
equivalent to the 
f(x) > g(x), if g(x) < 0 
—f(x) > g(x), if g(x) < 0 


f(x) < — g(x) or f(x) > g(x), 
=> if g(x)>0 always true, 
if g(x) < 0 
In particular |f(x)| > a has no solution for 
a < 0 and for a > 0 is equivalent to f(x) 
<—a, f(x) >a 
(d) The inequation of the form |f(x)| > |g(x)| 1s 
equivalent to the system f°(x) > g7(x) 
5. Properties of Modulus: 
(a) ja+ bj <|al + [b| 
(b) |at+b|=|a|+]|b| only if ab>0 
(c) |a—b|2>|l|a/—|b]| 
(d) |a—b|=||a|—|b| only if ab>0 
(e) jat+b+e|<|al + |b] + |c| 
(f) jat+b+cl] = |al + |b] + |c| only if ab > 0, be 
> 0 and ca> 0 
(g) |a+ b+ c|<|al + |b] + |c| 


(a) max (f(x), g(x)) = ee 
E(x) ~ g(x) 
ps 


+ 
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f(x) + g(x) 
pi 
_ F (x) — g(x) 
2 


(b) min (f(x), g(x) = 


7. Laws of logarithm 


(i) log, MN = log,M + log,N 


i M 
(ii) log, ac = log,M — log,N 
(ili) log, (M?) = p log,.M 


(iv) log... Maou. M 
q 


log, M 
(v) log,M = OB a 
log, b 
1) log,a= 
(v1) log, log, b 


(vii) al%* =x 
(viii) x 08a b = po8a x 


8. Exponential Inequalities: Depending on the 
values of the parameters a and b, the set of solu- 
tions of the inequality ax > b can be in the follow- 
ing forms : 


(i) xe (log,b, ~) fora> 1, b> 0; 
(il) xe (—%, log, b) for0<a<1,b>0; 
(ii) x € R fora>0,b<0; 
Depending on the values of a and b, the set of 
solutions of the inequality a* < b can be in the 
following forms 
(i) xe (—&, log,b) for a> 1, b> 0; 
(ii) x € (log,b, ©) for 0<a<1,b>0; 
(ii) x € dfora>0,b<0(1.e. the inequality has 
no solutions) 
9. Logarithmic Inequalities: An inequality of 


the form log, f(x) > b is equivalent to the follow- 
ing systems of inequalities : 
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(i) f(x) > 0, f(x) >a? fora> 1 
(ii) f(x) > 0. f(x) < a” for a < 1, 
and an inequality of the form log, f(x) < b is 
equivalent to the following systems of inequali- 
ties : 
(i) f(x) > 0, f(x) <a fora>1; 
(ii) f(x) > 0, f(x) > a° for 0<a<1. 
10. Summation of Trigonometric Series: Sum 
of sines or cosines of n angles in A.P. 
(i) sina+sin (a+ B)+ sin (a+ 2B)+...... 
. np 
sin = 


2 
B 


sin 7 


+ sin(a+n-1f) = 


sin [a + “ B| 


(ii) cosat+cos (a+ B) +cos (a+ 2B) +...... 


, op 
sin 
B 


S1n > 


+ cos (a+n—-18) = 


cos [a + a8 


11. General Solution of Trigonometric Equa- 
tions: 


Gi) Ifsin®@=sina 
=> 0=nz+(-1)"awhereae =F) nel 


(ii) If cos@=cosa 

=> 0=2nz + a wherege [0,a],ne I. 

Gi) If tan@=tana 

=> @Q@=nz+awhereae (-3,2),ner 
2. 2 

(iv) If sm?0 = sm?a0 > 0=nz +a. 

(v) cos?@=cos?0 => O=nz7+0. 


(vi) tan*?@=tan?a => O=nz+4. 


Note that a is called the principal angle. 
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12. Properties of Greatest Integer Function : 
G@) [x] <x<[x] +1 

Gi) x—1<[x]<x,0<x-J[x]<1 

(iii) [x + m] = [x] + m if m is an integer. 

Gv) [x] + ly] <[xt+y]sIxl+ ly] +1 

(v) [-x] =— [x], xel 

=—[x]-1l,x¢l 

(vi) [x]J=n > 
(vii) [x] >n => 
(vill) [x]}<n > 

=> 


(ix) [x] <n 


x>nnel 
x>nt+l1jnel 
x<n+l1,nel 
x<n nel 


(x) ey = =| if m is a positive integer 
m m 


(x1) pd+|x+2| + E + = ax 
n 


(xi) If n and a are positive integers, [n/a] is the 
number of integers among 1,2....., n that 
are divisible by a. 


(xiii) de Polignac’s Formula: Let E be the larg- 
est exponent of p such that p divides n!. 


Then E= > By | 
i=1 LP 
13. Properties of Fractional Part Function: 
Gi) O< {x} <1 
(ii) {x +m} = {x} if m is an integer. 
(iii) {-x}=1—- {x}, xe l 
=Q,xel 
14, Properties of Least Integer Function: 
(i) (x) = [x], if x € I and (x) = [x] + 1, if 
x € I, in fact (x) = -[-x] 
(ii) (x+n)=n+ (x), ne! 
(ili) (-x) =-(x),xeEl 
(-x)=-(x) +1, x€I 


Telegram @unacademyplusdiscounts 


Basics 
OBJECTIVE EXERCISES 
SINGLE CORRECT ANSWER TYPE 
If sin 9 + cosec 6 = — 2, then the value of sin’@ + cosec*é is equal to 
(A) 2 (B) 2° (C) 2° (D) 2” 
X 2 
The solution set of the inequality Sl) Sel SMe 2) <0 
(sin x — 2)x(x +1) 

3 S 
A) |=,° B) (-,-1) U |=, 
w [Be 0 ea-bu[se) 

3 
(C) (-1,0)U =| Daal; 
Number of integral solutions of the equation |tanx + secx| = |tanx| + |secx| in [0, 27] 1s 
(A) 0 (B) 2 (C) 4 (D) 5 
The solutions of |cos x| = cos x — 2sin x is 7 
(A) x=nt (B) cae ay 
(©) x=nn+ (IT (D) x=(Qnt Int 7 nel 
The set of values of a for which al the roots of 2% + a2“ 2 = 0 are real and distinct 
eee is 
2 Z 

3 3.3 
(A) |-,1 (B) |=.— (C) 8, 1) (D) None of these 

4 22 
The solution set for (V2 + V2 ® + (V24+ V2 )¥ =2.2* is 
(A) {2} (B) {0} (C) [0, 2] (D) None of these 
If all the solutions of a“°** + a“°°*= 6( a> 1) are real, then the set of values of a is 
(A) G+2V2,~)  (B) (6,12) (C) (1,3+2V2) () None of these 


The number of ordered triplets (x, y, z) satisfying the inequality (1 + sin* x) (2 + cot® y) (4 + sin4z) < 
12 sin* x, where x, y ,ze€ [0, 27] 1s 


(A) 20 (B) 12 (C) 8 (D) None of these 
l 
The equation xa* + —a’=2a,>1,a,x eR has 
x 
(A) only one solution as x = 1 (B) only positive solution as x = 1 


(C) infinite solutions (D) None of these 
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Xl 


10. IfX,<X,=1>......>X2>X,> 1 then the value of log, log, log, .....log, x tnt 
(A) 0 (B) 1 (C).2 (D) None of these 
89 ry 
11. The value of Y login {tan [= is equal to 
ee 180 
(A) 10 (B) 1 (C) O (D) None of these 
12. Ifa, b, c are distinct positive numbers different from 1 such that (log, a . log, a—log,a) + (log, b . log, 
b — log, b) + Clog, c. log, c — log, c) = 0 then abc = 
(A) 0 (B) e (C) 1 (D) None of these 
13. Ifthe expression, 2cos10° + sin 100° + sin1000° + sin10000° is simplified, then it simplifies to 
(A) cos 10° (B) 3 cos 10° (C) 4cos 10° (D) 5 cos 10° 
14. Number of positive integers x for which f(x) = x° — 8x” + 20x — 13, is a prime number, is 
(A) 1 (B) 2 (C) 3 (D) 4 
15. Let m denotes the number of digits in 2° and n denotes the number of zeroes between decimal point 
and the first significant digit in 2°’, then the ordered pair (m, n) is (log, 2 = 0.301) 
(A) (20, 21) (B) (20, 20) (C) (19, 19) (D) (20, 19) 
16. Number of solutions of the equation 2 sin’x + 6 sin’x — sinx — 3 = 0 in (0, 22), is 
(A) 6 (B) 4 (C) 3 (D) 2 
Vl+sinA+vl-sinA 
17. If y= —————— , then one of the values of y is 
Vl+sinA —-Vl-sinA 
A. am A 1 A. m7 A 3% 
(A) cot— if 2nna- —<— <2na+ — (B) tan— if 2nn- —<— <2na+ — 
p 4 2 4 2 4 2 4 
A 
(C) 2cotAif 2n2a+ eo <2nn+ (D) none of these 
18. The minimum value of the function f(x) = (3sin x — 4 cos x — 10)(3 sin x + 4 cos x — 10), is 
(A) 49 (B) 48 (C) 84 (D) 40 
19. Ifa>b->0 are two real numbers, then value of, ab + (a — b)ab + (a — b)/ab + (a — b)Vab +... is: 
(A) independent of b (B) independent of a 
(C) independent of both a and b (D) a+2b 
20. If In*?x+31Inx-—4 isnon negative then x must lie in the interval 
(A) [e, °°) (B) (ce, e“] U fe, 2) (C) (I, e) (D) none of these 
21. If lO8 (5 x41 2. log y1-« 41) 4 and | are in harmonic progression then 


(A) sis a positive real (B) xis a negative real 
(C) x 1s rational which is not integral (D) xis an integer 


oD 


23: 


24. 


25. 


26. 


21, 


28. 


29. 


30. 


31. 


32. 
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Basics 
The solution f the equation 10g ocx? (3 — 2x) < 10g osx? (2x —1)1s 
(A) (1/2, 1) (B) (=, 1) 
(C) (1/2, 3) (D) (l,%)- vV2nt,ne N 
The real value of x for which the statement log,9 — log,27 + logex = log,4x — log,4 holds true, is 
(A) 1/2 (B) 1/4 (C) 1/8 (D) 1/16 
The value of n € N for which y = /n((1 — x)(x — n)) can be defined is 2n — 11. The value of n is 
(A) 8 (B) 9 (C) 10 (D) 11 


Number of integral values of parameter ‘c’ for which the inequality 1 + log, (ax? 2k =| > log, 
(cx? +c), holds good V x €R, is 2 
(A) 0 (B) 2 (C) 7 (D) infinite 
2 
For every x € R the value of the expression y = 7 +x cos x + cos 2x is never less than 


(A) -l (B) 0 (C) 1 (D) 2 


The solution set of the inequality log, [ax? == =) > lis 
8 


1 1 S. 1 
A) | ==—— |=! B) |-—,1 
[pao © |p 
1 1 3 1 3 
OY | S51) D) | --%,—}U}—-,1 
© pale © (sey) 
The number of solutions which satisfy the equation log,x . log,x . log;x= log,x .log,x + log,x . log.x + 
log,x.log)x is 


(A) 0 (B) 1 (C) 2 (D) infinite 
; hues , _ , l-log,x_ 1 

The smallest integral x satisfying the inequality , 1s (ree = 5 

(A) V2 (B) 2 (C) 3 (D) 4 


Given a* + 2a + cosec” (Eta a | = 0 then, which of the following holds goods? 


xX X 
A) a=1; — el B) a=-l; — el 

(A) 5 (B) , 

(C)aeR;xeo (D) a, x are finite but not possible to find. 
The sum of the roots of the equation (x + 1) = 2 log,(2* + 3) — 2 log,(1980 — 2) is 

(A) 3954 (B) log, 11 (C) log,3954 (D) indeterminate 


; , 3 
Solution set of the inequality log, x — log; xs 5 08 (1/2V2) 4is 


1 1 ] 
(A) 3.9] (B) (0,5 JU18) ©) [-~.2 | UB.=) ©) [$1] LG 
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33. Which is the correct order for a given number a > 1 in increasing order? 


(A) log, a, log, a, log, a, log,, a (B) log,, a, log; a, log, a, log, a 
(C) log,, a, log, a, log, a, log, a (D) log), a, log, a, log, a, log,, a 
a ( 1+tan*(2" 
34. Let fn(0) = I] ae where | 9 | < — , then the value of fo( | is 
nazi \ (1 — tan“ (2"@)) a 2 
TU TU TU 18 
(A) 1+ cos aT) (B) 1+ cos em (C) 1+ cos a (D) 1+ cos are] 


2(sinl° + sin 2° + sin3° +......sin 89°) 


35. The value of the expression equals 
2(cos1°+cos2°+......... + cos 44°) +1 
(A) V2 B) = () = ©) 1 
V2 2 
sin’x | cos’ x 1 
36. Lety= + — where 0 <x < — , then the minimum value of y is 
cos x sin X 2 
(A) 0 (B) 1 (C) 3/2 (D) 2 
37. The set of all values of 9 in [0, 21] for which the equation (1 + sin 9) x — (2 cos 9) x + sin 6 = 0 has real 
roots - 
(A) (0 =) (B) E r| U Po 2m 
9 3 6 > 6 2 
T ST T 370 
C) | 0,—|U| —,2n 15) a eee 
© [og E | © FF 
38. If log, cos(sin x — 1) = cosx , then the solution set for x is 
TU TU 
(A) ee aaa (B) ere ae 
(C) {x:x=nza,nel} (D) none of these 


39. The complete solution set of |cos 3x| + |cos x| = |cos 3x + cos x| belonging to [0, x] is 


(A) Ff Be - Be oF 


TT Tt St 
(C) [0, a] (D) ‘5 U 0,= | U pad 


40. Consider f(x) = eX PXHG) x & R where p and q are are arbitray real number. The set of real number 
k for which the equation f(x) = k has a solution depends on 


(A) p but not q (B) q but not p (C) both p and q (D) neither p nor q 
41. Solution of 2[x] = [2x] in [1, 3] is (where [.] represent greatest integer function) 
3 5 
A) [1,3 B) |1—|VU}2,— 
wns © [1324 


(C) 1, >| U 2, > U{3} (D) 5.2 U >.3] 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 
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nt 

If |2 sin 8 —cosec 0] > 1 and 0F# Pe then 

] ] 1 l 
(A) cos 20 = = (B) cos 20> ri (C) cos 20 < es (D) cos 20 < 7 
The range of k for which the inequality k cos*x —k cosx + 1>0 V x €(— ©, ©), is 

—] —] 1 

(A) as (B) k>4 (C) > sks4 (D) 5 =kS5 


All solutions of the equation 4x” — 40x + 51 + 40{x} = 0 lies in the interval ({x} represents fractional 
part of x) 


23 = (= ~ | ( = (= 
A) |—.— B) |—,— C) |7,— D) |—.7 
W (Fs ©) i902 ©) 10 O} \i0 
The set of value(s) of x, satisfying [sin x] + [cos x] = 1, x €[0, 27] is ([.] denotes the greatest integer 
fucntion) — 
(A) © (B) £0, 2/2, 27} (C) =| (D) none of these 


If ‘x’ satisfies the equation [x + 0.19] +[x + 0.20]......4+[x + 0.91] = 542 where [ . | stands for G. I. 
function then the value of [100x] is 


(A) 802 (B) 739 (C) 719 (D) 791 
2 4 21 
If 0 <x, y < 1000 where, x, y € N such that =| + eB + | + 2 7 = + = (where, [ ] denotes 
2 3 4 5 6 20 
the greatest integer function) then number of ordered pair (x, y) is 
(A) 8517 (B) 8300 (C) zero (D) None of these 


Let S= {ae N,a< 100} and [tan” x] — tan x — a = 0 has a real roots (where, [ ] denotes the greatest 
integer function), then number of elements in the set S is 


(A) 2 (B) 4 (C) 9 (D) 0 

If [x] and {x} denotes the greatest integer function less than or equal to x and fractional part function 
respectively, then the number of real x, satisfying the equation (x — 2)[x] = {x} — 1, is 

(A) 0 (B) 1 (C) 2 (D) infinite 

The solutions of the equation kx — k[x] = 1, where [x] denotes the greatest integer less than or equal to 


x andk > 1 are 


(A) x=nt omen (B) x=n-=,neN (C) kent one! (D) x=n,nel 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


aL 


Which of the following function (s) is/are transcendental? 
2 sin 3x 


(A) f(x) =5 sin Vx (B) f= 
x° +2x-1 


52. 


53. 


54. 


a: 


56. 


57, 


58. 


59. 
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(C) f(x) = Vx? +2x +1 (D) f(x) = (x? + 3).2* 


Which of the following trigonometric equation(s) has/have no solution V x € R? 

, 1 
(A) 2 cos? = sin’x = x? + > 
(B) sin*x —2 sin’x —1=0 
(C) cose*=5* + 5% 


(D) sin 2x = [1 + sin 2x] + [1 — cos 2x] where [ ] denotes greatest integer function. 


1+~v5 
Let x= 5 and [n x] = p for some n EN where [.] represents G.I.F., then 


(A) Pence 4 (B) px-p<n<px-ptl 
x x 
(C) [px] =n+p—1 (D) [nx*] = [[nx] x + 1] 


Suppose a, b, c, d are real number such that |a — b] + |c— d| = 99, |a — c| + |b — d| = 1, then the possible 
value(s) of |a — d| +|b—clis/ are 

(A) 1 (B) 98 (C) 99 (D) 100 

Smallest integer function or ceiling function [x] is the smallest integer greater than or equal to x, 
which of the following statement(s) is incorrect: 


(A) [x+1]=[x]+1 (B) [x? |=[xP 

(C) |x? |+[-x]=1 (D) [x] +[-x} =2[x} +1 

Let (log,x)*— 4 log)x — m* — 2m — 13 = 0 be an equation in x and m €R, then which of the following 
must be correct? 

(A) For any m ER, the equation has two distinct solutions. 

(B) The product of the solutions of the equation does not depend on m. 

(C) One of the solutions of the equation is less than 1 while the other is greater than 1 for Vm e R. 

(D) The minimum value of the larger solution is 2° and maximum value of the smaller solution is 2°. 


If {.} represents fractional part function and {x} + {-x} =x? +x —6, then 


(A) integral root are -—2 & 3 (B) number of non-integral roots is 2 

(C) number of solutions is 4 (D) equation has exactly two integral roots 
The inequality Vx!°% Vx > dis satisfied by 

(A) only one value of x (B) xe (0, 

(C) xe [4, -) (D) 1<x<2 


The pair of equations which are equivalent is 
(A) x2—2x =8 and (x?—2x) 2%* =8, 2%* 


Ax(x +2 4x? 
(B) 3 4X42) _ og y3_ ica =( 
x+2 X 


60. 


61. 


62. 


63. 


64. 


65. 


60. 


67. 
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(C) |x +1) +|x—-1]=—x?4+3 and 2x= —x? 43 
(D) None of these 


The pair of inequalities which are equivalent is 


af lx — eae 
(A) NX TIVxt+4 > 0 and eee > 0 (B) (1+ x7)x-! 21 and — <0) 
x — 


x—-2 x— 


+14|(x- _ 
(C) La 2) > O and ame > 0 (D) None of these 
x+5 x +5 


Which of the following real numbers when simplified are either terminating or repeating decimal ? 


3 3 
(A) sin ~ bos ~ (B) log,112 
(C) log;2 log,3 log,4 (D) 277181255) 


For the function f (x) = (x? + bx + c)e* and g(x) = (x? + bx + c)e* + e%(2x + b). Which of the following 
holds good? 

(A) if f(x)>Oforallrealx = g(x)>0 

(B) if f(x)>Oforallrealx = g(x)>0 

(C) if g(x)>Oforallrealx => f(x)>0 

(D) if g(x)>Oforallrealx = f(x)>0 

Which of the following sets can be the subset of the general solution of the equation 

1 + cos 3x = 2 cos 2x? 


(A) nt+ - (B) nat 7 (C) nx—- 7 (D) 2nt 
where neé I 

Which of the following equations have no real solutions? 

(A) x?-2x+5+2°=0 (B) log, ;(cot”' x —sgn(e*))=2 
(C) x4— 2x?sin? - +1=0 (D) tan{ x + =| = 2 tanx 


Which statement(s) is/are correct : 

(A) area enclosed by the curve max (|x + y|, |k — y|) = 1 is 4 
(B) area enclosed by the curve max (|x|, |y|)= 1 is 2 

(C) area enclosed by the curve max (|2x|, |2y|) = 1 1s 1 

(D) area enclosed by the curve min (|x + y|, |k — y]) =1 1s 2 


Consider the inequality, (x + 3)" (x — 2) <0, n EN. Then the correct statement(s) is/are: 

(A) the largest integral x satisfying the inequality is 1, if n is even 

(B) the least integral x satisfying the inequality is —2,if n is odd 

(C) number of integral x satisfying the inequality is 3, if n is odd 

(D) number of positive integral x satisfying the inequality is 1,1f n 1s even 

If /is the least value of the expression 4sec’@ + 25 cosec’@ , and m is greatest value of the expression 


Acos” 6 + sin’0 + 4sin 6 cos@ then 
(A) 1=5 (B) m= 49 (C) |/—m| = 44 (D) /+m=54 
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cos” 8 —3cos@+2 


68. The value of 8 which satisfies the equation = ] lies in the interval 


sin? 0 


1s Tw 1 uw Tw 
@ (05) @ (35) © (35) o (55) 


69. Number of real values of x satisfying the equation 3**” + 37~* = 82 is not equal to 


(A) number of real solutions of the equation (| x | +1) = 4|x|+9, such that the quantity In(5 — 2x) is 
a real number. 


log.250 log. 10 
(B) the value of the expression oe 


logso5 —- loSjn59 5 
(C) number of real solutions of the equation, 2x Inx +x-—1=0. 
(D) the value of “m’ if a line of gradient m passes through the points (m, — 9) and (7, m) 


when simplified. 


70. If p, q, rare positive rational numbers such that p > q>r and the quadratic equation (p + q—2r)x” + (q 
+r—2p)x + (+p —2q)=0 has a root in 1, 0) then which of the following statement hold(s) good? 


Gye! 29 


(B) Both roots of the given quadratic equation are rational. 
(C) The equation px? + 2qx + r= 0 has real and distinct roots. 
(D) The equation px” + 2qx + r= 0 has no real roots. 


Comprehension - 1 


Let P(x) be the polynomial P(x) = x’? — 2012x!* + 2012x?? ........ — 2012x? + 2012x 
71. The value of P(2011) is 
(A) (2013)? (B) 2012 (C) 2011 (D) 2010 
72. The number of fixed points of the function P(x) (i.e. number of solutions of P(x) = x) is 
(A) 15 (B) 5 (C) 3 (D) 1 
73. In the interval x € (1, 2011), 
(A) P(X) >x (B) P(x) = 2x has one solution 
(C) P’(x) =1 has atleast one solution (D) None of these 


Comprehension - 2 


For x € (0,2 ; 
4 


2n 
= «(sal 3r-2 
Let 8, = > sin(sin X i 
r=1 
2n 
_ -1 ,3r-1 
= > cos(cos X ) and 


r=1 


7A. 


7 


70. 
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2n 
T, = tan (tan a 
r= 
where n EN and n> 3. 
The correct order of S,, C,, and T,, is given by 
(A) S,>T,>C, (B) 8,<C,<T, (C) 8,<T,<CG, (D) S,>C,>T, 


The value of lim (S,+C, +T,,) is equal to 
neo 
| Xx | x 
(A) ——_ (B) —— (C) ——_ (D) 
l-x Lx I-x 1+x 

The value of ‘x’ for which S, = C,, + T,, 1s 

T TU TU TU 
A) sin— 2sin — C) 2sin— D) sin— 
(A) 5 (B) 5 (C) 10 (D) 10 


Comprehension - 3 


(ee 


78. 


79. 


Let f(x) = min {x — [x], — x[-x]}, -2 <x <2; g(x) = |2-| x-2 ||, -2 <x <2 and h(x) = | sin x | 


> 


sin X 
—2 <x <2 and x 0 (where [x] denotes the greatest integer function <x). 


The number of solutions of the equation x*[f(x)]? = 1 is {-1 <x <1} 

(A) 0 (B) 2 (C) 4 (D) 6 

The sum of all the roots of the equation g(x) — h(x) = 0 is {-2 <x <2} 

(A) positive (B) negative (C) zero (D) None of these 
The set of values of a such that the equation f(x) — a= 0 has exactly eight real and distinct roots 
(A) ae (0,5) (B) ae (0,5) (C) ae [0, 1) (D) ae (0, 1) 


Comprehension - 4 


80. 


81. 


82. 


a, b, c are the sides of AABC satisfying log [1 + “| + log a — log b = log 2. Also the quadratic equa- 
a 


tion a(1 - x’) + 2bx + c(1 + x’) = 0 has two equal roots. 


a, b, c are in 

(A) AP. (B) GP. (C) HP. (D) None 
Measure of angle C is 

(A) 30° (B) 45° (C) 60° (D) 90° 
The value of (sin A + sin B + sin C) is equal to 


5 {2 8 
(A) - (B) = (C) a (D) 2 
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Comprehension - 5 


83. 


84. 


85. 


1 4 
Let A denotes the sum of the roots 4of the equation ——————— + ————— = 3. B denotes the 
5-—4log,x 1+log,x 


value of the product of m and n, if 2" = 3 and 3" = 4. C denotes the sum of the integral roots of the 


3 
equation log;, [ )+ (log3x)” =]. 


X 


The value of A+B equals 

(A) 10 (B) 6 (C) 8 (D) 4 
The value of B + C equals 

(A) 6 (B) 2 (C) 4 (D) 8 
The value of A+ C +B equals 

(A) 5 (B) 8 (C) 7 (D) 4 


Assertion (A) and Reason (R) 


(A) 
(B) 
(C) 
(D) 


86. 


87. 


88. 


89. 


90. 


Both A and R are true and R is the correct explanation of A. 

Both A and R are true but R 1s not the correct explanation of A. 

As true, R 1s false. 

A 1s false, R is true. 

Consider the function f (x) = —_ — {x} where { x } denotes the fractional part of x and x is not an 
integer. 2{-x} 

Assertion (A) : The minimum value of f(x) is 21 


Reason (R) : If the product of two positive numbers is a constant the minimum value of their sum is 
2 times the square root of their product. 


; - : |- 2 
Consider two functions f(x) = 1+ et * and g (x)= /2|sinx|—1 + cha 


1+sin* x 


Assertion (A) : The solutions of the equation f (x) = g (x) 1s given by x = (2n+ Ns Vnel. 


Reason (R) : If f (x) >k and g (x) <k (where k ER) then solutions of the equation f(x) = g(x) 1s the 
solution corresponding to the equation f(x) = k. 

Assertion (A) : If c(b? — a” ) — cc” (2a + c) > 0, then atleast one root of the quadratic equation 
ax” + bx + c = 0 must lie in the interval [0, 0) where a,b,c € R. 


Reason (R) : For any three real numbers a, 8, y; 1f aBy <0 then this condition is true when either all 
three are negative or any two positive and other negative. 


3 1 ' 
Assertion (A) : If sin? x + cos” y = 7 a and cos’ x + sin’ y = 5 a” then there are two possible values 
of a. 


Reason (R) : On adding the two equations we get a” + 3a—4=0. 


Assertion (A) : The system of equation |x + y| = 99, |x —y|=c has four real solutions (x, y) if c > 0. 
Reason (R) : If c is positive, we have x +y = 499, x —y =+c which gives four solutions (x, y). 


91. 


OL 


93. 


94. 


95. 
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Assertion (A) : The value of {fn (lt+e)} +{M(lt+e%}+ {Mm (lte)} + {Mm te} +... 
(where {x} is the fractional part of x), is 1-— én (e-1). 


Reason (R) : Since @n(1+ e?) is just larger then 2*, its fractional part is @n(1+ e? )-¢n e = 


tn(lt+e? ). 

Now 
yx (n(l+e? )= of T (i+ e? } 
k=0 k=0 
x tn(l+e” )= of T re?) 
k=0 k=0 


Assertion (A) : The equation x? + = + = = 10 has two solutions. 


Reason (R) : Evidently x” must be an integer. Among positive x, V8 is too small and V9 is too big. 
Among negative x, — VI15 is too small and—~13 is too big. One solution is — V14. 

Assertion (A) : Given log, b + log, c + log, a=0, the value of (log,b)° +(log,c)* ss (log.a)? is 3. 

Reason (R) : Let x = log, b and y = log, c, then log.a = {x + y). 

Now x? + y* — (x + y)® =— 3xy(x + y). On the other hand xy (x + y) = log, b log, c log,a= 1 


2010° 20087 


Assertion (A) : The integral part of ————___ - —_—______ jg 
2008 .2009 2009.2010 


8x° + 8x 16 | 
Reason (R): = | —7—— |= 8+ +> | 8 for x = 5. when [ . ] represents the greatest integer func- 
tion. oe x —1 

(x1-1)((xJ-3) | 

([x] — 6)([x]-8) 


=> xeE(-co,1)U[4,6)U[9, ] (where [.] represents greatest integer function) 


Assertion (A) : 


Reason (R) : We can solve the inequality by ignoring greatest integer. 


MATCH THE COLUMNS FOR JEE ADVANCED 


96. 


Column I Column — II 
(A) The number n= xyzxyz will always be divisible by (P) 7 
(B) The numbers of the form (6n+ 1) in the domain (Q) 11 
2 
of f(x) =x In¢x- 1) + V64 = Ix is /are 
sin xX 
(C) Maximum of max (12sinx — 5cosx, —13—{2x}) is (R) 13 


(where {.} is fractional part function) 
(D) Period of the function (S) 5 


of. 


98. 


a2, 
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_ 27X {x} 
f(x) = tan(tx) — mcos (= + ca( 2) 
sin 


(where {.} is fractional part function) 


Column I 
(A) sin x - cos°’x > cos x « sin*x, 0 <x < 2z, is 
(B) 4 sin’x —8 sinx +3 <0, 0<x <2z, is 
(C) | tanx|<landxe [-7, a] is 
(D) cos x-—sinx> 1 and0<x<2z 


Column-I 
(A) If x and y are positive real numbers and p, q 
are any positive integers then the possible 


value which the expression 
can take is 
Given a and b are positive numbers not equal 


to 1 such that log, (ale ) = log, (b= a) 


xPy4 


(B 


—/ 


and log, (p —(b- 9)°) = 2 then the 
minimum integral value for p is 
Possible values of x simultaneously satisfying 


(x — 6)(x — 3) 50 
Xx+2 7 


(C 


—/ 


the system of inequalities 


_5 
= <3 1s 


and 
xX + 


(D) If the numbers, (3!** + 3!~%), (a/2), 
(9* + 9*) form an A.P., then possible 
value(s) of ‘a’ is/are (x € R) 

Column-I 


(A) The number of solutions of 3°"2*+2°8"* 4 


3-sin 2x+2sin’ x = 98 in [0 2T] is 
(B) The number of solutions of the equation 
sec x + cosec x= 2V2 in [O, 27], 1s 
(C) The number of roots of the equation 
—Nt TT 
3 sin’x = 8 cos x in (=, =| , 1S 


(D) The number of values of x in [0, 27] such that 


+11 is 


(1+ x*P)(1+ y74) 
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Column - II 


Teer 


Column-IlI 
(2 


(Q) 5 
(R) 9 


(S) 10 


Column-Il 
(P) 1 


(Q) 2 


(R) 3 


(S) 4 
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V3sin x +2 cosx =0, 1S 


100. Column - I Column - IT 
(A) The values of a such that the solution set of (P) (-V2 ; V2 ) 
(x —a) <2 1s a subset of the solution set of 
2x -1 
<l,areae 
x2 
(B) Let a * b= ab +b. The set of all real numbers (Q) (+e, -3) U (2, ©) 
a such that equation x * (a * x)= = has two 
distinct solutions in x, is a € 
(C) Let <a,> be an AP. where a, = 6, a, = 8, and (R) (O, 1) 


<b,> be a sequence defined by b, =b,_, + a,, 

b, = 3, then the solution set of b, +9>Oisne 

The values of a such that the graphs of (S) (ee, -1) © (0, ©) 
x* = y’ and (x—a)*+y’= 1 intersect at 

distinct points, are a € 


REVIEW EXERCISES for JEE ADVANCED 


1. Ifa, B are the roots of the equation, (tan? 135°)x” — (cosec10°—V3 sec 10°)x + tan?240° = 0, then 
prove that the quadratic equation whose roots are (20+ B) and (a + 2f) is x” — 12x + 35 = 0. 
2. Suppose that P(x) 1s a quadratic polynomial such that P(O) = cos*40°, P(1) = (cos 40°)(sin?40°) and 
P(2) = 0. Find the numerical value of P(3). 
3. Consider the quadratic polynomial 
f(x) = x? — 4ax + 5a? — 6a. 
Let the smallest positive integral value of ‘a’ for which f(x) is positive for every real x be m 
Let the largest distance between the roots of the equation f(x) = 0 be n. Find m + n. 
2 2. 


4. What conditions must be imposed on the number d > 0 for the inequality 0 < ee <1 tobe 


valid forR>r>0? 2d 


D 


—/ 


5. If f(x) =4x? + ax + (a—3)is negative for atleast one negative x, find all possible values of a. 


8a 
2_ sx +9*= (are real 


6. Find the set of values of a, for which the roots of the quadratic equation x ; 
at 


and positive. 
7. Solve (x + 3)*+(x—1)*> 82, x ER. 
8. Solve the following equations: 
(i) V6x —x?-5 =2x-6 
Gi) V2x -4-—vVx+5 =1 
(ii) Vx +V¥x—VI-x =1 


10. 


Il. 


[2 


to 


14. 


ley 


16. 


Ty 


18. 


19. 
20. 
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Solve the following equations : 
G) Vi2—-x + Vi44+x=2 Gi) Vx + V¥x-VI-x =1. 
ii) Vx +3 —1= V¥x-Vx-2 (iv) Vx? +2x4+1 —Vx?-4x4+4 =3 


Solve the equations : 


(1) A ee an ee Fe 


2 


Gi) Jy -2+ J2y—5 + Jy +2+3V2y—5 = 7V2 


Solve the following equations : 


G) Vvx+vx4+114+vx-vx4+11 =4 
(ii) V3x? —2x +15 +V3x? —2x+8 =7 


Find the domain of the function f(x) = 


Find the domain of the functions : 


V17 —15x — 2x? xt —3x74+x+7 


1) y = 4 ———————_- ll) y = ,/———. - 1 
(i) y ee di) Y= J 
Solve 

Gd) (l-a)v2x+1 <]l Gi) Vx+22>Vx-a 


If number of integral values of ‘x’ satisfying the equation | 2 — x|[x] — 1] |<2 where [ ] stands for great- 
est integer function) is n, then find the value of n? +n +2. 


Find the values of x satisfying the equation | | | x? -x + 4] -2| 3) =x?+x- 12. 
3|x|-2 
| 


Find the solution set of the inequality x] 
xX — 


1 
Prove that the equation cos(log, x—2) = 5 has only 2 solutions lying in the interval [0, 27]. 


Find the sum of the roots of the equation 2°°°* ~7 + 21x41} = 9722x424 7 


Solve the following equations : 
(i) (Vx? —4x +341) logsx/5 + I/x (V8x — 2x” -6 +1) =0 
(ii) 2log,,») V3 +(x —4)° log; (x — 2) = (x 4)” logg.2)3 + 2logs Vx — 2 


1+ log, (x — 4) 


= =| 
7 log p(Vx +3 —Vx-3) 


ea 


22) 


23. 


24. 


2. 


26. 


2d. 


28. 


29. 


30. 


31. 
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(iv) log, (x? + 1)= Vlog -(x7(1+ x*)) +4 


Solve the following equations : 

(1) 3/2 logy, (x + 2)/°-3= logy)s (4 - x) - log, (x + 6y° 

(1) log) logy, (Vx? +1 —X) + logs, logg (Vx? +1 +x) =-2 
(iii) log, (6+ Vx —|Vx —2))=1/2+log, |Vx —|vx -2l| 


Solve the inequality, 2 log), K-D< a 
3 log... x 


Solve the inequality, Vlog,» x + 4log, Vx <V2 (4- log <X°) 


Solve the following inequations : 

(i) x727+ 9 (x +. 2)2% + 8x? < (x +2) 27% + 9x72* + 8x + 16. 
(i) log, . 8 + log..48< _ logy xt ' 
log, x? -4 
(iui) Solve log, 2. log,, 2. log, 4x > 1. 

Find the solution of the inequality : logianys 2120" > 0 


log a-x)(2— y) > 0 


Solve the system of inequalities : 
log(4_y) (2x — 2) > 0 


Solve the following equations : 
(i) Solve log, (Vx + Wx - 1) = logy (4Vx —3 + 4| vx - 1)). 


.. log,(2a—x) | log, x 1 
a) S$ ———__ + —— = ——.. 
log, 2 log, 2 log /,2_1) 2 


(a) Ify =10cos*x-6 sin x cos x +2 sin’ x, then find the greatest and least value of y. 
(b) Ify =1+2 sinx +3 cos’ x, find the maximum & minimum values of y V x ER. 


If @ is variable, then find the maximum / minimum value of the following : 
(i) 4 sin? 6 + cosec? 6 (ii) 8+8 sec? 6+ 18 cos? 6 


4 .43 . 45M 1 47 1 3n 5ST 71 
Prove that sin* e +sin* — +sin* rs +sin* rs = cos? Fi +cos* a + cos’ = +cos* rs . Also 


find their exact numerical value. 


a2. 


34. 


35. 


(iv) (cos x — sin x) [2 tan x + 


(iii) x 
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Solve the following equations : 


(i) 6 tan x + 5 cot 3x = tan 2x. 
a8 1 . 4 4 a? 2 ‘ 
(i1) 5 (sin X + cos’ X) = sin” x cos’ xX + sin X COS X 


2000 - 2000 


(ill) cos” x —sin* x = 1. 


) +2=0 
COS X 


Solve for x, ¥13—18tanx =6 tan x —3, where — 22 <x < 27. 
Solve the following inequalities : 
(i) cos’ x (tanx+1)>1 (i) 3 sin 2x > sinx +cosx+ 1 
log; o sin x >1, x>0 (iv) ae > Ese, <x <7) 
2 sinx+2cosx 
If f 1s a function defined on the set of non-negative integers and taking values in the same set. Given that 
(i) x-f(x) = 19 
1) x-f(x) = — 
19 
(i) 1900 < f(1990) < 2000 
Find the possible values of (1990) can take. 


f 
7 99| for all non negative integers. 


TARGET EXERCISES for JEE ADVANCED 


lf 


4. 


2 — 

If f(x) = —— ,xX #-7, x # 2 then find the least and the greatest integral value of x for which 
x +3x= 

f(x) <0. 

x? —3x +1 1 1 
Let f(x) = —————., x £0, 1. Prove that f(x) = (| = (| . Also find the set of values 

x(x —1) 1-x 1-x 
3 2 
; —3a° +1 
of x for which f(x) = ee ,a# 0, 1 and ais a constant. 
a(l—a) 

Prove that, given three line segments of length a> 0, b > 0 and c > 0, a triangle with these segments as 


sides can be constructed if and only if pa” + qb* > pqe” for any number p and q satisfying the condition 
p+q=l. 
Prove that for any real x, y and z we have the inequality 4x(x + y) (x +z) (x+y +z) +y°z’>0. 


Let f(x) = ». pen cx" be a polynomial of degree n. Prove each of the following : 


(a) Ifn> 1 and f(0) = 0, then f(x) = xg(x), where g is a polynomial of degree n — 1. 
(b) For each real a, the function p given by p(x) = f(x + a) is a polynomial of degree n. 


10. 


11. 
12. 


13. 


14. 


15. 


16. 
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(c) Ifn>1 and f(a) = 0 for some real a, then f(x) = (x — a)h(x), where his a polynomial of degree n — 1. 
[Hint : Consider p(x) = f(x + a).] 
(d) Iff(x)=0 forn+ | distinct real values of x, then every coefficient c, 1s zero and f(x) = 0 for all real x. 


(e) Let g(x) = »y is byx* be a polynomial of degree m > n. If g(x) = f(x) for m + 1 distinct real values 
of x, then m = n, b, = ¢, for each k, and g(x) = f(x) for all real x. 


For what values of ‘a’ does the equation 2 logs x —| log,x | + a = 0 possesses 
(i) no solution (11) one (11) two 

(iv) three (v) four solutions 

Solve the following equations : 


(Gi) V¥x+44V2x+6=7 

Gi) V2x-4-Vx+5=1 
(Git) Vx? +x4+44vVx74+x4+1=V2x74+2x4+9 
(iv) Vx? -9x +24 —V6x? — 59x +149 =|5— x| 
Solve the following equations : 


Gj) V2x-l1-x+a=0 (11) Va? —xVx*+a* =a-x 


<1 for all real values of a. 


Solve the inequality 


Put f}(%) =x; f£,(x) =|1 -f,@)|; f.(x) = |1 -£,(%)|; .... f,Cx) = |1 -— £,.,¢x)]. Prove that the solutions of 
the equation f,(x) = 0 are {41, +3, ...., +(n — 3), (n—-1)} ifnis even and {0, +2, .....4(n-3), a—- l} if 
nis odd. 


Find the positive solutions of the equation x ) = (x*)* 


Solve the following equations : 


1/5 1/5 1/5 1/5 


+ log, (ax) log, (x/a)~ + log, (a/x)"~ =a,a>0 


(i) «log, (ax) 
(ii) log), log, , 7-10. log), (x?-3x+2)=-2+ log, Jig 10- 10810 (KX - 3) 
(ii) 6/5 a!Ba ¥-loBina-log, 5 _ zlogio(x/10) _ glogig. x+log, 2 

Solve the following equation for x if a’“— 3° = 9° where A = log,x . log,oa. log, 5, b = log, (x / 10) and 
C = logjo9x + log, 2. 
If p, q are the roots of the quadratic equation x* + 2bx + c = 0, prove that 2 log (Jy-p + Jy-q ) = 


log 2 + log(y-+b-+ vy” + 2by + c] 


x(y+z-x)_y@tx—y)_z(x+y-z) 
log x log y log z 


follows x* y*= y’ 


Prove that from the equalities, 
Ze =7 x. 

Prove that if a and b are the lengths of the legs and ¢ is the length of the hypotenuse of a right triangle, 
c—b#1andc+b#1, then log,,,at+log,_,a=2 log, a. log, —,a 
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17. Prove that if a, b, c are successive (positive) terms of a geometric progression, then 
log, N—log,N _ log, N 
log, N—log,N log, N 


inx(3+sin* 
18. Iftan ( + x) = tan* (= + 4 then prove that sin y = smay cs) 


1+ 3sin’ x 


+1 
An ,,@+in 


zZ 
19. Prove that sin + sin —* AP cesta + sin“ = 2 sin VneNn. 
4] 
oe tan 
20. Evaluate : Y ae 
- 2°-1 cos —9 
n=1 ° jn-1 


21. Prove that (1 + sec 2x) (1 +sec 4x) (1 + sec 8 x)...... (1 + sec 2” x) = tan 2" x. cot x for every nEN. 
2 
22. IfO= = , prove that tan@ tan2@ + tan20 tan46 + tan40 tan8 = —7. 


9x’ sin? x +4 


23. Find the minimum value of the function f(x) = ————————. over the interval (0, z). 
x sin Xx 
24. Solve the following equations : 
Cae 17 
(i) 32 cos® x — cos 6x = 1 (ii) sin’ x +cos® x = 3D 
(iii) 8 sin°x +3 cos 2x +2 cos 4x +1 =0 (iv) cos?! x — sin?! x = 1. 


25. Determine the range of the values of the parameter 4 for which the equation sec x + cosec x = A pos- 
oe : ; TU 
sesses a root x satisfying the inequality 0 <x < ~~ 


26. If sin x, sin°2x and cos x - sin 4x form an increasing geometric sequence, find the numerical value of 
cos 2x. Also find the common ratio of geometric sequence. 


2n 


27. Solve the equation sin*"~! x + 2 cos*"~! x = 2, wheren € N. 


28. Determine all the values of a for which the equation sin* x — 2 cos” x + a” = 0 is solvable. Find the solu- 
tions. 


29. Solve the following equations : 


(i) sin’ x + sin’ 2x + sin® 3x = (sin x + sin 2x + sin 3x)’. 


Gi) 5sinx +-5=2 sin’x + ,if xe (0, 2). 


2sin* x 


x 
1 ; — 
30. Prove that the equation cos (2) — } = has only 4 solutions lying in the interval [0, 27]. 


31. 


32. 


34. 


35. 
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Find all the solutions of the equation 2 — V3 cos 2x + sin 2x = 4 cos” 3x which satisfy the inequality 
TU 

COs [2x - =| > 0. 
4 


Solve the following equations : 


; 3 peE0 
(1) log 5... (1 + cos x) =2. (11) ee rer =] 
Solve the following equations : 
(i) (logginx 2)” <lOgsin x (4 sin’® x) Gy (Gees ere 
(iii) login. — cosy (SIN X — 5 cos x) > 1 (iv) Vtanx-1. [logsanx (2 + 4 cos’x) — 2] >0 


| 5 
v) logiany {Sin x -— <-1 
(v) log, 2 


Recall that a lattice point (x, y) in the plane is one whose coordinates are integers. Let f be a nonnega- 
tive function whose domain is the interval [a, b], where a and b are integers, a < b. Let S denote the set 
of points (x, y) satisfying a <x <b, 0 <y <f(x). Prove that the number of lattice points in S is equal to 


b 
the sum »y [f(n)]. 


nh=a 


ES _ @=1(b=1) 


If a and b are positive integers with no common factor, we have the formula »y 


When b = 1, the sum on the left is understood to be 0. nail b 2 
(a) Derive this result by a geometric argument, counting lattice points in a right tnangle. 
(b) Derive the result analytically as follows : By changing the index of summation, note that ae 


[na/b] = > P=) [a(b — ny]. 


Previous Years' Questions (JEE ADVANCED) 


( A. Fill in the Blanks 


If the product of the roots of the equation x* + 3kx + 2 e7ink _ | = ( is 7, then the roots are real for 
ee [IIT - 1984] 
The solution of equation log, log;( Vx +5 + Vx VF OS wecatierdokcwesas [IIT - 1986] 


27 3 
The solution set of the system of equations x + y = —,cos x+cos y = —, where x and y are real, 
IS. 3 2 [IIT- 1986] 


The set of all x in the interval [0, x] for which 2 sin* x —3 sinx + 1>0, is.......... [IFT- 1987] 
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1 1 
5. Ifx<0,y<0,x+y+— =— and(x+y) = =— —, thenx= ee and y =......... [TIT - 1990] 
y 2 y 2 
6. General value of @ satisfying the equation tan* 6 + sec 20 = 1 is.......... [IIT - 1996] 
7. The sum of all the real roots of the equation |x — 2|? + |x — 2] -2 = Ois....... [IIT - 1997] 
( B. True/False 
8. The equation ex” + 3x + 1 =0 has an irrational root. (IIT - 1983] 
9. There exists a value of 6 between 0 and 2x that satisfies the equation sin* 6 — 2 sin? 6 — 1=0 ........... 
[IIT- 1984] 
10. If ny, ny... n, are p positive integers, whose sum is an even number, then the number of odd inte- 
gers among them 1s odd. [IIT - 1985] 


( C. Multiple Choice Questions with One Correct Answer 


11. The entire graphs of the equation y = x* + kx — x + 9 is strictly above the x-axis if and only if 


[IIT - 1979] 
(A) k<7 (B) -5<k<7 (C) k>-5 (D) None of these 
12. The least value of the expression 2 log,)x — log,(0.01), for x > 1, is [IIT - 1980] 
(A) 10 (B) 2 (C) -0.01 (D) None of these 
12 
13. The expression ———=———= 1s equal to [IIT - 1980] 
3+ V5 +2V2 
(A) 1- ¥54+V2+~10 (B) 1+ ¥5+V2-Vi10 
(Cc) 1+ ¥5—-V2+ 10 (D) 1- V5-V2+10 
14. Given A = sin’0 + cos“, then for all real values of 0 - [IIT - 1980] 
3 13 3 13 
A) 1sAS2 — <A<l C) — sAs1 Dp) =<A = — 
(A) (B) ji (C) 16 (D) 4 16 
1 
15. The equation 2cos? (+ x] sin? x =x°+x",x< : has: [IIT - 1980] 
(A) no real solution (B) one real solution 
(C) more than one real solutions (D) None of these 
16. The general solution of the trigonometric equation sin x + cos x = 1 1s given by : [IIT - 1981] 
(A) x =2nt;n=0,41,+2... (B) x=2nnt+ 7/2; n=0,+ 1,42... 


(C) xane+ C1 t = 7 .n=0,4 1,42.. () Noneof these 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25: 


26. 


21. 


28. 
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If p, q, r are any real numbers, then [IIT - 1982] 
(A) max (p, q) < max (p, q, r) (B) min (p, q) = 1/2(p + q— |p— qh) 

(C) max (p, q) < min @, q, r) (D) None of these 

If x satisfies |x = 1| + [x — 2] + |x — 3] > 6, then [IIT - 1983] 
(A) 0<x<4 (B) x<—2o0rx>4 

(C) x<Oorx>4 (D) None of these 

1 
If f(x) = cos(In x), then f(x) f(y) — A [ (=| +f oy) has the value [IIT - 1983] 
bf 
(A) -l (B) 1/2 (C) -2 (D) None of these 
2 2 
The equation x - ——— = 1 — —— has [IIT - 1984] 
x—-1 x—1 
(A) no root (B) one root (C) twoequalroots (D) infinitely many roots 
[1 + cos =| [1 + cos =) [1 + cos =) [1 + cos 7) is equal to; (IIT- 1984] 
8 8 8 8 
1 1 1 1+V2 
A) = B) cos— C) - D) —— 
(A) 5 (B) 3 (C) 3 (D) we) 


_4(3 , , ; 
The expression 3| sin" (= — 3 +sin* (30+ a)| —2 sin’ (= + 3 +sin® (5% —«)| is equal to 


[IIT- 1986] 
(A) 0 (B) 1 (C) 3 (D) sin 4a + cos 6a 
The number of all possible triplets (a;, a5, a3) such that a, + a) cos (2x) + a; sin’ (x) = 0 for all x is : 
[IIT- 1987] 
(A) zero (B) one (C) three (D) infinite 
The smallest positive root of the equation, tan x — x = 0 lies in: [IIT- 1987] 
7 7 3% 30 
A) |0,— B) | —.% C) | x,— D) | —,2n 
(03)  @G) off) op 
The general solution sin x — 3 sin 2x + sin 3x = cos x —3 cos 2x + cos 3x 1s: [IIT- 1987] 
1 nt nom 7 5 2 
A) nt+ — B) —+— C) -ly —+ = D) 2nt+cos” — 
(A) 7 (B) a (C) Cl) eer (D) 3 
The value of the expression V3 cosec 20° — sec 20° is equal to : [IIT - 1988] 
(A) 2 (B) 2 sin 20°%/ sin 40° (C) 4 (D) 4 sin 20° / sin 40° 
The number of solution of the equation sin(e)* = 5* + 5~ is [IIT - 1990] 
(A) 0 (B) 1 (C) 2 (D) Infinitely many 


The equation (cos p — 1) x? + (cos p) x + sin p = 0 in the variable x, has real roots. then p can take any 
value in the interval : ( [IIT- 1990] 


(A) (0, 2m) (B) (x, 0) (C) 55) (D) 0,7) 


29. 


30. 


31. 


a2. 


33. 


34. 


35. 


36. 


37. 


38. 


ao. 


AQ. 


4]. 


42. 
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In a triangle ABC, angle A is greater than angle B. If the measures of angles A and B satisfy the equa- 
tion, 3 sinx — 4 sin’x -K =0, 0<K <1, then the measure of angle C is [IIT - 1990] 
(A) 2/3 (B) 7/2 (C) 2n/3 (D) 52/6 
Number of solutions of the equation tan x + sec x = 2 cos x lying in the interval (0, 27) is 
[IIT - 1993] 
(A) 0 (B) 1 (C) 2 (D) 3 
The number of points of intersection of two curves y = 2 sinx andy =5x*+2x+3is [IIT - 1994] 
(A) 0 (B) 1 (C) 2 (D) © 
Let 2 sin? x + 3 sin x —2>0 and x? —x — 2 <0 (x is measured in radians). Then x lies in the interval 
mum ST 51 7 [IIT - 1994] 
A) |-=,— =| — C) (1,2 D) | —,2 
a (§ 4 ) [ 3 re o (7.2| 
3(sin x — cos x)* + 6(sin x + cos x)” + 4(sin®x + cos® x) is equal to : [IIT - 1995] 
(A) 11 (B) 12 (C) 13 (D) 14 
The general value of @ satisfying the equation 2sin” @ — 3sin 6 — 2 = 0, is: [IIT- 1995] 
(A) na+ 4 (B) na+(-l)” = (C) nt +(-1) on (D) nx+(-1)° an 
6 2 6 6 
The equation Vx +1 -Vx-1=~V4x-1 has [IIT - 1997] 
(A) no solution (B) one solution 
(C) two solutions (D) more than two solutions 
The graph of the function cos x cos(x + 2) — cos’ (x +1) is: [IIT- 1997] 
(A) a straight line passing through (0, — sin” 1) with slope 2 
(B) astraight line passing through (0, 0) 
(C) a parabola with vertex (1, -sin’ 1) 
(D) a straight line passing through the point (=. ~sin? 7 and parallel to the x-axis 
Which of the following number is rational ? [IIT - 1998] 
(A) sin 15° (B) cos 15° (C) sin 15° cos 15° =D) _ sin 15° cos 75° 
The number of values of x in the interval [0, 52] satisfying the equation 3 sin’ x —7 sinx + 2 =Ois 
[IIT - 1998] 
(A) 0 (B) 5 (C) 6 (D) 10 
The number of solution of log, (x — 1) = log, (x — 3) is [IIT - 2001] 
(A) 3 (B) 1 (C) 2 (D) 0 
Ifa+pP=7/2 andB+y =a, then tan a equals [IIT - 2001] 
(A) 2(tanB+tany) (B) tanB+t+tany (C) tan B + 2tan y (D) 2tan B + tan y 
The set of all real numbers x for which | x*— |x + 2} +x > 0, is [IIT - 2002] 
(A) =», 2) U 2, ) (B) (-e,-V2)U (V2, ©) 
(C) G,-D UG =) (D) (V2, =) 
The number of integral values of k for which the equation : 7 cos x + 5 sin x = 2k + 1 has a solution is 
[IIT -2002] 


(A) 4 (B) 8 (C) 10 (D) 12 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


( D. Multiple Choice Questions with One or More Than One Correct Answer 


50. 


ai 
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If f(x) = x? + 2bx + 2c” and g(x) =-x? —2cx + b? such that min f(x) > max g (x), then the relation be- 


tween b and c is 
(A) no real value of b & c (B) 0<c<bv2 


(C) |e| < |b] V2 (D) |e| > |b| V2 


[IIT - 2003] 


Given both 8 and @ are acute angles sin 0 = 1/2, cos o = 1/3, then the value of 0 + o belongs to 


m 1 Tm 27 2m ST St 
0 (BE @ (39) OFF] oF 


The number of ordered pairs (a, 8), where a, fi € (—2, 2) satisfying cos (a — §) = 1 and cos (a + f) 


[IIT - 2004] 


[IIT - 2005] 


[IIT -2006] 


1. 
= — 1s 
e 
(A) 0 (B) | (C) 2 (D) 4 
The set of values of 6 satisfying the inequation 2sin’ 6 — 5 sin 6 + 2 > 0 where 0 < @ < 22, is 
5 5 
(A) (0, =] U (27 (b) o, =| U = 2n| 
6 6 6 6 
2 
(c) 0, =| U =, an (d) None of these 


The number of solutions of the pair of equations 2sin70 — cos 26 = 0 and 2cos” 6 — 3 sin 6 = 0 in the 


interval [O, 27] is 


[IIT - 2007] 


[IIT - 2011] 


[IIT - 2011] 


(A) zero (B) one (C) two (D) four 
Let (Xp, Yo) be the solution of the following equation (2x)? = By), 3 = 2" Then Xo IS 
1 1 1 
Gy (B) = (C) — (D) 6 
Let P = {0: sin @— cos @ = ¥2 cos 6} and Q = {0: sin 8+ cos O= v2 sin 0} be two sets. Then 
(A) PCQandQ-p#2 (B) Q¢P 
(C) PZQ (D) P=Q 


If S is the set of all real x such that ; 


5 is positive, then S contains 
2k HOR aK 


3 3 | 1 1 
Ol—3] @e(ra) Off) of 


The equation x3/ “(82 xy +log, x-5/4 _ 19 has 
(A) at least one real solution (B) exactly three solutions 
(C) exactly one irrational solution (D) complex roots 


[IIT - 1984] 


[IIT - 1989] 


52. Let g(x) be a function defined on [-1 , 1]. If the area of the equilateral triangle with two of its vertices 


at (0, 0) and (x, g(x)) is 3/4 , then the function g(x) 1s 


[IIT - 1989] 
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(A) g(x) =+ v1-x’ (B) g(x) = VI-x’ 
(C) g(x) =— VI-x? (D) g(x) = Vi+x? 

53. If f(x) =cos[x’] x + cos[—n7]x, where [x] stands for the greatest integer function, then [IIT - 1991] 
(A) f(@/2)=-1 (B) f(a) =1 (C) f(r) =0 (D) f(7/4) = 1 

54. For a positive integer n, let f,(0) = [tan 5 (1 + sec 0) (1 + sec 20) (1 + sec 40) .000.... (1 + sec 270) 
Then - [IIT - 1999] 


(A) t(2) =] (B) f, (=) =] (C) f,= (=) =1 @)f,= (=) =] 


( E. Subjective Problems 


i 1 
55. Solve forx: 4*- 3° 2=3° 2 —2-1 [IIT - 1978] 
56. Solve forx: V¥x+1 — Vx-1 =1. [IIT - 1978] 
57. Solve the following equation for x: 2 log,a + log,,a+3 log, a=0,a>0 [IIT - 1978] 


26-153 
5/2 —V38+5V3 


58. Show that the square of is a rational number. [IIT - 1978] 


59. Find all integers x for which (5x — 1) < (x + 1)? < (7x - 3). [IIT - 1978] 
60. Draw the graph of y = |x|!” for -1 <x <1. [IIT - 1978] 
61. If f(x) =x? — 6x° — 2x! + 12x° + x*— 7x7? + 6x? + x 3, find f(6). [IIT - 1979] 


62. Ifx>y-> 0, then show that the expression (V2 (2x + Vx? ~y? )(V¥x- x’ -y” )) can be simplified 


to y(x+y)> — v(x-y)? [IIT - 1980] 


63. Lety= ee . Find all real values of x for which y takes real values. [IIT - 1980] 
x _ 


64. For what values of m, does the system of equations 
3x +my =m 


2x — Sy = 20 
has solution satisfying the conditions x > 0, y > 0. [IIT - 1980] 
65. Show that the equation e”* — e*"*— 4 = 0 has no real solution. [IIT - 1982] 
66. Find the coordinates of the points of intersection of the curves y = cos x, y = sin 3x, if — Wexs ; 
[IIT - 1982] 
67. Find all real values of x which satisfy x” — 3x + 2>0 and x? -3x-4 <0. [IIT - 1983] 
68. Find all the solutions of 4cos” x sin x — 2sin”? x = 3 sin x [IIT - 1983] 


69. Find the values of x (-2, + 2) which satisfy the equation g!Heosx|Heos" xl+.. — 4 [IIT - 1984] 
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70. Solve for x; (6+ 26)" 3 + (5- 26)" 3 = 10 [IIT - 1985] 
71. Fora<0O, determine all real roots of the equation x” — 2a |x — al —3a7 =0 [IIT - 1986] 
72. Find the set of all x for which a —— [IIT - 1987] 
(2x°+5x+2) (x+l) 
73. Solve |x? + 4x + 3|+2x +5 =0 [IIT - 1988] 
74. If exp. f(sin? x + sin*x + sin®x +..... inf.) log.2} satisfies the equation x”? — 9x + 8 =0, find the value 
ae eee. [IIT - 1991] 
cos xX +sinx 2 
75. Determine the smallest positive values of x (in degrees) for which; 
tan(x + 100°) = tan (x + 50°) tan x tan(x — 50°). [IIT - 1993] 
76. Let {x} and [x] denote the fractional and integral part of a real number x respectively. Solve 
Afx}=x + [x] [IIT - 1994] 
77. Find the smallest positive number p for which the equation cos (p sin x) = sin (p cos x) has a solution 
x €[0, 27] [IIT - 1995] 
78. Find the set of all solutions of the equation 2! — |2¥~!- 1) = 2¥>! +1. [IIT - 1997] 
79. Prove that the values of the function a do not lie between Z and 3 for any real x. 
sin 3x cos x [IIT- 1997] 
80. In any triangle ABC, prove that, cot = + cot 2 + cot ae cot is cot 2 cot . , [IIT - 2000] 
Z 2 2 Z Z 2 
( F. Integer Answer Type 
1 1 1 1 
81. The value of 6 +lo 4-—-— /4-—-— /4-—.... Jis IIT - 2012 
o(sey salt alt ae | 
| PRACTICE PROBLEMS [A] 
l. @) xe =| Gi) xe R- {-l} Gu) xe R- {+l} (iv) x € (-*e, 0) 
a” —3a+9 
2. = for ae (-0e, -3) U (3, 3) U (3, »); fc |c € R} fora =—3; po for a=3 
a _ 
_— 
2 


4. [l/a, ce) for a €(—0° , 0), (ee , ce) for a = 0, (2 , 1/a] for a € (0, °°). 


5. Solve the inequality , a7 + ax <1-x. 
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2. @) xe ,-l U4, &) (ii) xe{-5| (iii) x eR 
3. xe {2} (i) {43 

4. (a) Cl.5, ©), (b) (-, 2) 

5. [5, ©) 


6. (i) -5 = (ii) —1, © (iii) -5.23 


2 


; nsec 0) U (, -); R, ae (0, 4); R— {-S}.ae {0, 4 


9. aoe (5/3, 0), 
10. (-ce, -6) 


Il. @)Ymin =¥ C) = 73 Vmax =¥ 2) = 15 (b) Ymax = ¥ (2) = 14, Ymnin = ¥ G) =— 29 
25 
8 


7 
i seo 
y [ 4 


14. -7, 1 act 


15. 2 
7 
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Bj Practice PROBLEMS [C] 


14. 


nO wo > MS 


3x? + 4x? — 5x -2 


2x 3. [-4, -2] v {1} 
(ee, I] Ut U [2, &) 
(5, -1) 
(-, -2] U [0, &) 
oe 
2 
(a) p(x) = ax(x — 1) + b, a and b arbitrary (b) p(x) =c, c arbitrary 
(c) p(x) = ax, a arbitrary (d) p(x) =c, ¢ arbitrary 
(a) (-e2, ©) (b) (43 + ¥33 9/2, (V33 -3)/2) 
18 


. No Solution 


(i) -1 (ii) 1 (iii) -243 (iv) -121 
(v) 122 


Bl Practice PROBLEMS [D] 


OU.) G) CAVA Gi [5,5] (iv) C1, 0) 

@) (,-2)UC1, DUZ3)U40UC,) wi (-2.2}L(F=] 
Geo) Con eee re (S-] 

x €(-00, -2) U [2, 3) 


{3, 4, 5, 6, 7} 


ee 
2 


m< — 


(1) (-1, 2) (11) (ee, -1) U (0, 1/2] U C1, 2) (iui) (-2,-1) U [0, 1] U [2, ©) 
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10. @ (C12,1) (ii) [-2, 1] 
ll. (i) (0, 13) UG, ~) 


0 [Eben 


A PRACTICE PROBLEMS [E] 


x—1+vx2-14 J2x(x—1) 


x—l 
_ _ _ Jan 
2 @ = Deen — 4 | ) = I/3a+x —Va—xl 
3. G@) 3-5 (ii) 3-22 
2 

4 G x=a°-l, a20 

. d, a<0 

.. Se aS 7 | | 

(11) 2 (ii) No solution (iv) —7,2 

o if a<-3 

5. @) (,-1] U [2, +) (ii) (1/2, 2] (iii) [3, +) 
6. (i) (6/5,-1]U[2,3) Gi) (~, 1) (iii) (6, 8] 
7. R=—t211} 
9 @) [-4,-1] U0, -) (1) x-intercepts : —4, —-1, 0; y-intercepts : 0 

(iii) a/4 (iv) 0 
10. G) {3} (ii) p+? (iii) {5} (iv) {2} 

(v) {203 (vi) §(-1— V5 9/2, (W5 -1)/2, 1} 
ll. @ [0,2] (ii) (ee, -2) VU [5, 74/13] (iii) C1, 0) U B/S, 1] 
12. @ (1,4] (ii) B,5] (iii) [3, 4) U7, + &) 
13. G) [1/2,2)U(5, +) (ii) (2-2V6,-1)U[24+2V6,3] (iii) [-1, 0) 
14. @ {3,1 (ii) [16 + V7 )/2, 10] 
15. G) (,-1/2) U (3, ) (ii) (-3, 0) U ©, 2)U (2, 4) 

(1) (e, -1) U (, ) (iv) {1} 


16. @) {(a—3)/2} forae [-3, -], p or ae (2, -3) 
(ii) {5+aV8—a2/2} forae [2, 2V2 ]; oforae (~~, 2) U(2V2 , ©) 
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Bl Practice PROBLEMS [F] 


G) V3-VVI5-2 © (ii) x-3 (iii) 1-2x (iv) —x +2. 
2a 3. £2. 1) 
(i) 1 (ii) +1 5. (i) 0 (ii) -=,2 


7, @ €»,-NUG, %) 


(11) (=) U (1, °) (111) (—0ce, -2) U (-1, ©) Gv) (ee, -4) U0, -) 
: ee ee te 
(1) (9/2, «) Gi) (-7,-2)0G3,4) an) E ; | 
a € (2, 00) 10. 1 11. 15 IZ, 2 
(1) —2 (1) x=-3,x>-1 Gu) x=-1,0<x<l 
(i) [0, V2 | (1) (-o, 1] U[5,0) Gn) R (iv) No solution 
a+ Va" -16a + 60 15. 15 
+ ——____————. fora < —; for a> — 
15—4a 4 4 
(1) (ee, -4) U (8/7, 2) U Q, ©) (ii) (-ee, 11/4) U (7/2, ©) 


Bj Practice PROBLEMS [G] 


8. 


[O, 0) 
LD -1] ude) 10. 224) U seer 
2 2 
—@ xe{}ud.~) @ ELLY (iii) (0, 2) 


Gi) xe [2,7] (ii) -2,-] U {2}. 
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§f Practice PROBLEMS [H] 


10. 


11. 


IZ. 


wid. 


9 
(i) 2 


Qi 2 
1.948445 


_V54+1 


2 


a 


2916 


ab (a — b)” 
(i) 1 


1398 


Bl Practice ProBLems [I] 


l. 


2, 


10. 


11. 


0) 

logsi22, 2108392 
1+ V3 

—2 

{-2, 23 

—1;1; peep 
] 

—l;1 

ie J: Load. 
2; —-1 -log, 2 


—1;1;2 


(11) - loess Gu) 1 

(ui) 5,2 

ie 2 iss 

i).a tat | 11) ———— 
(ii) ai) pal 
13. 9 14. @) 0.4409 
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(iv) 1 


(iv) 6 


(ii) 301 
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Basics aR ys 
1... =32 1025354 
13. 1 
14. [1], -) 
15. one 


16. three 


Bl Practice PROBLEMS [J] 


l xeR 

2, 15.5) 

d.. AZ.0) 

(co, log, (-1+V7 )] 

[-4, 2) U ©, ) 

(—e, 0) U [1, tee) 

(V7 ,-V3) U( V3, V7) 
(2, + 2) 


oe ee ee SS 


xe (a’ log,” 2, + cc) for ae [0, +0), x € [0, + oe) for a € (2, 0) 
10. (2, 2) 

ll. (1,2) 

12. [0, 1) 


i PRACTICE PROBLEMS [K] 


N 
.—_=1 
| 

8 
Ne 


4. Q72N2_ 92v2 


oe 2 


in| 


i 
20° 
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Tas 22 


8. 4 log,2 
9. No Soln 
10; 18.9" 

ll. -5,5 


12. 17/12 


13. 1/10, 2, 1000, 4 


15. 1, 
81 
16. 1,4, 1g 
4 
17. 10 


18. y(1+v5)/2 
19. £1/16} u [4, «) 


21. 8 


22. x=6;y=2orx=2; y=6 
23. log,11 
20. 


Bl Practice PRoBLEMs [L] 


1. [-7,-V35) U [5,35 ) 
2. (0, 10) 

3. flog, 0.9, 2) 

4. 


(0, 1/2) U (2, 3) 


24. 
25. 
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(i) x € (9, —2) U (2, ) — {3} (ii) x € (0, 3)— 1/2}. 
12, 33 
(-<o, —1) 


(+2) v0 
(-1, 0) U(O, 2] UG, 4) 


(1, 2) 


_ [28/3, « ) 


(-4, (14+ V17)/2) 

(1/a, a*) for a € (1, ©); (a*, 1/a) for a € (0, 1) 
(1/¥5,1)UG, ~) 

Cx log V2 =U |=) 

(10— V43 , 4) U0 + V43 , 0) 

(0, 1/4] U [1, 4) 


xe(1,(1+ V1+4a? /2)) forae(, 1):xe (1 + V144a? )/2, ~) for ae (1, ~). 


(0, 27°] U [2, ~) 


(5) Ul, 2") 
pee 


, 3) o>) 
s 1210) 


_ flog, (4Va? +16 ), 3 log,2),0<a<1 flog, (4+ V16+a7), ~),a>1 


[-1, 1/2) U (1, 2) U @, 7/2) 
[V6 -1,2)U (2, 5] 


Basics 
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Bj Practice PROBLEMS [M] 


2. (a) [-2, 8] (11) 3 
4. V3 
. a 2/2 
5. sn—=—. 
2 3 
ae 
3 


7. tan (sin 1) 
9. (V5 -1)UG,1+ V5) 
10. [-1, 7/3] 


12. G@)max=1l,mimn=1 (i) max=11,min=1 
[Se 227 
14. 0 


Bj Practice ProsLems [N] 
1 
l x=2na+ Fe 2. x=l,y=nza,nel 
: - TU n+] 
3. G@) @nt+l)a,nelI (i) eee Torna +(-l) nee 


' rm 2 
4. (i) MF nel or ge el (11) BY nel or 2nt+ eet 
3 yy 2 3 


ee” 
(111) a et or 2na— = ne | or n+ 7 nel 
5. @) nn— 7 nel (11) ne— 7 ne] 


(ii) Inn + ~ nel or 2nzt,neI1 or int nel 
2 4 


6. (i) (4p-3) >.pel (ii) 2ma+,me | 7. x=- Fk. 5 K=0,4 1,42...) 
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nm kn nm (2k+1)0 nm kn 31 
QoS 9. % = St X= — tke. 
66 11 36 12 8 2 4 
10. x=2nnt+2a where o=tan—l [5).ne 11. x= 2 + 2m, 12. no solution. 
1 51 
13. no solution. 14. x= (2m )n. 15. x= i (k €Z). 
Bj Practice ProBLems [0] 
(== 51 T ) 
] =——— + Tl, — Fn 
8 
2 -= +107n E+ 10m 
3 (-- Lene = 
~ (3 6 3°73 18 3 
(5 J [Femdom 
4. — as * em ,{—t+ +n 
2 3 
- T 1 E T 
5. —+n,-—+7%n], | —+mn,—+7n 
2 6 6 2 
6. (- 1+ 27n 442m), (£4-2mn,n-+2nn| 
1d [Een +n 
4 
8. 
™ 
9 x4 — 
' 2 
10. (F+-mn, +n 
4 12 
11. —= + 2nk <x <2nk ; + + 2nk <x <a Ink 
12. Depp aoe BE age a 
12 4 12 4 
i =" eerie ogee a ake 
8 2 8 8 8 


14. gee eke eke ea 
12 2 2 12 


15. 


16. 


LF, 


18. 


20. 


2. 
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TU TU 
retake a one 


—E yank <x< B+ 2nk; E+ amk <x < E+ anh 


(-1/4 + 2xn, 1/6 + 21n) U (52/6 + 20n, 52/4 + 270n), n € | 


[tan“"(W2 -, *)u(n+tan(v2-1), =) 19. [n+ 1/4,n+3/4],nel 


Vi3 -1. 


2nn + =, Inn + cos-| r sne | 21. (2nn+ 2nn+ 7) ne I 


(4nn, 2g) ( 2% 2 n.ann-+2r},n Eel 23. [2.2] 


Bl Practice PRoBLEms [P] 


75 
276 4.0,n+ e where n € I 


No re 1 solution. 


The formula f(x) = = isnot define forxe Z.Ifx e R-—Z then oe 1. Thus the graph 
(x) — [x] (x) — [x] 


consists of the horizontal line of equation y = 1 with punctures at the point (n, 1),n € Z. 
2 


2 

xe [-1, OJU [1, 2] 
x=0, 1, 2,3,..... 
no re | solution. 


A= {n+“|nen-t 
n 


infinite 
2 


[3, =) U U (2nr, 2nt+ n)| 


n=l 
2na + 2 
4 
0<x<1 


{-1, 0, 1} 
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2 
23. (iv) 24. [0, v2) 25. 2 26. 739 


a OBJECTIVE EXERCISES 


lL A 2. B 5. 4. D 
D 6. B 7A 8. D 

A 10. B 11. C 2-8 
13. A 14. C 15. D 16. B 
17. A 18. A 19. A 20. D 
21. B 22. A 25.0 24. B 
25. B 26. A 27. A 28. C 
29. B 30. B 31. B 32. B 
33. B 34. B 35. A 36. B 
37, 38. A 39. D 40. D 
41. C 42. A 43. C 44. A 
45. B 46. B 47. B 48. C 
49. D 50. C 51. A,B,D 52. All 
53. All 54. C 55. B,C,D 56. All 
57. B,C,D 58. B,C 59. D 60. A 
61. C,D 62. A,C 63. B,C,D 64. A,B,D 
65. B 66. A,B,C 67. C.D 68. C.D 
69. A,C,D 70. A,B,C Tl. © 72, 
13,0 74. D 75. B 76. C 
77. B 78. A 79. A 80. A 
81. D 82. B 83. C 84. A 
85. B 86. A 87. C 88. D 
89. D 90. D 91. A 92. D 
93. C 94. A 95. C 


96. A-(P),(Q),(R),CD) ; BXR),(S); C-(P),(Q); D4P),(1) 
97. (AHR); (BJS) s (HP) s (DH Q) 
98. (AH{Q).(R) (8S); IR); (C)-(P),(R),(S) | (D-R),(S) 
99. (AHS) ; (BYR); ()1{Q) ; DP) 
100. (AAR), (BS), (HQ), DIHP) 
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Review EXERCISES FOR JEE ADVANCED 


NlRe 


4. R-r<d<Rtr 
5. (-e, 4) € (12, ~) 


6. [-5,-1) U (0, 3] 
7. (-«,-2] vu [0, «<) 


8) {302} (ii) {20} 


(iii) {16/253 


9. (i) {-15, 13} (ii) {16/25} 
(il) {8} (iv) [2, °) 
10. (i) 25/16 (ii) 15 
ll. @)5 (ii) Lc 
° 3 


12. Cee,-1) UCI, 2] 

13. @) (-3, 1] 
Gi) [-2,-1)U C1, 1) Ud, 3] 

14. G) [-0.5, ) fora e [1, ©), [-0.5, -0.5(1 — 1/1 —a)’) for a € (2, 1) 
(ii) [—2, c) for a € [-2, -), b for a € (—©9, —2) 

15. 92 


16. i 
2 


17. C,e2)U =.) U (-0o,- 1) U (-1,-3| U {0} 


19. 2/111 


20. 


a1, 


22. 
25. 


24. 


2). 
26. 
pia 


28. 


30. 


32. 


34. 


Telegram @unacademyplusdiscounts 


a) 1 (ii) 7/3, 5 
(iii) 5 (iv) eee 
(Gi) 2,1- 33 (ii) 15/32 


Git) {1/16} U [4, ©) 
x>]1 


1 
ry. 


@) [-1, O] v [2, 3] 
1 


_ tes 1 
ul) O<x<2,x>4 1) | —-, 
(i) (ii) (, ; 
xe€ [-], 1/2) U[1, 2) U (Q, 7/2) 
3/2<<x<2,;1<y<2 


G@) {43 U [0,1] 


Gai) xe dforae (9, 1];x=a+1forae Cl, V2)e (V2 ,2)U (2, 0), x=a+1=3 fora=2. 


(a) 11,1 (b) =o=1 


2 
2 


4 wi) 


() "ae arc oe eae arc cos(-3) +x 
2 3 2 4 


V5-1 kn 
+ — 
2 2 


(ii) x= Dk are sin 
Gil) x=naz,ne I 
(iv) x= 424 2nk, k EL 
a—-—2t,a—7, a, a+7, where tan a = 
(i) kn <x <2kn+ . kel 


(ii) 2kn- 7 apt ee 


Ww | bdo 


, 2ka-nm <x<2ka- ; 
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Gi) O<x <1 


<xK <7 


Lv5 
2 


iv) O0<x< * A tan-l 
2 


35. 1904 and 1994 


a TARGET EXERCISES FOR JEE ADVANCED 


1. 3, 4 respectively 


bo 
_~—_— 
m |e 
pet) 
| & 
— 
| 
te) 
a 


6. (1) a> , (ii) o 
(ii) a<0,a= (iv) a=0 
(v) O<a< Z 

8 

7. @) {55 (11) {20} 

(1) {-1; 0} (iv) {5} 


8. G) fat1+vV2a,a+1—V2a } forae[0, 1/2], {a+ 1+~2a } fora €(1/2, ~), » for a € (-~, 0) 
(ii) (ve, 0) for a= 0; £0, 3a/4}for a € (0, °°), @ for a € (-©°, 0) 


9. for a=2; 7S) for a>2; (5 fora<2 
3 3 3 3 


ll. 1,2 
122. @ a8 /*, 945® ita> v5 
(ii) 5 (iii) 100 


13. 100 


20. 


23. 


24. 


pie 


26. 


pi 


28. 


29. 


31. 


32. 
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2 ti 
sin20 90 


12 


1 1 1 
(1) X= [4 >| TM, X,=+ — arc cos(-=. + ki. 
2 2 4 


2k +1 


Qi) x= Tt. 


ay Tt Tt 
lll) X= —+k—. 
oo 4 2 


(iv) x = 2na, 2nn — ac I 
oe. 
V2 


x = 2k,n or x = 2k,n+ 2 tan - k,,k,e L 
ye 


— . . ; 1 > 
The equation is solvable if | a|< V2 , and its solutions are x = + . arc cos (3-2 V3— a* ) +ka. 


any. 2s 


Ca 
2 24 


(i) x = (6k + 1) 1/3 


pe ane) a el 
8 4 48 


(il) X;=2,x,=—5, x, = (27/3) + 4ka, 


X4 = (27/3) + 4ka (k # 0), 
V7 -2 


X5 = 2 arccos f + 4kn, 


X¢ =—2 arccos [2 V3 - 3)/2] + 4ka(k # 0) 
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33. @) 2kn <x <2ke+ %, 2km+ = <x<(2k+ I)m 
; 1 | 1 
Gi) k+ —<x<k+—,k-—— <x<k 
4 9 
Git) kn + tan-—15 <x <2kn+7 


(iv) kx+ . <x<ka+ = 
4 3 


(v) kxt+ . <x<ka+ . 
4 3 


| PREVIOUS YEAR’S QUESTIONS (JEE ADVANCED) 


L.. Z 2.4 3. no solution 
4. xe fo= |u| = an]uy et 5, Yh, Ys 

3 3 2 
6. 0=mz,nt+ — 
7. 4 8. False 9. False 10. False 
ll. B 12. D 13. B 14. B 
15. A 16. C 17. B 18. C 
19. D 20. A 21. C 22. B 
23. D 24. C 25. B 26. C 
27. A 28. D 29. C 30. C 
31. A 32. D 332.0 34. D 
35. A 36. D 37. & 38. C 
39. B 40. C 41. B 42. B 
43. D 44. B 45. D 46. A 
47. C 48. C 49. D 50. AD 
51. ABC 52. BC 53. AC 54. AB 
55. 3/2 56. 5/4 7.697 a 59. 3 


63. [-1,2) U [3, ©) 
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67.[-1, 1) U2, 4] 


68. 


70. 


72 


TS. 


75. 


(ae 


81. 


{nt} U {nn (-1) x U {n+ (—1)" 4 69. ae =| 


Basics 


10 


+242 T1fatav2,-atav6} 

a 4 
ae 
2, -u (-3.-5) 
a een A) 74. N3-1 

2 

30° 16. x=0or5/3 
aun aS. £Neg ) 
2V2 : 


4 
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GRAPHS 


2.1 | INTRODUCTION 


The graph of a function is a plot of values of the 
function against the independent variable x. The 
value of a function changes in accordance with 
the function rule as x changes. The graph depicts 
these changes pictorially. 


Plotting a graph is an extremely powerful 
technique to know properties of a function such as 
domain, range, periodicity, discontinuity and other 
features which involve derivative of a function. 


Subsequently, we shall see that plotting enables 
us to know these properties more elegantly and 
easily as compared to other analytical methods. 


2.2 | SYMMETRY OF GRAPH 


Symmetry 


We say that two points P and Q are symmetric 
with respect to a line / if / is the perpendicular 
bisector of the line segment connecting P and Q. 


CHAPTER 


We say that two points P and Q are symmetric 
with respect to a point B if B is the midpoint of 
the segment connecting P and Q. 


A curve is said to be symmetric with respect to 
a line / (respectively, point B) if, for any point P 
on the curve, there is another point Q on the curve 
such that P and Q are symmetric with respect 
to / (respectively, B). If a curve is symmetric 
with respect to a line /, then / is called an axis 
of symmetry of the curve. For example, any 
line through the centre of a circle is an axis of 
symmetry of that circle. 


(b) 


Points (x,y) and (—x,y) are symmetric with 
respect to the y-axis, and points (x, y) and (x, —-y) 
are symmetric with respect to the x axis. Points 
(x,y) and (—x, —y) are symmetric with respect to 
the origin. 
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Symmetry of graph of F(x, y) = 0 

Consider the graph of an equation F(x, y) = 0 
in the x-y plane. 
1. The graph of F(x, y) = 0 is symmetric about 
the y-axis if on replacing x by — x, the equation of 
the curve does not change. 

1.¢. F(x, y) = 0 implies F(— x, y) = 0. 

If F represents a function, then it is said to be 
even. 

For example, the parabola y = x” is symmetric 
with respect to the y-axis. 


Graph of y =x” 


Sd 


2. The graph of F(x, y) = 0 is symmetric about 
the x-axis if on replacing y by — y, the equation of 
the curve does not change. 

i.e. F(x, y) = 0 implies F(x, — y) = 0. 

For example, the parabola y” = x is symmetric 
with respect to the x-axis. 


Graph of y’ =x 


3. The graph of F(x, y) = 0 is symmetric about 
the origin if on replacing x by — x and y by —y, the 
equation of the curve does not change. 

i.e. F(x, y) = 0 implies F(— x, —y) = 0. 

If F represents a function, then it is said to be odd. 

For example, the graph of y = x° is symmetric 
with respect to origin. 
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Graph of y =x° 


Further, a circle x” + y” = 1’, an ellipse 
asad petals, 2a 
+++; = 1, and hyperbola —--+> = 1 are 
a’ b° ° . a’ ° b° ° 
symmetric with respect to the y-axis, the x-axis 


and the origin. 


Graph of r+ y=r 


Y 


Graph of xy 
ra or TTT, 
P a b? 
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4. The graph of F(x, y) = 0 is symmetric about 
the line y = x if on interchanging x and y, the 
equation of the curve does not change. 

i.e. F(x, y) = 0 implies F(y, x) = 0. 


For example, the graph of xy = c” is symmetric 
with respect to the line y = x. 


Graph of xy = c” 


Graphofx°+y’=3axy, a>0 


5. The graph of F(x, y) = 0 is symmetric about 
the line y = — x if on replacing x by — y and 
y by —x, the equation of the curve does not 
change. 


1.¢. F(x, y) = 0 implies F(— y, — x) = 0. 


For example, the graph of xy =—c” is symmetric 
with respect to the line y =— x. 


Graph of xy =- ¢? 


Y 


Graphs 


| EXAMPLE 2.1 Investigate which of the fol- 


lowing functions have graphs symmetrical about 
X-axis or about origin. 


3 


X 
Gi) a: R—R, a(x) = oe 
ii) b: R—R, b(x) = RX 
Gi) b:R>R,b®)=3_5 


(iii) ¢: R—R, c(x) = [x| + 2. 
(iv) d:R—R, d(x) = |x + 2]. 
(v) f:[-4,5] —R, f(x) = |x| + 2. 


| SOLUTION 


Hence a is odd and its graph is symmetric about 
origin. 
—X Xx 
Gi) POW aad : : 7 
Hence b is even and its graph is symmetric about 
X-axis. 


(ii) c(—x) = |[-x| + 2 = |x| + 2 = c(x). 


= b(x) 


Its graph is symmetric about x-axis. 


(iv) d(—1) = |-1 + 2| = 1, but d(1) = 3. This 
function is neither even nor odd. Its graph 
is not symmetric about x-axis or origin. 


(v) The domain off is not symmetric, so its graph 
is not symmetric about x-axis or origin. 


D> 


For graphs of algebraic equations, the symmetry 
is judged as follows: 


(a) Ifall the powers of y in the equation are even, 
the curve is symmetric about thex- axis. 

(b) If all the powers of x are even, the curve is 
symmetric about the y-axis. 

(c) If all powers of x and y are even, the curve 
is symmetric about the x-axis as well as 
y-axis. 
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| EXAMPLE 2.2 Find whether the following 


equations have graphs symmetrical about x-axis, 
y-axis, line y = x or about origin. 


@ y= vVx241-Vx2-1 Gi y?=8x’-x’* 
(ii) yy=(K-D(x+))" (iv) yr=xext+) 


(vy) x+y=1. 


PSOLUTION 
Gi) y= vVx?41-vVx?-1 


Since all the powers of x are even, the curve is 

symmetric about the y-axis. 
(ii) y* =8x?- x‘. 

Since, all powers of x andy are even, the curve is 
symmetric about the x-axis as well as y-axis. Also, 
the curve is symmetric with respect to origin. 

(iii) y>=(x-1l) (&+1)7 

Since all the powers of y in the equation are 

even the curve is symmetric about the x- axis. 
(iv) y= x(x" +1) 

On replacing x by — x and y by —y, the equation 
of the curve does not change. Hence, the curve is 
symmetric with respect to origin. 

(vy) xty=1 

On interchanging x and y, the equation of 
the curve does not change. Hence, the curve is 
symmetric with respect to the line y = x. 


2.3 | GRAPH OF POWER 
FUNCTIONS 


When we draw the graph of y = x? in the first 
quadrant we have three kinds of graph : 


(a) y =x? where p> 1 
¥ 
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(b) y=x? where 0<p<1 


¥ 


(c) y=x? where p <0 


¥ 


x 


Further, the graph of y = x™™ is extended in the 
third quadrant if both m and n are odd, while it 
is extended in the second quadrant if m is even 
and n is odd. It is not extended in either second or 
third quadrant if n is even. 


(i) Graph of f(x) =x7"~';ne N 


f(x) = x"*! n © N is an odd function. The graph 
is symmetric about origin. 
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Graphs 
GD (v) Graph of f(x) =x!"; ne N 
For x € (--,-I] U[0, 1], x8 =x? 2>x’ 
For xe (1,0) U(1,~), x°<x?<x’ 
(ii) Graph of f(x) =x"; ne N 
y=x2n y=x6 y=x4 


For 0<x<l1l, a ae 


For x> 1, xlt<x 


Domain is x € [0, °°). 


1/4 
f(x) = x*" is an even function. The graph is symm- 
etric about y-axis. 


ote, (vi) Graph of f(x) =x'?"~!, whenn e N 


For |x} <1,x°<x*<x’ 
For Ix]>1,x°>x'>x? 


“neN 


2n-l ? 
x20 


(iii) Graph of f(x) = 


D> 


For x€ (-~,-1)U (0,1), x! >x!° 
For xe (-1,0)U(1,~), x3 <x" 


GD The graph is symmetric about origin. 
Now consider some examples : 


1 1 ; _ 4/3 
For 0<x< 1, -2= @Q) y=x 
X X 7” 
1 1 
For x> 1, <7—. 
xX XxX 
The graph is symmetric about origin. 
1 0 x 
(iv) Graph of f(x) = z,:neN 
XxX 
Gi) y=x™ 
¥ 
0 x 


The graph is symmetric about y-axis. 
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ces = §/3 
(ill) y=x PEXAMPLE 2.1. A function y = f(x) is defined 


Y parametrically as: y = t’ + t{t|, x = 2t—|t, te R. 
Find the number of solutions of the equation 
(f(x))" = x. 
0 x 


SOLUTION If t>0,x=ty=20 


=> y=2x? V x20 


1 

(iv) y=— =x?” If t<0,x=3ty=0 > y=0,x<0 
Vx 

2 x> 

Hence, f(x)= Romie 

0,x <0 


We express the given equation as f(x) = x 


2 x 1/3 
and draw the graphs of y = f(x) and y =x”. 
Y 
Wy) vax 
7 
x 
0 x 


We can see that there are two solutions. 


(vi) y=x?? * EXAMPLE 2.2 Sketch the area bounded by 


the curves y = — V-X and x =- vV-Y where 
x,y <0 


< 


& y are both negative. 


\ xX | SOLUTION y=- V-X => y’=—x, where x 


x=— J-y >x’=-y wherex & y are both 
negative. 


(vil) y=x 


o 
~< 
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Graphs 


a PRACTICE PROBLEMS [A] 


1. Draw the graph of the following functions on the same axes : 


@) y=x'? ;y=x"" Gi) y=x;y=x"4; y=x™ 


a 1. 1 1 
Guy Yo. J==3: Yo 
X X X 


2. Draw the graph of the following functions on the same axes: 


(i) y =x -1/2 : y = l/x (ii) y — x03 ; y = x22 
3. Draw the graph of the following functions : 
(i) £09 xix? <] (ii) 09 if x <1 
i) f(x)= ii) f(x)= 
x,x°>1 meee) if x >1 
4. The following figure shows a functional curve y = f(x). 
¥ 


Pt | fal | | TN 


CEPR 


Find (1) f(3) Gi) the domain of the function (111) the range of the function. 


2.4 | GRAPH OF GEOMETRICAL 
CURVES 


Graph of lines y = mx 


Graph of circle (x — h)? + (yv-k? =r’ 


(i) 


(ii) 
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Graph of semi-circles (iv) x*=kx,k>0 


(i) x= Ja’ =" . 


(v) (y —k)* = 4a(x —h), a> 0 


S(h+a, k) 


Ca, 0) O 


Graph of parabolas 
(i) y7=kx,k<0 


oe) 
~ 


(ii) y?=kx,k>0 


¥ 
Graphs of y=k Vx andx=k Vy 
O x 
(i) x=kVy,k>0 
¥ 
(iii) x*=ky,k <0 
¥ 
O X 
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(Gi) y=kvx ,k>0 


¥ 

O xX 
(iii) x=kVy,k <0 

O x 


(iv) y=kvx ,k <0 


¥ 
O x 
Graph of ellipses 
x2 oy? 
Gi) zt>a=1 a<b 
a” ob 


B’ (0, -b) 


Graphs 


(iii) ——+ 


2 2 
Gy GoW, G-W* 


Graph of semi-ellipses 


(i) y= ne ~x*),a<b 
a 
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(i) y= ye? x2) ,a>b 
a 
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(x-hy (y-k)? _ 


ili 1 
( ) a? b2 


Jr---ccccc 


(xh)? (y-W? | 
(iv) a2 be 


2.5 | TRANSFORMATION OF 
GRAPHS 


Transformation of graphs means changing graphs. 
This generally allows us to draw graphs of more 
complicated functions from graphs of basic or 
simpler functions by applying different transfor- 
mation techniques. 
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Many functions in applications are built up 
from simple functions by inserting constants in 
various places. It is important to understand the 
effect such constants have on the appearance of 
the graph. 


Graphing of such a function involves modifying 
graph of a core function. We modify core function 
and its graph, applying various mathematical 
operations on the core function. 


Effect of arithmetic operations 


Addition/subtraction operation on independent 
variable results in shifting of core graph along 
x-axis 1.e. horizontally. Similarly, product/division 
operations results in scaling (shrinking or stretching) 
of core graph horizontally. The change in graphs 
due to negation is reflected as mirroring (across 
y-axis) horizontally. Clearly, modifications resulting 
from modification to input modifies core graph 
horizontally. Another important aspect of these 
modification is that changes takes place oppo- 
site to that of operation on independent variable. 
For example, when “2” is added to indepen- 
dent variable, then core graph shifts left which 
is opposite to the direction of increasing x. A 
multiplication by 2 shrinks the graph horizontally 
by a factor 2, whereas division by 2 stretches the 
graph by a factor of 2. On the other hand, modifica- 
tion in the output of function is reflected in change 
in graphs along y-axis i.e. vertically. Effects such 
as shifting, scaling (shrinking or stretching) or 
mirroring across x-axis takes place in vertical 
direction. Also, the effect of modification in output 
is in the direction of modification as against effects 
due to modifications to input. A multiplication of 
function by a positive constant greater than 1, 
for example, stretches the graph in y-direction as 
expected. These aspects will be clear as we study 
each of the modifications mentioned here. 


Graphs 


1. Graph of y = f(x) + a 


Addition and subtraction operation with 
function 

In order to understand this type of transformation, 
we need to explore how output of the function 
changes as we add constant value to the output. 
If we add 1 unit to the function, then each value 
of function is increased by 1 unit. In notation, we 
would say that the graph of “f(x) + 1” is same as 
the graph of f(x), which has been moved up by 
1 unit. Alternatively, we can also pull down the 
x-axis by 1 unit, by saying that vertical reference 
of measurement has been moved down by | unit. 


Similarly, if we subtract 1 unit from the func- 
tion, then each value of function is decreased by 
1 unit. In notation, we would say that the graph of 
“f(x) — 1” is same as the graph of f(x), which has 
been moved down by 1 unit. Alternatively, we can 
also describe this transformation by saying that 
vertical reference of measurement i.e. x-axis has 
moved up by 1 unit. 
We conclude : 

The plot of y = f(x) + |al, |a| > 0 is the plot of 
y = f(x) shifted up by |a| units. 

The plot of y = f(x) — [a], |al > 0 is the plot of 
y = f(x) shifted down by |a| units. 
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We use these facts to draw the plot of transformed 
function f(x) + |a| by shifting the plot f(x) by |al 
unit along y-axis. Each point forming the plot is 
shifted parallel to y-axis. In the figure below, the 
plot depicts modulus function y= |x|. When it is 
shifted “1” unit up then the function representing 
the shifted plot is y= |x| + 1. 

Note that corer of plot at x = 0 is also shifted by 1 
unit along y-axis. Further, when the plot is shifted 
“2” units down then the function representing the 
shifted plot is |x| — 2. In this case, the corner of the 
plot is shifted by 2 units down along y-axis. 
y=|x|+1 


y = |x| 


y =[x|—2 


| EXAMPLE 2.1 Ploty =sin ‘ x and use trans- 


formation to draw the graphs of y = (sin! x) + 1 
and y = (sin! x) -1. 


| SOLUTION 


(1,2/2+1) y=(sin—! x) +1 


(1,7/2) y=sin-! x 


\ 
I 
I 
| 
1 
I 
| 
2s 
(—1,-7/2+1) 


—n/2 


i(1 ,m/2-1) y=(sin-! x) -1 
(-1,-1/2) 


(-1,—n/2 -1) 


Notes 


If we replace y by y —a, then the graph moves up 
“a” units. (If “a” is negative, then this means that 


—m/2 +4 
| 
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the graph moves down |a| units.) If the formula is 
written in the form y = f(x) and ify is replaced by 
y —ato get y —a= f(x), we can equivalently move 
“a” to the other side of the equation and write 
y = f(x) + a. Thus, this principal can be stated as : 
to get the graph of y = f(x) + a, take the graph of 


66 99 


y = f(x) and move it “a” units up. 


2. Graph of y = f(x + a) 


Addition and subtraction to independent 
variable leads to horizontal shifts. 

The plot of y= f(x — |a]), Ja] > 0 is the plot of 
y = f(x) shifted to the right by |a| units. 

The plot of y= f(x + |al), |a] > 0 is the plot of 
y = f(x) shifted to the left by |a| units. 

We use these facts to draw the plot of 
transformed function f(x + |a]) by shifting the plot 
f(x) by |a| unit along x-axis. 

For example, the graph of y = (x — 2)” is the 
parabola y = x’ shifted to the right so as to have 
its vertex at the point (2, 0) on the x-axis. Alterna- 
tively, we can also shift the y-axis to the left by 2 
units, by saying that horizontal reference of mea- 
surement has been moved to the left by 2 units. 

The graph of y = (x + 1)’ is the parabola shifted 
to the left so as to have its vertex at (-1, 0) on the 
X-axis. 


y=(+1y 


y=(x-2y 


Each element of the graph is shifted horizontally 
by the same value. 

Also, the function y = x” — 4x = (x —2)’-4 can 
be obtained from y = (x — 2) by moving the graph 
4 units down. The result is the x*—parabola shifted 
2 units to the right and 4 units down so as to have 
its vertex at the point (2, — 4). 
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Graphs 


CAUTION Do not confuse f(x) + a and f(x + a). Y 
——_______ Bier example, if f(x) is the function x”, 

then f(x) + 2 is the function x” + 2, while f(x + 2) is the 
function (x + 2)°=x’?+ 4x+ 4, 


EXAMPLE 2.2 Compare the graph of each of 


the following with the graph of f(x) = 3*. Identify 
the domain and range of each function : 


(Gi) g(x) =3**? 
(ii) h(x) =3*-2 (b) 
(iii) k(x) =-3* 


| SOLUTION 


(i) Because g(x) = 3**' = f(x + 1), the graph 
of g can be obtained by shifting the graph 
of f one unit to the left, as shown in figure 
(a). The domain is (—°°, e) and the range is 


(0, 00). 


h(x) = 3*-2 


k(x) =-3* 
(ii) Because h(x) = 3* — 2 = f(x) — 2, the graph (c) 
of h can be obtained by shifting the graph 
of f down two units, as shown in Figure (b). EXAMPLE 2.3 Gonipaie ie smaohsor meter 
The domain is (—°», --) and the range is ; 
(-2, 2) lowing functions with the graph of f(x) = log,, x. 
GQ) g(x) = logi(x — 1) 
(iii) Because k(x) = —3* = -f(x), the graph of k (ii) h(x) = 2 + logig x 
can be obtained by reflecting the graph of 


f in the x-axis, as shown in Figure (c). The | SOLUTION The graph of each of these func- 
domain is (—e, 0) and the range is (ce, 0). tions is shown in the figure. 


f(x) = 3* 


g(x) =3*"! 


(a) 


(a) Right shift of 1 unit 
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h(x) =2 + logyox 


f(x) = logig x 


(b) Upward shifi of 2 units 


(i) Because g(x) = log)o(x — 1) = f(x — 1), the 
graph of g can be obtained by shifting the 
graph of f one unit to the right. 


(11) Because h(x) = 2 + log, )x = 2 + f(x), the 
graph of h can be obtained by shifting the 
graph of f two units up. 


3. Graph of y = af(x) 
Multiplication and division of function 


Multiplication and division of a function by a 
constant scales (stretches or shrinks) the core graph 
in the vertical i.e. y-direction. The modification due 
to either of these two arithmetic operations has no 
scaling impact in the x-direction. If we multiply out- 
put of the function by a positive constant greater 
than 1, then graph of core function is stretched 
vertically by the factor, which is equal to the con- 
stant being multiplied. The magnification of graph 
Le. stretching in y-direction is more noticeable in 
nonlinear graphs like sine and cosine graphs, whose 
values are bounded in the interval [—1, 1]. 

An important thing to note about vertical scal- 
ing (shrinking or stretching) is that the behaviour 
of graph at y = 0 remains unchanged. It means 
that the x-intercept of the graph remains same and 
is not affected by scaling resulting from multipli- 
cation or division of a function. Also, the domain 
of the function remains same while the range may 
change. 

Let us now compare the functions y = 2x” and 
y = x’. For the same value of x, the function 
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y= 2x’ is twice the value of the function y= x’, 


Consequently, the graph of y = 2x’ is obtained by 
stretching the graph of y = x’, two times along 
the y-axis. 


In general, the graph of y = ax” for a > 0 can be 
obtained by stretching the parabola y = x’ a times 
along y axis (more precisely, by stretching for 
a> 1 and by compressing for 0<a< 1). 

Similarly, the graph of y = ax’ for a < 0 can be 
obtained by stretching the parabola y = — x’, |al 
times along y-axis. 


Let us consider function, y = f(x) = 4 sin x 


The amplitude of the function “4sinx” is 4 times 
that of the core graph “sinx”. In the same fashion, 
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a division by a positive constant greater than 1 
results in shrinking of the core graph by the 
factor, which is equal to constant being multi- 
plied. Let us consider division of function : 


1. 
=— sinx 
: Z 


The amplitude of the graph “sin x” changes from 
1 to 1/2 in the graph of “1/2 sin x”. 


Graph of y =— f(x) 
Negation of function 


What would happen if we negate output of a 
function? The answer is easy. All positive values 
will turn negative and all negative values will 
turn positive. It means that the graph of the core 
function which is being negated will be swapped 
across x-axis in the transformation. The graph of 
“_f(x)’, therefore, is the mirror image of the graph 
f(x), in the x-axis. In other words, we would need 
to flip the graph of f(x) across x-axis to draw the 
graph “— f(x)”. 

Let us compare the function y =—x° andy =x’. 
For the same value of x, the values of these functions 
are equal in magnitude but opposite in sign. 


3 


Consequently, the graph of the function y = —x°. 
can be obtained by reflection of y = x° about the 
X-aXIS. 


| EXAMPLE 2.4 Draw the graph of y = i. 
X 
| SOLUTION Wesimplify the given function as : 


y =In— = -Inx 
X 


Graphs 


Here, the core function is f (x) = In(x). Clearly, 
the given function is a transformed function of 
the type y = -f(x). We obtain its graph by taking 
mirror image of the graph of y = f(x) about x-axis. 


| EXAMPLE 2.5 Graph f(x) = sin 2x. 


| SOLUTION y=f(2x) isascaling of the graph 
of y = f(x) in the direction of x-axis, in which the 
x-coordinate is halved. Since — 1 < sin 2x < 1, the 


amplitude of sin 2x is — =]. The period of 


sin 2x is 2n/2 = x. The graph of f(x) = sin 2x is 
shown below. 


Graph of y = f(x) 
Negation of independent variable 
The graph of y = f(—x) can be obtained by taking 
mirror image of the graph of y = f(x) in y-axis. 
For example, the function y = V—x , which 
has domain x < 0, is obtained by taking the graph 
of x and flipping it around the y-axis into the 
second quadrant. 


We reflect the graph of y = 2* about y-axis to 
get the graph of y = 2 ~*. 
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While using this transformation, we should know 
about even function. For even function f(x) = f(-x). 

As such, this transformation will not have any 
implication for even functions as they are already 
symmetric about y-axis. It means that two parts 
of the graph of even function across y-axis are 
images of each other. For this reason, y = cos(—x) 
= cos(x), y = |-x| = |x| etc. The graphs of these 
even functions are not affected by change in sign 
of independent variable. 


| EXAMPLE 2.6 Draw the graph of 


y = cosec (—x). 


| SOLUTION The plot is obtained by plotting 
image of core graph y = cosec x in the y axis. 


Eni 
—] 


| EXAMPLE 2.7 Draw the graph of 
y = —/n(-x). 


| SOLUTION 


y= In(-x) 


TU 
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If x is replaced by x/a in a formula and a > 1, 
then the effect on the graph is to expand it by a 
factor of “a” in the x-direction (away from the 
y-axis). If a is between 0 and 1 then the effect 
on the graph is to contract by a factor of l/a 
(towards the y-axis). 

For example, replacing x by x/0.5 = 2x has the 
effect of contracting toward the y-axis by a factor 
of 2. If a is negative, we expand by a factor of |a| 
and then flip about the y-axis. Thus, replacing x 
by —x has the effect of taking the mirror image of 
the graph with respect to the y-axis. 

Certain function are derived from the core 
function as a result of multiple arithmetic operations 
on independent variable. Consider an example: 


f (x) =-2x -2 

We can consider this as a graph determined by 
applying the following operations on f(x) = x: 

(i) f(2x) 1.e. shrink the graph horizontally by 

half. 

(ii) f(—2x) 1.e. flip the graph across y-axis. 

(iii) f(-2x —2) 1.e. subtract 2 from —2x 1.¢e. shift 
the graph to the right by 2 units. 

This sequence of operation is not correct for 
the reason that the third operation is a subtraction 
operation to —2x not to independent variable x, 
whereas we have defined transformation for 
subtraction from the independent variable. 

The horizontal shift for the function 
| (CAUTION f(bx + c) w.rt. f(bx) is not “c”. We 


rearrange the argument of the function, 


f(bx +c) = f{o(x+2 | 


Hence, the horizontal shift is c/b. 


Let us rework the third transformation step in 
the example : f(—2x —2) = f(-2(x + 1)) 1e. shift the 
graph of f(—2x) to the left by 1 unit. 
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f(x) = —2x Y f(x) = 2x 
_ \. Nt YK 
f(x) =—2x-2 ! ! 
l 
2 «i Q ! iy) xX 
f(x) =x 5 ! | 
Alternative: 


We can decompose a given function in more than 
one way so long as the transformations are valid. 


(i) f(x-2) 1.e. subtract 2 from independent 
variable x 1.e. shift the graph nght by 2 units. 


(1) f(2x—2) i.e. multiply independent variable x 
by 21.¢. shrink the graph horizontally by half. 


(111) f(—2x—2) 1. negate independent variable 
i.e. flip the graph across y-axis. 


The resulting graph is shown in the figure below: 


It is important the way graph is shrunk horizon- 
tally towards origin. Important thing is to ensure 
that y-intercept is not changed. It can be seen that 
function before being shrunk is f (x) =x —2. 

Its y-intercept is 2. When the graph is shrunk by a 
factor of 2, the function is f (x) = 2x — 2. 


Graphs 


The y-intercept is again 2. The graph moves 
1 unit half of x-intercept towards origin. Further, 
we can verify validity of points like x and y 
intercepts to ensure that transformation steps are 
indeed correct. Here, 


SSO, yS-2,.0=25-2 


(y+2) 2 _- 1 

2 2 . 
Combined input and output operations 
The combined input and output is symbolically 
represented as: 

y =af(bx+c)+d, a,b,c,deR 
Carrying out output operation before input operation 
does not make sense. There will be two different 
outputs which are not connected to each other. 
Hence, the logical order is that we first carry out input 
operations then follow it with output operations. 


| EXAMPLE 2.8 Draw y — 1 = In(x - 2) 
| SOLUTION Werewrite the function : 


y =In(x-2)+1 
In order to plot this function, we plot the graph of 
the core function y = In x. 
Now, the plot of y = In (x — 2) is plot of 
y = Inx shifted to the nght by 2 units. 
The plot of y = In (x — 2) + 1 is plot of 
y =In (x - 1) shifted up by 1 unit. 


y =0,x=- 


y= In (x -2) +1 


y= In (x —2) 


There is yet another alternative to obtain graph 
of the transformed function by shifting the axes 
themselves instead of the plot. The transfor- 
mation is affected by shifting the axes in the 
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direction opposite to that required for the graph. 
In the above example, we need to move y-axis 
by 2 units towards left and move x-axis by 1 unit 
downwards. 


y= In (x -2) +1 


ns erie Sen te 


EXAMPLE 2.9 Draw the plot y = cos’x. 
| SOLUTION We know that 


7 1+cos2x 1  cos2x 
y = cos’*x = ————_ = — + ——_ 


2 2 Z 

Here, the core graph is y = cos x . Multiplying 
independent variable by 2 shrinks the core graph 
horizontally. As a result its period is reduced 
from 22 to x. Division of cos 2x by 2 is division 
operation on function. This operation shrinks the 
graph cos2x by 2 vertically. Note that amplitude 
of graph is reduced to 1/2 due to this operation. In 
the figure, lower graph corresponds to (cos 2x)/2. 
Once we draw the graph of (cos 2x)/2, we draw 
the given function y = cos’x by shifting the graph 
of (cos 2x)/2 by 1/2 units up. 


f(x) = cos2x 


| EXAMPLE 2.10 Draw the graph 


f(x) = -—3 sin Z What is the amplitude, period, 


and where is the first positive real zero of this 
function? 
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SOLUTION Since -3 <-3 sin x $3, the ampli- 


tude is ae = 3. The period is 22 / (1/4) = 82, 
and the first positive zero occurs when 
Xx 
—=7,1¢e. atx=A4n. 


A portion of the graph is shown below. 


| EXAMPLE 2.11 Graph y =cos (2x — 7/3). 
| SOLUTION The sequence of operations are : 


y =cos x 
y =cos 2x 
y =cos (2x — 27/3) = cos2(x — 77/6) 


Note that we shift the graph by 7/6 units to the nght. 


* EXAMPLE 2.12 Graph y = log,(-x + 2). 


| SOLUTION The sequence of operations are: 


y = log,x 

y = log,(-x) 

y = log,(-x + 2) 
y = log,(-{x — 2)) 


Telegram @unacademyplusdiscounts 


| EXAMPLE 2.13 Given the graph of y = f(x) as 


draw the graph of the following functions : 


i) y=f(x)+1 (i) y=f(x + 1) 
(iii) y =f(2x) (iv) y=3 -1/2 f(x) 


| SOLUTION 


(i) We raise the graph vertically by 1 unit. 


(111) We compress the graph by a factor of 2 
along x-axis. 


y = — 1/2f(x) 


y =— 1/2f(x) +3 


shows the plot of y = f(sin x). Plot the curve 
y =f(cos x). 


| SOLUTION We have 
y =f(cosx) =f {sin( 5 _ x} 
=#fsml-(-3)] 
Z 


Thus, the graph of f(cos x) is drawn by first taking 
the mirror image of the graph of f(sin x) in the 


y-axis and then translating it to the right by 5 
units along the x-axis, as shown below. 


Y 


—n/2 O t/2 X 


| EXAMPLE 2.15 Letf:R- {0} —Rwith 


f(x)=x+ a2 1. 
xX 
The curve y = f(x) experiences the following 
successive transformations: 
(1) A reflection about the x-axis. 


di) A translation 3 units left. 
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(au) Areflection about the y-axis. 
(iv) Avertical stretch by a factor of 2. 


Find the equation of the resulting curve. Note 
also how the domain of the function is affected 
by these transformations. 


| SOLUTION 


Gi) Areflection about the x-axis gives the curve 
2 
y =-f(x) = 1-— — —x= a(x), say, 
Xx 


with domain D, = R — {0}. 


Gi) A translation 3 units left gives the curve 


y=a(xt+3)=1- (x + 3) 


x+3 


1. Draw the graphs of the following functions: 
@) y=(@-1’ 
(iii) y =2(x-1)?- 1 
2. Draw the graph of the following functions: 
() y=Vx-2 
(ii) y= 7x41 
3. Draw the graph of the following functions: 
Gi) f(x)=2 sin x 
Gi) f(x) = In 3x + 4) 


PRACTICE PROBLEMS 
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=—2- — x = b(x) say, 


x +3 
with D, = R - {-3}. 
(iii) A reflection about the y-axis gives the 
curve 
y=bCX)=-2- 5 
with D, =R- {-3}. 
(iv) A vertical stretch by a factor of 2 gives the 
curve 
= ——— + 
y = 2c(x) 4 a3 
with D, = R- {-3}. 
Notice that the resulting curve is 
y = d(x) = 2c(x) = 2b(-x) = 2a(-x + 3) 


= -2f(-x + 3). 
[B) 


+ x =c(x), say, 


+ 2x = d(x), say, 


(ii) y=2(x-1) 


Gi) y= Vx-2;y= vx+l 


(ii) f(x) = sin4x 
(iv) f(x) = log, (3x) 


4. Plot y =sin ‘x and use transformation to draw the graphs of y = sin ‘(x — 1) and 


y= sin (x + 1). 


5. Construct the graph of the following functions : 


6. Draw the graph of the following functions: 


x+3 


x—-1 


(i) y= 


(ii) y= 


(ii) y= 


2+x 


2x+1 
x—-1 
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Graphs 


7. Starting with the graph of y = Vx , sketch the graph of each of the following functions: 


(i) f(x) = vx—2 (ii) f(x)=4+4+ Vx 42 
(iii) f(x) =-V-x (iv) f(x) =-4+4+ VI-(x-J 


8. Starting with the graph of y = 1/x, and the graph of y = ¥1— x? , sketch the graph of each of the 
following functions: 


(i) f(x) =-1-1/(x +2) (ii) f(x) =2+ VI-(«-1)7 
(iii) f(x) =2 yI-(«/3)° (iv) f(x)=44+2 Ji-(x—5)2/9 
9. Draw the graph of the following functions: 
Gi) y =log,Q2 — x) Qi) y =log,.(1 - x) 
(iii) y = log, Vx (iv) y=3.2%-2 
10. Draw the graph of the following functions: 
Gi) y=sinx+cosx (ii) y = sin’ x 


11. Draw the graph of the following functions: 


4*-1, if x<0 . 1-vVl-x?, ifx<l 
@Q) y= (i) y= 
V4x—x*, if x20 1+log,.x, if x>1 


12. Given the graph of y = f(x), draw the graphs of 
G) y=f(x)/2 (i) y =f(2x). 


13. Find an equation of the new curve C, that is obtained when the graph of the curve C with the 
equation x” — 3xy + 2y” = 1 is reflected in: 
(a) the x-axis (b) the y-axis 
(c) the origin. 
14. The graphs of the following curves suffer the following successive transformations : 
(1) avertical translation of 2 units down, 
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(ii) areflection about the y-axis, and finally, 
(iii) a horizontal translation of 1 unit to the left. 


Find the resulting equations after all the transformations have been exerted. 
(a) y =x(1 -x) (b) y=2x-3 (c) y=|x+2/+1 


2.6 | GRAPHS OF FUNCTIONS 
INVOLVING MODULUS 


Let us first draw the graphs of simple functions a(x) = 4 ix| 


involving modulus. 
+ EXAMPLE 2.1 Draw the graph of y =|x|-2 


f(x) = |x| 


| EXAMPLE 2.3 Draw the graphs of 


y =|x-—llandy =|x+ lJ. 
SOLUTION 


| SOLUTION 


tEXAMPLE 2.2 Compare the graph of the 


following functions with the graph of f(x) = |x|: 


e | 
G) h(x) = 3)x\ (1) g(x) = A [x| 
| SOLUTION f EXAMPLE 2.4 Sketch the graph of the function 
(i) Relative to the graph of f(x) = |x|, the graph of f(x) =2 |x-2|-|x+1]|-x 
h(x) = 3[x| = 3£(x) * SOLUTION 
is a vertical stretch (multiply each y-value ~2(x —2)+(x+l)-x x<-] 
by 3) of the graph of f. HA @-2)-G4il=% <1 xe? 
(11) Similarly, the equation 2(x —2)-(x +1)-x wy) 


g(x) = > Ixl= =f) 


indicates that the graph of h is a vertical 
shrink of the graph of f. 


f(x) = |x| 
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S= 2% 2 x <—] 
= f(x)= 43-4x , -lex<2 
-5, x22 


| EXAMPLE 2.5 Sketch the graph of the function 


f(x) =x+ alge 
| SOLUTION 


f(x) =x +|x| 


| EXAMPLE 2.6 Sketch the graph of the function 


f(x) =|x+3]/«+) 
| SOLUTION The given function can be written as 
—(x + 3)(x +1), x <-3 
(x+3)(x+1, *x2-3 


x 


f(x) = 


| EXAMPLE 2.7 Construct the graph of the function 


f(x) = x (|x-1| + *-1). 
3 


Graphs 


| SOLUTION The function f(x) is defined for 


all x. It follows from the definition of the modulus 
that 


x{ $x-2), if x21 
f(x) = 


i. if x <1. 
3 


2 
The graph of the function y = — A x” is a parabola 


whose vertex lies at the origin and which is 
concave down. 


4 
The graph of the function y = x (Sx -2| 


is a parabola which cuts the x axis at the points 
x = 0 and x = 3/2. The abscissa of the vertex of 
the parabola is equal to 3/4 and the ordinate equal 
to — 3/4. If follows that the function f(x) increases 
for x2 1. 


The graph of the function f(x) is shown below. 


| EXAMPLE 2.8 Find the values of k so that the 


line y = k can intersect the graph of 


y=xt|2(x+1)|+2|x-1| at exactly one point. 


| SOLUTION We have 


x—2(x+1)-—2(x-1), x<-l 
y = f(x) = 4x +2(x+1)-2(x-1), -I<x<l 
x + 2(x +1)+2(x -1), x >1 
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—3x, x<-—l 
f(x)=4x+4, -l<x<l 
5x, x >l 


The graph of y = f(x) is as shown alongside. 
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f(x)=5x 
(1,5) 


(-1, 3) 


Clearly y = k can intersect y = f(x) at exactly one 
point only if k =3. 


WE PRACTICE PROBLEMS [C] 


1. Draw the graph of the following functions: 


Q y=(|x+1|—-|x-1])/2 
Gili) y=x|x|—-4x-5 


2. Draw the graph of the following functions: 
(i) y =2xIt9/x (ii) 
(ili) y= alas (iv) 
x—3 
3. Draw the graphs of the following functions: 
GQ) y=|x|(x-2) (il) 
4. Draw y =|x?-4]-|x*-9]. 
5. Draw the graph of the following functions : 
(i) y=x?-2|x+1|-1 (ii) 
(iii) y =| 2x?-3x+|x-1]]. 
6. Draw f(x) = {ae a en 
2\ cosx sin xX 


2.7 | TRANSFORMATION OF 
GRAPHS BY MODULUS 
FUNCTION 


A function like y = f(x) has different elements. 
We can apply modulus operator to these elements 
of the function. There are the following different 
possibilities: 

1. y = f(x) 2. y = |£(x)| 

3. lyl = [£0 4. ly| = f(x) 

1. Drawing the graph of y = | f(x)|, from the 

graph of y = f(x): 


Gi) y=|x-1|+|x-2|/+x 


(iv) 


y=x|x-3]. 
1 
cos(ix|+7 
= 2 
,- — = 
sin X 
y = 2oee x! 


y=(3-x)|x+ ll. 


y=(|1-x|+2)(x+]) 


|f(x)| = f(x) if f(x) > 0 and 

|f(x)| = f(x) if f(x) < 0. 
The output of the function is now either zero or 
a positive number. This has the implication that 
the part of the graph y = f(x) corresponding to 
negative function values is not present in the 
graph of y = |f(x)|. Rather, a negative function 
value of f(x) is converted to a positive function 
value. This change in the sign of function takes 
place without changing magnitude of the value. 

It implies that we can obtain function values, 
which correspond to negative function value in 
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y = f(x) by taking image of negative function 
values about the x-axis. 
To construct the graph of y = |f(x)|, we need to 
modify the graph of y = f(x) as: 
(i) take the mirror image of the lower half of 
the graph about the x-axis. 
(11) remove the lower half of the graph. 
It means that the graph of f(x) and |f(x)| would 
coincide if f(x) = 0 and the portions where f(x) < 0 
would get reflected above the x-axis. 


P EXAMPLE 2.1 Draw graph of y = |cos x\. 


| SOLUTION We first draw the graph of y = cosx. 
Then, we take the mirror image of lower half of 


the graph in x-axis and remove lower half of the 
graph to complete the graph of y = |cosx\. 


PEXAMPLE 2.2 Draw graph ofy =|x”-2x-3], 
| SOLUTION We first draw the graph 


yox -2x-3. 

The roots of the corresponding quadratic 
equation are —1 and 3. After plotting the graph 
of quadratic function, we take the mirror image 
of the lower half of the graph in the x-axis and 
remove the lower half of the graph to complete 
the graph of y = |x” — 2x -3]. 


Graphs 


EXAMPLE 2.3 Draw the graph of y = |/n x\. 


| SOLUTION Take the image of the negative 
part of f(x) considering the x—axis as plane mirror. 


| EXAMPLE 2.4 Construct the graph of the function 


y = ||x + 1] -2|. 


| SOLUTION Takingthe graphofthe function 
y, = |x| , translate it one unit leftwards along 


the x—axis and two units downwards along the 
y-axis. 


This yields the graph of the function 

y2=[x+ 1|-2. 
Then replace the portion of the graph below the 
x-axis corresponding to —3 < x < 1, by the portion 
symmetric to it about the x—axis. The resulting 
poly gonal line is the graph of the function y. 


EXAMPLE 2.5 Draw the graph of the func- 


tion 


y=|2-|x-2]]. 
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| SOLUTION Graph of y =x-2 


Graph of y =-|x-2| 


| EXAMPLE 2.6 Draw the graph of 
1 
=||-|-1 
om sl 


| SOLUTION We draw y = I/x first and then 


draw y =|1/x|. For this we take image of the lower 
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half in the x-axis and remove the lower half. To 
draw y = |1/x| — 1, we shift down the graph of |1/ 
x| by | unit. 


To draw ||1/x| — 1], we take image of the lower 
half of the graph of |1/x| — 1 in the x-axis and 
remove the lower half. 


4 


2. Drawing the graph of y = f(|x|) , from the 
graph of y = f(x) 

Consider y = f(|x)). 

It can be seen that modulus operator here 
modifies the independent variable of the function. 
The input to the function is now either zero or 
positive number. This has the implication that part 
of the graph y = f(x) corresponding to negative 
value of x is not present in the graph of y = f(|x)). 
Rather, negative value of x is passed as positive 
value to the function. This means that negative 
value of independent variable x yields function 
value which is equal to function value obtained 
for corresponding positive x whose magnitude is 
same as that corresponding negative x. It implies 
that we can obtain function value for negative x 
by taking image of positive x across y-axis. This 
is Image in y-axis. 

It is clear that, f(|x|) = f(x), V x ~” 0 and 

f(|x|) = f(-x), V x < 0. 

Thus, the graph of function y = f(|x]) is obtained 
from the graph of the function y = f(x) as follows: 


(i) first we remove the left half (graph for x < 0) 
of the graph 


(ii) then we take the mirror image of right half 
(graph for x > 0) of the graph in the y-axis. 
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Graphs 


> 


(i) Since f(|x|) is an even function, the graph 
of f(|x|) would be symmetrical about the 
y-axis. 

(ii) The graphs of f(|x|) and f(x) would be 
identical in the first and the fourth quad- 
rants (as x > 0). 

(iii) The part of f(x) lying on the left of the 
y—axis (if it exits) is omitted. 


| EXAMPLE 2.7 Draw graph of y = sin|x\. 
| SOLUTION First we draw graph of sinx. In 


order to obtain the graph of y = sin|x|, we remove 
left half of the graph and take the mirror image of 


right half of the graph of in the y-axis. * EXAMPLE 2.9 Draw graph of 


y =x?-2 |x| -3. 


| SOLUTION The given expression 


f(x) =x* —2|x|-3 is obtained by taking modulus 
of the independent variable of the corresponding 
quadratic polynomial in x as given here, 

f(x) = x* — 2x — 3. Hence, we first draw 

f(x) = x” — 2x —3 =0. It has real roots — 1 and 
3. The coefficient of x’ is positive. Hence, its plot 
is a parabola which opens upward and intersects 
x-axis at x =—1 and x =3. 

In order to draw the graph of f(x) = |x|? — 2|x| 
~3 =x’ —2 |x| —3, we remove the left half of the 
graph and take the mirror image of the right half 
the in y-axis. 


y = x2 -2|x| 3 


| EXAMPLE 2.8 Draw graph of y =e"!*!. 
| SOLUTION We first draw the graph of y =e’. 


Then, we shift the graph left by 1 unit to obtain 
the graph of e**!. Atx=0, y =e°*! =e. In order 
to obtain the graph of y = e*'* 1, we remove the + EXAMPLE D0 
left part of the graph and take the mirror image of EXAMPLE 2.10 Draw the graph of the function 
right half of the graph of y = e*~’ in the y-axis. y =| Mx | 
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| SOLUTION 


y = lénIxll 


| EXAMPLE 2.11 Draw the graph of the function 


y=le!*'-3| 


| SOLUTION 


(In3, 0) 
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l 
el 1 


| EXAMPLE 2.12 Plot the function y = 
| SOLUTION The graph is shown below: 


| EXAMPLE 2.13 Draw the graphs of the curves 
y=\-x? +2|x|+3 y=-x’ —2|x|+3 


| SOLUTION Observe that y = ./—x* + 2x +3 


is an upper semicircle and that 


y= J-x? +2x+3 => x*-2xty’?=3 
=> (x-l)ty’?=4. 


from where the semicircle has radius 2 and 
centre at (1, 0). Its graph is shown below. 


The graph of y = V-x* + 2|x|+3 is shown 


below. 
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The graph of y= -x*—2|x|+3 is obtained by 


reflecting the left half of the graph in the y-axis. 


| EXAMPLE 2.14 Draw the following graphs 


in succession. 


(ii) y =|(K-1)*-2| 
(iv) y =(1 + |x)’ -2 


(i) y=(x-1)°-2 
(iii) y = (x|- )°-2 


| SOLUTION Here is the graph of 


y=(x-1)°-2 


Here is the graph of y =|(x — 1)? —2| 


Graphs 


Here is the graph of y = (|x| — 1)? -2 


Here is the graph of y = (|x| + 1)? —2. 


123 4 5X 


| EXAMPLE 2.15 Draw the following graphs 


in succession: 

@) y=1-x Gi) y=|1—x| 

Gi) y=1-[1—-x (iv) y =|1 —|1—xl| 
(v) y=1—-[1—[1—-xl| (vi) y=|1-[1-|1—-all 
(vii) y=1—|1—-|1—|1—xll] 
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| SOLUTION Here is the graph of y = 1 —x. 


Y 
5 
4 
3 
2 
l 


123 45 X 


= = 12345 xX 


Here is the graph of y = |1 —|1 —|1 —x]]. 


Here is the graph of y = 1 —|1 —x|. 


Here is the graph of y = |1 —|1 — xl. 
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Here is the graph of y = |1 —|1 —|1 —|1 —xll]. 


The graph of function y = f(— |x|) is obtained from 
the graph of the function y = f(x) as follows: 
(i) first we remove the right half (graph for 
x > 0) of the graph. 
(it) the graph of the function is retained for 
x < 0, and this retained portion of the graph is 
reflected symmetrically about the y—axis, thus 
determining the graph of the function for x > 0. 


tEXAMPLE 2.16 The graph of y = f(x) is 


shown below. Draw the graphs of (1) y = f(|x|) and 
(i) y = fC |x)). 


| SOLUTION 


(i) The graph of y = f(|x|) is shown below : 


Graphs 


(ii) The graph of y = f(— |x|) is shown below : 


3. Drawing the graph of | y | =| f(x) |, from 
the graph of y = f(x): 

The graph of |y| = |f(x)| is obtained from the 
graph of the function y = f(x) as follows : 

First draw the graph of y = f(x). Then take 
the image of the graph of f(x) about the x—axis 
considering it as a plane mirror. The union of the 
graphs is the required graph. Note that the graph 
of |y| = |f(x)| does not represent a function. 

Let us draw the graph of | y | =| sin x |. 


| EXAMPLE 2.17 Draw the graph of ly| = |e* — 1]. 
| SOLUTION We first draw y = e* — 1. Then 


we reflect this graph about x-axis. Now the graph 
of |y| =|e* — 1| is the union of both the graphs. 


Lyl = [eX] 


| EXAMPLE 2.18 


iaialer" 


Draw the graph of 
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| SOLUTION 


lvl = le 


4. Drawing the graph of |y| = f(x), from the 
graph of y = f(x): 
Consider _ |y| = f(x). 

In this case, the value of a function evaluated 
at some x is assigned to modulus function |y|. We 
interpret equality of the modulus function ly| to a 
value as follows: 

Let f(a) = b, then |y| = f(x) > ly| =b 

If b> 0, then y =+b 

If b = 0, then y = 0 

If b < 0, then we have no solution, since 
modulus cannot be equated to a negative value. 

From the point of view of construction of plot, 
for a single positive value of f(x), say f(x) =4, we 
have two values of the dependent variable 1.c. —4 
or 4. Hence, there are two points (4, 4) and (4, —4) 
on the graph corresponding to one value of the 
independent variable 4. 

In the equation |y| = f(x) , clearly ly| = 0. If 
f(x) < 0, graph of ly| = f(x) would not exist. And if 
f(x) = 0, ly| = f(x) would give y = + f(x). 

The graph of |y| = f(x) is obtained from the 
graph of the function y = f(x) as follows: 

First delete its portion located below the x—axis. 
The portion of the graph of the function y = f(x) 
lying above the x—axis remains unchanged. Then 
take the image of the positive part of f(x) about 
the x—axis considering it as a plane mirror. 

Hence, the graph of |y| = f(x) would exist only 
in the regions where f(x) = 0 and will be reflected 
about x—axis only in those regions. Regions where 
f(x) < 0 will be neglected.Note that the graph of 
ly| = f(x) does not represent a function. 
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Let us draw the graph of |y| = sinx. 


| EXAMPLE 2.19 Draw the graph of 
lvi=(@—-1) @&—3). 
| SOLUTION We fist draw the graph of 
quadratic function given by y = (x — 1) (x - 3). 
Then, we remove the lower half of the graph and 


take mirror image of upper half of the graph in 
x-axis to complete the construction of graph of 


lyl=@-1l) @-3) 
lvl = (x- 1) -3) 


| EXAMPLE 1.20 Draw the graph of the function 
Ix|+ly]=1. 

| SOLUTION The given curve can be rewritten as 
ly|=1-|x| 
Graph of y = 1 -| x |: 
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Now graph of |y |=1 -|x|: 


EXAMPLE 2.21 Plot ly+ 1l|/=2x+3 
| SOLUTION We have to plot 


3 
+1)=2/ x+2 
y+ 2( x | 


—3 
Shifting the origin to (=.-1] , the given curve 


can be drawn similar to |y| = 2x. 


ly-+1| = 2(x+3/2) 


The entire curve lies on the right of x = — 3/2 and 
cuts the y-axis at point given by 


ly + 1)=3 [putting x = 0] 
=ytl=+3 
=> y=2,-4. 


tEXAMPLE 2.22 Determine the number of 


points where the graphs of |y| = In |x| and 
(x — 1)?+ y? — 4 = 0 intersect each other. 


* SOLUTION The curve |y| = In |x| is obtained 


by transforming y = /n x . To draw y = In |x| , we 
need to remove left half (but here there is no left 
half) and take image of right half in y-axis. To draw 


Graphs 


ly| = In |x|, we transform the graph of y = In |x|. 
For this, we remove the lower half and take image 
of upper half in x-axis. 

On the other hand, (x — 1)? + y*-4=0isa 
circle with centre at 1, 0 having radius of 2 units. 
Finally, drawing the two graphs together, we 
determine the intersection points. 


Clearly, there are three intersection points as 
shown by solid circles. 


| EXAMPLE 2.23 Find the complete set of val- 


ues of ‘a’ for which the equation sin!x = |x — al 
has atleast one solution. 


| SOLUTION 


sin ‘x = |x —al 


Consider the limiting case when a> 0. 


T 
In this case, y = (a — x) must pass through C =). 
= = =4-1 => a=1+ =. 
2 2 


Now, consider the limiting case when a < 0. 
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7 ; 1 
In this case, y = (x — a) must pass through (. =| => sinx=—-l, 5 
seo 2s a oe Clearly, sinx # —1 
2 y=cos2x 


Thus, for atleast one solution, we must have 


acf1- F145 
2 2 


tEXAMPLE 2.24 Find the complete set of 


y=|sinx| 


values of x, satisfying the inequality cos2x>|sin- _,. giny = I 
2 

T 
x|, where x € (5, r) um ST 

2 => =. = 

. 6 6 
SOLUTION cos2x > |sinx| From the figure, the solution set is 
If cos2x = sinx we get 2 sin’x + sinx — 1 = 0 (-2 =) wy (= r) 
6° 6 6°) 


PRACTICE PROBLEMS [D] 


1. Construct the graph of the following functions: 


G) y=|1+2x| Gi) y=-|-4x+2| 
2. Draw the graph of the following functions: 

(i) -— Gi) y=|x°-x| 

(iii) y =|x?+x| (iv) y =—|x?—2x| 
3. Draw the graphs of the following functions: 

(i) y=x’-4|x|+3 Gi) y=x’+4|x|+3 
4. Draw the graphs of the following functions: 

@) y=—?-3]x|+2| di) y=-|x’-|x|-6| 
5. Draw the graph of the following functions: 

(i) y=1+|sinx| Gi) y=|1-|x°-2|| 
6. Draw the graph of the following functions: 

(i) y=sin|2x| Gi) y=x'—3|x| 

(iii) y =log|x|-log x’ (iv) log, |x—1|-1 
7. Construct the graph of the following functions: 

@ y= ay ay a1 

x-I| 


Gi) ¥= 
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8. Draw the graph of the function functions: 
@ lyl=le 
Gu) ly| =|1—|x—1l| 
9. Construct the following curves: 
@ —=-1 (i) 
x +1. 
10. The following graph shows the graph of f: 


ly}+x=-l 


¥ 


Draw the graph of the following functions: 
1 
i = — f(x 
@ y= 71) 


Gu) y =|fCx)| 


2.8 | MISCELLANEOUS 
GRAPHS 


Graphs of functions involving signum function 


| EXAMPLE 2.1 Draw the graph of the function 


(i) y=sgn(x°-x) (ii) y = sgn (In x) 
| SOLUTION We first draw the graph of y = x’-x 
to find the sign scheme of the function. 


For y = sgn (x* — x), 

we draw y = 1 when the function is positive; 
draw y =—1 when the function is negative; 
and draw y = 0 when the function is zero. 


y = sgn(x?-x) 


(iii) [x] + ly| = 2 


Graphs 


(i) ly =| logiy4 (/4) | 


(iv) ly—3/=|x—I]. 


Gi) y= —lf@d)| 


(iv) y-t(-2) 


Note, 


For clarity, we apply rings: solid ring to denote 
inclusion of point and hollow ring to denote 
exclusion of point. Using solid ring is optional, 
but helps to identify points on the graph. 


(ii) Graph of y = sgn (/n x) 


| EXAMPLE 2.2 Draw the graph of 


f(x) = | cos x | | 


COS X 


SOLUTION The value of the function is 1 or 


— ] according as cos x is positive or negative. f(x) 
is undefined when x = (2n + 1)z/2, ne I. 
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= max, {sin x, cos x} 


_ [cos x | 
~ COs xk 


Graphs of max.- min. functions EXAMPLE 2.5 Draw 
| EXAMPLE 2.3 Draw the graph of the function y = min.{[x| — 1, [x — 1|-1, |x —2|- 1}. 
= 22%, 2,15 
ican = aoe) * SOLUTION We must plot the curves 
? SOLUTION First we draw the graphs of 
= = _ y =|x|-1 
y=2-x,y=2andy=1+x. y= kei 
y =|x-2|-1 


on the same reference frame. 

The plot of y + 1 = |x| is obtained by shifting 
the origin to (0, —1) 

The plot of y + 1 =|x-— 1] is obtained by shifting 
the origin to (1, —1). 


The plot of y + 1 = |x — 2| is obtained by shifting 
Then the graph of y = max {2-x,2,1+x}is ge origin to (2, -1). 


selected a s the maximum value out of the three 
functions in the above graph: 


The plot of the three curves is shown below. 


y = max {2—x, 2,1 +x} 


The darkened portion is the minimum of the three 
EXAMPLE 2.4 Draw the graph of 
EXAMPLE 2.4 de curves taken together and hence represents the 


required curve. 


EXAMPLE 2.6 Let f(x) = maximum {4, x’ + 1, 
x’—1} V xe R. Show that f(x) is positive for all x. 


31 
y = max {sin x, cos x}, forx € [-1 == 


f SOLUTION The bold curve represents the 
graph of y = f(x). Clearly f(x) is above the x-axis 
at all points. Hence, f(x) is positive for all x. 
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| EXAMPLE 2.7 If f(x) = max. 


{2 sinx, 1 — cosx} V x € [0, x], then find x at 


which f(x) attains the value of 1. 


tSOLUTION The bold curve represents the 


graph of f(x). 


- 4 y=1—cosx 


4 
eof FT . 
“de y=2sinxX 
vi 


x 
2 


Clearly, f(x) = 1 at x = ; , Tt. 


tEXAMPLE 2.8 Find the total number of 


1. 
solutions of the equation max. (sinx, cosx) = 5 in 
x € (272, 52). 


tSOLUTION f(x) = max(sinx, cosx) is peri- 


odic with period 22. 


1 
The graphs of y = f(x) and y = meet two times 


in [0, 27]. Thus, there are 7 solutions in (—2z, 52). 


? EXAMPLE 29 Let f(x) = max. {sinx, cosx, 


1 —cosx}. Find the points belonging to (0, 27) where 
f(x) = 1-cos x. 


* SOLUTION The bold curve represents the 


graph of y = f(x). 


Graphs 


For abscissa of point B, we solve 
sin x = 1 —cosx 


Tt 
> x= a For abscissa of point C, we solve 


ST 
cosx = 1-—cosx >x= a 
Hence the solution of f(x) = 1 — cos x is 


EXAMPLE 2.10 Draw the graph of 


minimum {f(t) ; O<t<x}, x €[0, 7] 
g(x) = 


X>T7 
where f(x) = cosx. 


* SOLUTION Since cos x decreases in [ 0, z], 


O<x<T7 


X>T 


’ 


sin x —l, 


COSX , 


g(x) = 


sinx—l, 


The graph of g(x) is shown below. 


2m! X 
] 


EXAMPLE 211 Let f(x) =x’ —2|x| and 


minimum {f(t):—2 <t<x}, xe[-2, 0) 
g(x) = maximum {f(t):0 <t<x}, xe[0,3] 


Then find the solution set of the inequality 
g(x) > f(x). 
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tSOLUTION The bold curve represents the 


graph of g(x). Clearly g(x) > f(x) when x € (0, 2). 


Graphs of linear inequalities 


The inequalities of the form ax + by +c > 0, 
ax + by +c <0,ax+by+c20andax+by +c 
< 0 are called linear inequations in two variables 
x and y. 

The solution of the linear inequality 

ax+by+c<0 (or,ax+by+c20) 
is called a half plane. Geometrically speaking, the 
half plane consists of all of the points lying on the 
bounding line ax + by + c = 0 and on one side of 
the line. 

First draw the line ax + by + c = 0. We select a 
point in one of the half planes and put it into the 
given inequality. If that point satisfies the given 
inequality, then all points in that half plane satisfy 
the inequality. 

For strict inequality 1.e., ax + by + c > 0 or 
ax + by +c <0 draw the line dotted (.....) otherwise 
draw it thick(—). The shaded portion represents 
the solution set of the given inequality. The dotted 
line is not a part of the solution, but thick line is a 
part of the solution. 


tEXAMPLE 2.12 Draw the graph of the 


inequality 2x — 3y <- 6. 


| SOLUTION First plot the line 2x — 3y = -6. 


Then choose an arbitrary point that doesn’t 
belong to the line, say (0, 0), and test it to see if it 
belongs to the solution set. 

Since (0, 0) does not satisfy the given 
inequality, the points on the other side of the line 
belong to the solution set as shown in the figure. 
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Graph : 2x — 3y <-6 


| EXAMPLE 2.13 Sketch the solution set of 


each linear inequality: 
(i) 2x+y<-3 


(iii) 2x -—3y <0. 

In each case, first plot the line bounding the 
half plane by finding atleast two points on the 
line ; then choose a point which doesn’t belong to 
the line and test it in the given inequality. 


| SOLUTION 


(i) On the line 2x + y = -4; if x = 0, y = -4; 
if y = 0, x = -2. Draw the line through 
(0, —4) and (2, 0). Test, say, the origin 
(0, 0). Since (0, 0) does not satisfy 
2x +y <-4, 1e., 0 # -4, shade the side of 
the line which does not contain the origin. 
Y 


(ii) 4x — 3y > -6 


4 


AS 


\ 
r\ 
PA 


Graph : 2x + ys -4 
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Graphs 


(ii) On the line 4x —3y =-6; ifx=0, y =2; if +socuTiION 
y = 0, x = -1.5. Draw the line through (0, 2) SOLUTION 


and (—1.5, 0). Test the origin (0, 0). Since (a) y>x 
(0, 0) satisfies the given inequality 


, Y 
4x — 3y > —6, shade the side of the line con- Le 
taining the origin. Zu 


Graph : 4x — 3y > -6 ” ZZ Zi ‘ 
O 


(iii) On the 2x —3y = 0; ifx = 0, y = 0; if x =3, 
y =2. Draw the line through (0, 0) and (3, 2). 


Since the origin belongs to the line, test the (c) 2x-y2l 
point (2, 0). Since (2, 0) does not satisfy the Y 
given inequality 2x — 3y < 0, shade the other 
side of the line. yt 
a 
ay 
a 7 
ees S WA - 
ieee eee: a 
eee ll ee 
es 
ZY VF 
eT Y 
5 5 ¥ 
| EXAMPLE 2.15 Sketch the solution set of 
“ the following system of linear inequalities: 
a a a (i) x+2y <4 (ii) x +2y <4 
x-y 20 x-y <0 
| EXAMPLE 2.14 Draw the graphs of the so- 4 S_] 
lution set of the following inequalities: aa ae 
(a) y>x (b) y>|x| | SOLUTION In each case the bounding lines 
5 = of the given half planes are x + 2y =4,x-y =0 
icy 2xey 2 and y =-1l. 
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Furthermore, 
. . an y = : 
A= (-1, -)), is the solution of yoo 
. xX+2y=4 
B= (6, -1), is the solution of oa 


x+2y=4 
C= =. | , 1s the solution of e 
3.3 x-y=0 


(i) 


tEXAMPLE 2.16 Sketch the solution set of 


the following system of linear inequalities : 


| SOLUTION The convex polygon shaded in 


the adjoining diagram is the solution to the sys- 
tem of inequalities. 
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in 
a oe 


EXAMPLE 2.17 Plot |x| +|y| =|[x—3] + ly -2| 
* SOLUTION There are nine cases: 


Let x23,y <2 
The given equation reduces to 


Ky Hx sy 2 
i.e. 0 =—5 not possible. 
Let x2>3,y <0 

x-y=x-3+2-2 
i.e. 0 =— 1 not possible. 
Let O< x<3,y<2 

xty=3-xty-2 
ie. x=l 
Let O<x<3,y <0 
RVs =k 2=¥ 


—-x+ty=3-xty-2, 
i.e. 0 = 1 not possible 
Let x <0, y 20 
=K=y =3—x4t2—y 
i.e. 0 =5 not possible. 
Let x2>3,0<y<2 
Lyk 32 y 


Le. y= a 
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Graphs 


oe oe 
Unacceptable since it does not lie in 0 <y < 2. SOLUTION 


Let 0O< x<3,0<y <2 
ee ‘nid (i) We first draw the bounding lines x — y = 1 
ee ee ee and x — y = — 1 and then test (0, 0) in the 


Le. xty= given inequality |x-—y|< 1. 


2 
2 
Let x<0,0Sy <2 
—-xty=3-x+t+2-y 
_ 5 (i) 
Le. y= 
2 
unacceptable since it does not lic in 0<y <2. 
Thus, the required curve is as shown alongside. 


A= (5/2, 0) 
B =(1/2, 2) 


(ii) 


| EXAMPLE 2.18 Onthe X-Y plane, indicate 


the points satisfying the inequality 
G) |x-y|s1 Gi) |x|+ly| <3 


Gi) ly|<2* -> 


a PRACTICE PROBLEMS [E} 


1. Draw the graph of the following functions: 
@ y= 


(iii) 


| sin x | 


(ii) y=sgn(x—|x|) (iii) y =| log, x | /log, x (iv) y= RSI 


(x? +3) 
sin X 1 
2. Draw the graph of the following functions: 
GQ) y=max {1—x,1+x, 2} Gi) y=min {/x|,|x—-2|,2-|x—-1]} 
(ili) y= mine, _ Le | 


3. Plot the solution of each pair of inequalities: 


(i) 2x-—3y <6 (ii) 2x+5y <6 
2x+y<4 x21 
4. Sketch the solution set of the following system of linear inequalities: 
(i) x+2y <4 (ii) xt+2y>4 
x-y <0 x-y <0 


y <-l y<-l 
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5. Indicate the points on the plane X-Y which satisfy the following equations: 


(i) y+ly|-—x—|x|=0 
Gi) |y|x=x 


(ii) Ix+y|+|x-y|=4 
(iv) |x-y|+y=0 


6. On the plane X-Y, indicate the points satisfying the inequality 


G) |xty|22 
(iii) |x-1|+]y+1]2>2 


2.9 | TRANSFORMATION 
OF GRAPHS BY 
GREATEST INTEGER 
AND FRACTIONAL PART 
FUNCTIONS 


1. Drawing the graph of y = [f(x)], from the 
graph of y = f(x) 
The graph of y = f(x) is transformed to y = [f(x)] 
by applying changes to the output of the function. 
Whatever be the function values, they will be 
changed to integral values following definition of 
greatest integer values. 

Clearly, real values of f(x) are truncated to 
integer values in the interval of unity i.e. [—1, 0), 
[0, 1), [1.2) etc. along y-axis. We need to modify 
the graph of y = f(x) as : 

(i) Draw lines parallel to x-axis (horizontal 

lines) at integral values along y-axis to 
cover the graph of y = f(x). 

(ii) Identify points of intersections of graph 
with parallel lines drawn in the earlier step. 
Draw lines parallel to y-axis (vertical lines) 
from the intersection points identified. 


(111) Take x-projection of curve from the point 
of intersection between two consecutive 
vertical lines such that it lies on horizontal 
line of lower value. 


PEXAMPLE 2.1 Draw the graph of y = [2°]. 
| SOLUTION Following the above construc- 


tion steps, graph of y = [2*] is drawn as follows: 


qi) |x|-|y|/21; 
(iv) |x+y|+|x-y| <2 


| EXAMPLE 2.2 Draw the graph of y = [2cos x]. 


| SOLUTION Following the construction steps, 
graph of y = [2cos x] is drawn by transforming 


y =2 cos x as shown here. 


' 


| | I 
\ | \ 
| 1 | 
I I I 
+ +----- --- 
\ | | naa \ 
| | \ , 1 | 
\ \ \ jt 1 \ 
| | | 1 I 
\ 1 I i” I 
ca 5 miata Fhe a 7 t+——O === r= 
| \ | v1 1 | 
I | I x | I I 
1 I 1 5 1 | I 
o t 4n/3 x | 
| \ | 1 
I | ; 1 \ 
I I ly \ 1 ! 
v 1 7 | 1 \ 
iN I v \ \ I 
icant sonaimmimeg ion) ~:CCOMSS a p= kt [ae [ets 
=I ' 1 \ ‘| \ 1 ' 
| LX I gf) I | I 
| I \ \ ran \ 1 \ 
| \ Nt 7 | \ 1 1 
ee arene ae | eee Oo ne Po cepcentmengecs Regehr y! — 
1 1 | 
\ | 
| | 
| 


Note two individual solid circles. We should analyze 
their existence while constructing the graph. 


| EXAMPLE 2.3 Draw the graph of 


y =[log,x], W/2<x<2. 


+SOLUTION The graph of y = [log,/x] 1s 


drawn below. 
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| EXAMPLE 2.4 Draw the graph of 


y = [x¥3],-8<x<8. 
| SOLUTION The graph of y = [x!9] is drawn below. 
Y 


| EXAMPLE 2.5 Draw the graph of y = [x 1]. 


| SOLUTION We first draw the parabola y = x’- 1 
and then follow the steps of drawing y = [f(x)]. 


| EXAMPLE 2.6 Draw the graph of 
¥>a2=x° 


| SOLUTION We first draw the semi-circle 


y = vV2-x? and then follow the steps of 
drawing y = [f(x)]. 


— 
(-------- 
<< 
I| 
N 
| 
* 
No 


Graphs 


2. Drawing the graph of y = f([x]), from the 
graph of y = f(x) 

The graph of y = f(x) is transformed to y = f([x]) 
by virtue of changes in the argument values due 
to operation on the independent variable. The 
independent variable of the function is subject- 
ed to greatest function operator. This changes 
the normal real value input to the function. The 
independent variable to the function is rendered to 
be integers depending on the value of x and inter- 
val it belongs to. A value like x = — 2.3 is passed to 
the function as —3 in the interval -3 <x <— 2. 
For example, 


f(-1) , -l<x<0 
y=f(xp=)f0) . Osx<!l 
f_l) , 1lsx<2 


Clearly, real values of x are truncated to integer 
values in the interval of unity i.e. [-1, 0), [0, 1), 
[1.2) etc. It means that values of the function 
y=f([x]) will remain same as that of its value cor- 
responding to integral value of x till value of x 
changes to next interval. Knowing that truncation 
takes place for successive integral values of x, we 
divide graph of y=f(x) to correspond to 1 unit seg- 
ments of x-axis. 

For this, we draw lines parallel to y-axis at 
integral points along x-axis. From intersection point 
of these lines and function’s graph, we draw lines 
parallel to the x-axis for the whole interval which 
extends for a unit value. This ensures that function 
values remain same to that of function value for the 
lower integral value of x in a particular interval of one. 

In short, for constructing the graph of y = f([x]), 
we need to modify the graph of y = f(x) as: 

(i) Draw lines parallel to y-axis (vertical lines) 

at integral values along x-axis to cover the 
graph of y = f(x). 

(ii) Identify points of intersections of graph 
with parallel lines drawn in the earlier step. 

(11) Draw lines of 1 unit parallel to x-axis from 
intersection points in the direction of posi- 
tive x. The line ends at the next parallel 
line on right. Include intersection point but 
exclude other end of the line. 
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PEXAMPLE 2.7 Draw the graph of y = y{x]. 


| SOLUTION Here f(x) =Vx , and we have to 
draw y = f([x]). 


Following the above construction steps, graph of 
y = y[x] 1s drawn as shown here. 


EXAMPLE 2.8 Draw the graph of y = sin[x] 
| SOLUTION Following the above 


construction steps, graph of y = sin [x] is drawn 
as shown here. 


| Br SBR X 
| | I | rm? 
TEXAMPLE 2.9 Draw the graph of y = [x]’ 


2<x<?2. 


SOLUTION The graph of y = [x]* is drawn 


as shown here. 


eS ee ie 


———- --4--- ------S-- 


EXAMPLE 2.10 Draw graph of tan [x], 


x €[-2, 2]. 
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*SOLUTION The graph of y = tan [x] is 


drawn as shown here. 


See that the function value corresponding to x = 2 is 
not included in the preceding interval on the graph. 
As such, we need to put a solid circle at x = 2. 

Further, we need to remove the original graph 
of y = tan ‘x (this step is not shown in the figure 
above). 


| EXAMPLE 2.11 Consider the graph of y = f(x) 


given below. Draw the graphs of the following func- 
tions: 


@y =[fx)] @)y = f(x) 


| SOLUTION 


(i) The graph of y = [f(x)] is shown below: 


(ii) The graph of y = f([x]) is shown below: 
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| EXAMPLE 2.12 Draw the graph of 


f(x) = sgn (cot | x) + tan ; [x]. 


| SOLUTION Clearly the domain of f(x) is 


xe U{[2n, 2n+1)} 


nel 


Further f(x) = 1, Vx € Dy 


We see that f(x) is periodic with period 2. 


3. Drawing the graph of y = {f(x)}, from the 
graph of y = f(x) 

The graph of y = f(x) 1s transformed in y = {f(x)} 
by applying changes to the output of the function. 
Whatever be the function values, they will be 
changed to fraction values following the definition 
of fraction part function. The values of y will lie in 
the interval [0,1). 

Mathematically, {f(x)} = f(x) — [f¢x)] 

Clearly, {f(x)} depends on f(x), but lies in the 
interval [0,1). 

For constructing the graph of y={f(x)}, we 
need to modify the graph of y=f(x) as : 


(i) Draw lines parallel to x-axis (horizontal 
lines) at integral values along y-axis to 
cover the graph of y = f(x). 


(ii) Identify segments of graph between two 
consecutive vertical intervals. Transfer 
these segments to y-interval [0,1). 


Graphs 


(iii) Include end point corresponding to y = 0 
and exclude end point corresponding to 
y =1. 


| EXAMPLE 2.13 Draw the graph of y = {In x}. 
| SOLUTION Following the — construction 


steps, graph of y = {In x} is drawn as shown here. 


ce sue eee lee elie oh ee 


SEN ee ee ee ee eee ee 
--d-----+----4d-----}---- 


| EXAMPLE 2.14 Draw the graph of y = {e*}. 
| SOLUTION 


P EXAMPLE 2.15 Draw the graph ofy = {sinx}. 
* SOLUTION y = {sinx} = sinx — [sinx] 
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| EXAMPLE 2.16 Draw the graph of 


y= | 
3 . 
| SOLUTION 


4. Drawing the graph of y = f({x}), from the 
graph of y = f(x) 
The graph of y = f(x) is transformed to y = f({x}) 
by virtue of changes in the argument values. The 
independent variable is subjected to fractional part 
function. This changes the normal real value input 
to function. Instead of real numbers, independent 
variable to function is rendered to be fractions 
irrespective of values of x. A value like x = —2.3 1s 
passed to the function as 0.7 in the interval [0,1). 
Clearly, real values of x are truncated to fraction val- 
ues. It means that the same set of values of the func- 
tion y = f({x}) corresponding to interval of x defined 
by [0,1) will repeat in other intervals along x-axis. 
The fractional part function is a periodic 
function with a period of 1. Taking advantage 
of this fact, we obtain graph of y = f({x}) by 
repeating part of graph for x in [0,1) to other 
intervals along x-axis. Clearly, the transformed 
function y = f({x}) is periodic with a period of 1. 
For constructing the graph of y = f({x}), we need 
to modify the graph of y = f(x) as: 
(i) Draw the vertical lines x = 0 and x= 1. 
(11) Identify part of the graph for values of x in 
[0,1). Include end point corresponding to 
x = 0 and exclude end point corresponding 
tox =1. 
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(iii) Repeat the part of the graph identified in 
step (11) for other intervals of x. 


| EXAMPLE 2.17 Draw the graph of y = Paces 
| SOLUTION Following the construction 


steps, graph of y = ce’ is drawn by transforming 
y =e” as shown here. 


We repeat the part of the graph identified between 
0 and | to other intervals of x. 


| EXAMPLE 2.18 Draw the graph of y = In{x}. 
| SOLUTION 


EXAMPLE 2.19 Let f(x) =x-—x?+ 1, then 


draw the graph of the function y = f({x}) and 
show that it does not have any break. 


| SOLUTION The graph of fin the interval [0, 1] 
is shown in the figure. 


The graph of y = f({x}) is periodic with period 1. 
We see that f is continuous with f(0) = f(1) 
=> f({x}) is continuous for all real x. 


| EXAMPLE 2.20 Draw the function 


f(x) = [/xl] — IDs]. 


where [x] denotes the greatest integer function. 


WPRACTICE PROBLEMS (F] 


l. 


es) 


7. 
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Graphs 
+SOLUTION 
x=—l 
f()=[s|-Ib=| NS 
0 O0<x<l 
0 l<xs2 


Draw the graph of following functions where [.] denotes greatest integer function 
Gi) y=[2x]+1 Gi) y=x®l 1<x<3 

Draw the graph of y = [2 sinx]. 

Draw the graph of f(x) = [4 sinx] in [z, 27]. 

Draw the graph of the following functions: 
(i) y =2{x}?-3{x} +2 (ii) y =[sinx+cos x] 

Draw the graph of f(x) = tan st TE{X} |. 


Consider the graph of y = f(x) given below. 


Draw the graph of y = f([x]). 
Consider the graph of y = f(x) given below. 


Draw the graph of y = f([x]). 
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Consider the graph of y = f(x) given below. 


Draw the graphs of the following functions 


G@) y =[f@x)]. Gi) y = [f(x)I. 


. Consider the graph of y = f(x) given below. 


Draw the graphs of the following functions 


G@) y =fCtx}) Gi) y = ¢£@x)IF. 


10. Draw the graphs of the following functions: 
@) y= sin px] (ii) y = cos {2x} 
11. Let [x] denote the greatest integer in x. Then, find the number of solutions of the equation, 
x” — 3x + [x] = 0, in the interval [0, 3]. 
12. Find the complete solution set of the inequality [sin x] = _ 
13. Find the number of hollow rings used in the graph of y = [cos x], <x< = , 
14. Find the area of the region represented by [x + y]’ = | and lying in the first quadrant. 

2.10. | GRAPHS OF FUNCTIONS (1) We draw the graph of f and g on the same 
BY OPERATIONS ON ae | 
FUNCTIONS (ii) At any x lying in the common domain, 

we draw vertical arrows representing the 

Addition of Graphs values of the two functions. 

7 (iii) We now draw a vertical arrow at the same x 

The addition of two functions f and g with a height equal to the sum of the heights 

y = f(x) + g(x) (with sign) of the above two arrows. 

is defined for those values of x which lie in the (iv) We repeat the steps (11) and (111) at several 

domain of both the functions. For construction of values of x and join the tips of the resultant 


the graph, we follow the following steps: arrows by a smooth curve. 
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| EXAMPLE 2.1. Construct the graph of the 


following functions: 
@ y=x+l (ii) y =2*+27-* 
x 
Gi) y=x+sinx. 


| SOLUTION 


(i) The graph of y = x + (1/x) is constructed by 
combining two graphs, y, = x and y, = 1/x. In other 
words, for each admissible value of the argument (that 
is, for every x # 0) the corresponding ordinate y is 
built up as an algebraic sum of the ordinates y, and y, 
corresponding to the same value of the argument. 

It is easy to figure out the shape of the graph of 
the function on the positive x-axis : for each value 
x > 0, the corresponding ordinate of the straight 
line y, = x has to be increased by an ordinate of 
the hyperbola y, = 1/x corresponding to the same 
value of x. It is quite obvious that for a positive 
x tending to zero, the expression x + (1/x) tends 
to oo, and for x tending to ©, the desired graph 
approaches the line y, = x , since the summand 
1/x becomes smaller and smaller. 

It is easy in this case to determine the smallest 
value of the function y (recall that so far we are 
only considering positive values of x): indeed, 
when x > 0 the inequality x + (1/x) > 2 holds true, 
which is to say the smallest value is equal to 2 and 
is reached when x = 1. 

Construction of the graph is similar on the 
negative x-axis as well. Incidentally, we could take 
advantage of the fact that the function y is odd and, 
hence, its graph is symmetric about the origin. 


Graphs 


(ii) We follow the steps as outlined above for 
addition of graphs of y = 2* and 
y =2 *. The graph of y = 2* + 2“ is shown 
below. 


ry= 2x+2-x 


(111) Wecombine the graphs of y = x and y = sin x, 
to obtain the graph of y = x + sin x, which 
is shown below. 


-EXAMPLE 2.2 Construct the graph of the 


following functions: 
(i) y= x24 
x 


| 


Xx 


(il) y= 


ee 1 
(li) y =cosecx— —, 0<x<a 
X 
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| SOLUTION 


(i) The graph of y = x? + - is shown below: 
x 


Graph close 
to y = x? 
for |x| large 


Graph close 
to y= 1/x 
for x near 0 


x°-l. 
is shown below: 


(ii) The graph of y = 


7 
(ii) The graph of y = cosec x— —, 0<x<ais 
shown below: - 


\ I 
Ly =cosec x |} 


= Cosec X — all 
x2 


\ 
\ 
\ 
\ 
\ 
\ 


| EXAMPLE 2.3 Draw the graph of y = [sin x] + 


sin x, where [.] denotes the greatest integer func- 
tion. 


| SOLUTION Since—1<sinx<1, [sinx]=—1,0,1 


We have [sin x] + sin x = 2 when x= 2 nt+ ne I 
and in general, — 2 < [sin x] + sinx <2 2 
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Multiplication of graphs 


The multiplication of two functions f and g 

y = f(x) . g(x) 
is defined for those values of x which lie in the 
domain of both the functions. 

In general, it is difficult to predict the graph of 
the product of two functions. But, it can be done 
if one of the functions is a trigonometric function 
like sin x, COS x, sin’x, etc. 

That is, we wish to draw functions like 

y = f(x) sin x, 

y = f(x) cos x, y = f(x) sin’x, etc. 


EXAMPLE 2.4 Construct the graph of the function 
y =x sin x. 


| SOLUTION Taking advantage of the fact that 
the formula is a product, we apply the technique 


of multiplication of graphs. The required graph 
will be constructed by multiplying two graphs 
y; = xand y, = sin x. In other words, for each value 
of the argument, the corresponding ordinate y is 
constructed as a product of the ordinates y, and y, 
which correspond to the same value of the argument. 
We first construct the graph of the function y for 
nonnegative values of the argument. For each val- 
ue of x we multiply the value of the correspond- 
ing ordinate of the straight line y, = x and the 
value of the ordinate of the sine curve y, = sin x, 
and are thus able to construct a smooth curve that 
gives an approximate idea of the behaviour of the 
graph of the function on the nonnegative x-axis. 
The aspect of the curve can be improved 
somewhat by plotting a few characteristic points. 
First of all, it is clear that y = 0 for those values 
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of x for which sin x = 0, and so the graph of the 
function y crosses the positive x-axis at the points 
x = kn, k = 0, 2, ... Furthermore, for x > 0 the 
obvious inequality 

—x <x sin x <x holds true. 
This means that for positive values of the argument 
the graph of the function y does not extend above 
the straight line y = x or below the straight line 
y =—-x. In this case, the points of the graph of the 
function y that correspond to the values of x > 0 for 
which sin x = 1, 1.e., to the values 

x = (n/2) + 2 kn, k = 0, 1, 2.,..., lie on the 
straight line y = x, and the points corresponding 
to the values of x > 0 for which sin x = — 1, 1.e., to 
the values x = (37/2) + 2kr, k = 0, 1, 2,..., lie on 
the straight line y = — x. 


y =x sinx 


It is very easy to construct the graph of the function 
y on the negative x-axis since the function y is even 
and so its graph is symmetric about the y-axis. 


| EXAMPLE 2.5 Draw the graph of y = x’sin x. 
SOLUTION We — x’ <x’sin x <x’ 


Thus, the graph lies between two auxiliary graphs 


y =x’ andy =- x’. 


Graphs 


| EXAMPLE 2.6 Draw the graph of 


y =(1.3) ™ sin’x. 
SOLUTION 


Wehave 0<(1.3)sin’x < (1.3) 


Reciprocal of Graph 
Given the graph of y = f(x) we now wish to 
oo 
f(x) 
For construction of the graph, we follow the 
following steps: 
(1) We draw the graph of f. 


(ii) We note that the sign scheme of is 
same as that of f(x). At the — where 


draw the graph of y= 


f(x) 1s zero, the graph of —— goes to 


a 


infinity with due consideration of sign. 
(iii) At the poms where f(x) is 1 or — 1, the 


graph of —— is also 1 or — 1. That is, 


f : ) 
the points of intersection of the graph of 


y = f(x) with the lines y = + 1 also lie on the 


1 
graph of y= Fix)’ 
(iv) When f(x) increases, —— r decreases and 
vice-versa. é ) 
(v) When f(x) approaches infinity, then 
approaches zero. 


== 
f(x) 
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| EXAMPLE 2.7 Construct the graph of the function 


y = cosec x using the graph of y = sin x. 


SOLUTION y = sin x, y = cosec x 


tEXAMPLE 2.8 Construct the graph of the 


function 
_ 1 
ee eee 


| SOLUTION 


| EXAMPLE 2.9 Construct 


function y = 


re 
x" —4 


| SOLUTION 


Composition of graphs 


tEXAMPLE 2.10 Sketch the graph of the 


function y = 2)*. 


*SOLUTION Here we have to construct the 


graph of a composition of two functions. 
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The domain of the function y consists of all 
real numbers except x = 0. 

Since for x > 0 the exponent 1/x > 0, it follows 
that y > 1 for all positive values of the argument. 
Note that y = 2 when x = 1. If x increases without 
bound, then the expression 1/x decreases to zero 
monotonically, remaining positive, and so a 
decreases to unity monotonically, remaining 
greater than unity. 

When x is positive and tends to zero, the 
exponent 1/x increases without bound and, hence, 
2'* also increases without bound. This enables us 
to sketch a graph of the function y when x > 0. 

It is easy to demonstrate that the inequality 
0 <y <1 is true on the negative x-axis. Using 
similar reasoning, we construct the graph of the 
function y for x < 0 as well. Note that the origin 
does not belong to the graph. 


* EXAMPLE 2.11 Construct the graph of the 


function 
f(x) — ahaa 


| SOLUTION The function f(x) = 2°°* is de- 


fined on the entire real axis. The function cosx 
being even, the function f(x) is also even. 

The function cos x is periodic with a period 27, 
therefore, the function f(x) is also periodic with 
the same period. Consequently, it is sufficient to 
construct the graph of the function on the interval 
[0, 27]. 

On the interval [0, a] the function cosx 
decreases from 1 to —1 and, therefore, the function 
f(x) decreases from 2 to 1/2. 

On the interval [z, 22] the function cosx 
increases from — 1 to 1 and the function f(x) 
increases from 1/2 to 2. At the points x = 2an,n € I, 
the function f(x) possesses the maximum value 
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equal to 2, and at the points x = 2an + 2,n€ I, the 
function f(x) possesses the minimum value equal 
to 1/2. The graph of the function f(x) = 2cosx is 
shown below. 


| EXAMPLE 2.12 Construct the graph of the 


function 
y =sin x’, 


* SOLUTION Letusfirstconsiderthenonnegative 
values of the argument and partition the semi-axis 


x 2 0 into intervals over which the function y 
increases or decreases. 
If x’ increases from 0 to 1/2 (which is to say 


that x increases from 0 to Vn/2 ), then sin x’ 
increases from 0 to 1. If x” increases from 1/2 to 
3n/2 (i.e., x increases from Jn/2 to V3n/2), 
then sin x” decreases from 1 to — 1; if x” increases 


from 3x/2 to S5x/2 (i.e. x increases from ¥31/2 
to V5n/2 ), then sin x? increases from — | to 1, 
and so on. 

The graph of the function y therefore is of 
wavelike nature with an amplitude of 1. It is easy 
to obtain the x-intercepts of this graph : all we 
have to do is solve the equation sin x” = 0. It is 
clear that the nonnegative roots of this equation 
are the numbers x = Jkn, ke N. 

On the negative x-axis, the graph is drawn at 
once since the function y is even. 


Graphs 


| EXAMPLE 2.13 Draw the graph of the func- 


tion y = sin (2°). 


| SOLUTION We have - 1 < sin (2*) <1. 


The function y = sin (2*) is non periodic. 
The graph cuts the x-axis when 
sin (2*)=0> 2*=nz,neN 
x = log, (na), ne N 
Le., x = log, 2, log, 22, log, 37, ..... 
The graphs of y = sin (2*) is shown below. 


| EXAMPLE 2.14 Construct the graph of the 


function y = log, (1 — x’), 


| SOLUTION First draw the graph of the in- 


ner function y, = 1 — x’. This is a parabola which 
is shown in the figure by the dashed curve. We then 
construct the graph of the logarithm of this function. 

For x = 0 we have y = log, 1 = 0. If x is 
increased from 0 to 1, then, as may be seen from 
the graph of the inner function, 1 — x” decreases 
from 1 to 0 and so log, (1 - x’) decreases from 0 
to — co, The function is even. 

Similar graph is drawn in (—1, 0). For the 
remaining values of x, that is, for x < — 1 and 
x > 1, we have 1 — x” < 0, so that log, (1 - x”) 
is meaningless. The graph of the function 
y =log, A - x*) is shown below. 


y = loga(1 — x2) 
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| EXAMPLE 2.15 Construct the graph of the 


function 
1 log gin x 1/2. 


| SOLUTION The domain of this function is 


the collection of all values of x for which, simultane- 
ously, sin x > 0 and sin x # 1, that is, the set 


TU 
2kn<x< — +2kn, = +2kn<x<Q2k+Dake lL. 


The function y is clearly periodic with period 
2m. And so we can confine ourselves to an interval 
of length 27, say, the interval 0< x < 27. But the 
function is meaningful (over this interval) only 
for 0<x< 7/2, and n/2 <x <M. It is precisely on 
these intervals that we first of all have to construct 
the graph (then we can simply extend it over the 
entire domain because of its periodicity). 

The function y can, in its domain, be rewritten as 

1 


ye log, sinx 
We first of all construct the graph of the function 

y, = log), sin x. 

It will only interest us over the interval 0 <x <T. 
Taking the piece of the sine curve 

Y> = sin x 
corresponding to this interval, we can use 
composition of graphs to obtain the graph of the 
composite function y, (the graphs y, and y, are 
depicted by dashed lines). 

We now consider the interval 0 < x < 1/2. Since 
for any value of x in this interval, the corresponding 
value of the function y is the reciprocal of the value of 
y, corresponding to the same value of the argument, 
it is easy to obtain a rough sketch of the graph of y 
for 0<x< 7/2 (the solid line in the figure). Note that 
the origin does not belong to the graph. 

It is easy to prove that the function y mono- 
tonically increases when x varies from 0 to 7/2. 
if x increases from 0 to 7/2, then sin x increases 
monotonically from 0 to 1, and then log,,, sin x 
decreases monotonically from °- to 0; and hence, 
the value of y increases monotonically from 0 to o9. 

Let us stress that if x approaches z/2, remaining 
all the time less than this value, then the value of 
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the function y,, tends to zero, remaining all the 
time positive, and therefore the value of y increases 
without bound. But ifx approaches zero and remains 
positive, then the value of y, increases without 
bound and so the value of y tends to zero (although 
it does not take on the value 0). 


The construction is similar for the graph of the 
function at hand when 2/2 <x <1. 


Graph of Inverse of a Function 


If f: A— Bisa byective function, then the function, 
f!-B— A which associates each element b € B 
and a € A such that f(a) = b is called the inverse 
of the function f. 


y=fmeof!w=x,VxeAyeB. 


When a formula for f' is obtained by solving 
the equation y = f(x) for x as a function of y, the 
resulting formula has y as the independent variable. 
It is perferable to have x as the independent variable 
for f' We solve y = f(x) for x as a function of y, and 
then replace y by x in the final formula for f* in 
which case the final equation will be y = f 1(x). 

Our objective is to explore the relationship 
between the graphs of f and f. For this purpose, 
it will be desirable to use x as the independent 
variable for both functions, which means that we 
will be comparing the graphs of y = f(x) and 

y =f 70). 

If (a, b) is a point on the graph y = f(x), then 
b = f(a). This is equivalent to the statement that 
a = f(b), which means that (b, a) is a point on 
the graph of y = f'(x). In short, reversing the 
coordinates of a point on the graph of f produces a 
point on the graph of f '. However, the geometric 
effect of reversing the coordinates of a point is 
to reflect that point about the line y = x (Figure), 
and hence the graphs of y = f(x) and y = f 1(x) are 
reflections of one another about this line. 
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Graphs 


y = f(x) w.r.t. to the line y = x, or by first rotating 
the graph of y = f(x) by 90° anti-clockwise, and then 
reflecting the resulting graph about the vertical axis. 

For example, the graph of x” = y + 1 can be 
obtained from the graph of y* =x + 1. 


- 


y=x2+] i 


We apply the second method to the previous question. 


| EXAMPLE 2.16 A function is given as: 


f:R—>Rby f(x)=xt 1. 
Construct the graph of the inverse function. The graph obtained by rotating the graph of 


y =x? +1 by 90° anti-clock-wise is shown below: 
| SOLUTION Here, we assume that the given Y 
function is bijective. 


From y=x+1 


= 1/3 
x=(y—]) 
Changing notations, f(x) = (x — 1)'”. 
The inverse function, therefore, is given as: x 


f!:R—R where f '(x) =(x-1)"°. 


We now reflect the above graph about the ver- 
tical axis to obtain the graph of x =y,;+ 1 


ie.y =(x-1)™. 


¥ 


y= (el 


From the graph of y = f(x), we obtain the graph 
of x = f(y) either by reflecting the graph of 
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PRACTICE PROBLEMS [G] 


1. Construct the graph of the following functions: 


x 
Gi) y=|x+2|+|x-3| (ii) y=|2x+1|-|2x-2| (iii) y=x+ ae 
2. Construct the graph of the following functions: 
4 
+1 s 
@) ye (i) y=secx+ +, mex ct 
xX xX 2 2 


a 1 TU ut 
Gi) y=tanx+ —, --e<x<_. 
x 2 2 


3. Draw the graph of y = Vx sin(1/x). 


4. Draw the graph of the function y = == 


5. Draw the graph of the following Aineuone 
(i) y=xsin Z (ii) y =2*. cosx (iii) y = |x| sin’x. 
= 1 
xo SI 1 
7. Use the graph of f to sketch a graph of y = f(x) on the interval [—2, 3]. 


6. Draw the graph of the function y = 


8. Construct the graphs of the following functions: 


. i In x 
() y=log,2-x i). y= 
Inx 
(iii) y=el™' (iv) yl = log,(-x). 
9. Construct the graphs of the following functions : 
Xx 
(i) y = log’(x’ — 2x) (ii) y=log,|-—— | 


(ii) y =log,sinx. 


10. Construct the graphs of the following functions : 


Gi) y=n(x’+)) ii yoo 
(iii) y = sin (sin! (log, 9x) (iv) y= x0? 
11. Construct the graphs of the following functions : 
(i) y=sin’ x’ (ii) y=—cos ‘(-x’) 


(iii) y =tan' (x’- 1) (iv) y =cot’ (4—x?), 
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12. Draw the graph of the function 
1x? 
f(x) = tan-1 ie32-) 


2.11 | GRAPH USING 
DIFFERENTIAL 
CALCULUS 


Monotonic Functions 


A monotonic function is one whose successive 
values are increasing, decreasing or constant. 


In general, a function may or may not maintain 
its order of change in its domain. However, we 
can always identify monotonic behaviour in an 
appropriately chosen subset of domain unless it 
is a point function. 


Consider the graph of sine function. As a 
whole, the function is not monotonic as the order 
of the function is not preserved over the domain of 
the function, which is R. However, if we consider 
an interval, say, between 0 and 2/2, then we find 
that function keeps increasing with the increasing 
independent variable. Therefore, sine function is 
monotonic in this interval. 


From the point of view of monotonic behaviour, 
we classify functions in the following categories : 


(i) Strictly increasing : Function values change 
as independent variable varies in accordance 
with following condition: 

If x, < x, then f(x,) < f(x,), for all 
X1, X> € domain. 

(11) Non-decreasing or increasing: 
If x, < x, then f(x,) < f(x,), for all 
X,, X) © domain. 

(iii) Strictly decreasing: 
If x, < x, then f(x,) > f(x,), for all 
X,, X> © domain. 

(iv) Non-increasing or decreasing : 
If x, < x, then f(x,) 2 f(x,), for all 
X,, X € domain. 


Graphs 


According to the definition, a constant function is 
an increasing, decreasing or both kinds of function. 

An increasing or non-decreasing function 
actually captures the notion of an _ overall 
increasing function, which is_ intermittently 
constant and thereby distinguishes this class from 
strictly increasing order. 


Derivative and Nature of Function 


We shall learn subsequently that the first derivative 
of a function is defined in terms of ratio of the 
differences between two successive values of the 
function and that of the independent variable, 
where the difference in independent variable is 
small. We have 
f(x +h) -f(x) 

h 
Depending on the monotonic nature of the 
function, the relative values of f(x) and f(x+h) are 
different and so is the sign of the first derivative. 


f(x) = lim 
h->0 


Strictly Increasing Function 


The value of the function increases as the value of 
the independent variable increases. In other words, 
the preceding values are less than successive 
values that follow. Mathematically, 

if x, < x), then f(x,) < f(x)). 


As f(x,) < f(x,) for all x,, x, € domain, the diffe- 
rence f(x + h) — f(x) is positive for small h. This 
implies that the first derivative of the function is 
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positive. Note that the first derivative can be equal 
to zero for few points in the interval in which it is 
strictly increasing. 

Thus, for a strictly increasing function, f'(x) = 0, 
where equality sign holds for distinct points 
only and not on a continuous sub-interval of the 
domain. 

The order of a function provides an easy 
technique to determine the range of a continuous 
function, corresponding to a given domain 
interval. For example, if domain of a continuously 
increasing function, f(x), is [x,, X,], then the least 
value of the function is f(x,) and the greatest 
value of the function is f(x,). Hence, the range of 
the function is [f(x,), f(x,)]. 


Non-decreasing Function or Increasing 


The successive value of function increases or 
remains constant as the value of the independent 
variable increases. In other words, the preceding 
values are less than or equal to successive values 
that follow. Mathematically, 
if x, <x, then f(x,) < f(x) 


As f(x,) < f(x) all x, x, € domain, the difference 
f(x + h) — f(x) is non-negative for small h. This 
implies that the first derivative of the function is 
non-negative. Note that the first derivative can be 
equal to zero for few points or sub-intervals in 
which it is increasing. 

Thus, for non-decreasing function f'(x) = 0 
where equality sign holds for few points or a 
continuous sub-interval of the domain. 


Strictly Decreasing Function 


The successive value of function decreases as the 
value of the independent variable increases. In 
other words, the preceding values are greater than 
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successive values that follow. Mathematically, 
if x, <x, then f(x,) > f(x) 


y = f(x) 


As f(x,) > f(x,) for all x,, x, © domain, the 
difference f(x + h) — f(x) is negative for small 
h. This implies that the first derivative of the 
function is negative. Note that the first derivative 
can be equal to zero for few points in the interval 
in which it is strictly decreasing. 

Thus, for strictly decreasing function, f’(x) < 0, 
where equality sign holds for distinct points 
only and not on a continuous sub-interval of the 
domain. 

If the domain of a continuously decreasing 
function f(x), 1s [X,, X,], then the least value of 
the function is f(x,) and the greatest value of the 
function is f(x,). Hence, the range of the function 
is [f(x,), f(x]. 

Non-increasing Function or Decreasing 


The successive value of function decreases or 
remains constant as the value of the independent 
variable increases. In other words, the preceding 
values are greater than or equal to successive values 
that follow. Mathematically, 
if x, <x, then f(x,) 2 f(x,) 


As f(x,) 2 f(x,) for all x,, x, € domain, the diffe- 
rence f(x + h) — f(x) is non-positive for small h. 
This implies that the first derivative of function is 
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non-positive. Note that the first derivative can be 
equal to zero at points or in sub-intervals in which 
it is decreasing. 

Thus, for a non-decreasing function, f'(x) < 0, 
where equality sign holds for few points or a 
continuous sub-interval of the domain. 


Intervals of Monotonicity 


In the discussion about monotonic functions, we 
observed that the order of change in the function 
values is related to the sign of the derivative of 
the function. The task of finding increasing and 
decreasing intervals is, therefore, about finding 
sign of derivative of function in different intervals 
and determining points or intervals where 
derivative turns zero or does not exist. 

The steps for determining intervals of 
monotonicity are as follows : 


(i) Determine the derivative of the function 
f'(x) and find the critical points i.e. points 
where the derivative is zero or does not 
exist. 


(ii) Determine the sign of f’(x) in different 
intervals formed by the critical points. 


(111) Determine monotonic nature of function in 
accordance with following categorization: 


f' (x) 2 0: equality holding for points only 
=> strictly increasing interval 


f' (x) 20: equality holding for sub-intervals 
= non-decreasing or increasing interval 


f' (x) < 0: equality holding for points only 
=> strictly decreasing interval 


f' (x) < 0: equality holding for subintervals 
= non-increasing or decreasing interval. 
In order to illustrate the above steps, we consider 
a function, f(x) = x? - x 
Its first derivative is f'(x) =2x-1 
Here, 2x — 1 = 0 gives the critical point as 1/2. 
The first derivative, f(x), is positive for x > 1/2 
and negative for x < 1/2. The signs of derivative 
obey strict inequalities. It means that the function 
is strictly increasing for x > 1/2 and strictly 
decreasing for x < 1/2. 


Graphs 


tEXAMPLE 241 Determine the intervals of 


monotonicity of the function 
f(x) = 2x? + 3x*- 12x + 1. 
| SOLUTION The first derivative of the given 
function is f(x) = 6x* + 6x — 12. 
Now, the roots of the quadratic equation 
6x’ + 6x—12=Oarex=1,-2 
=> f'(x) = 6(x- 1) (x + 2)=0 
Here, coefficient of x’ is positive. Hence, the sign 
scheme is: 


= 1 


The function f(x) is strictly increasing in the 
interval (—c°, —2) U (1, ©) and strictly decreasing 
in the interval (—2, 1). 


Minimum and Maximum Values 


In general, a function may have multiple minimum 
and maximum values in the domain of function. 
These minimum and maximum values are “local” 
minimum and maximum, which belongs to 
finite sub-intervals within the domain of function. 
The least minimum and greatest maximum in the 
domain of function are “global” minimum and 
maximum respectively in the entire domain of the 
function. Clearly, the least and greatest values are 
one of the local minimum and maximum values. 


Local Minimum and Maximum 


The idea of local minimum and maximum is 
clearly understood from graphical representation. 
A function has a local minimum at a point x = a, if 
the function values in the immediate neighbour- 
hood on either side of point are less than the value 
at the point. Mathematically, f(a) < f(a + h) and 
f(a) < f(a — h) for small h. 


fl 
f(a-h) ®) f(ath) 


a-h a ath 


A function has a local maximum at a point 
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x = a, if the function values in the immediate 
neighbourhood on either side of point are greater 
than the value at the point. Mathematically, 
f(a) > f(a + h) and f(a) > f(a — h) for small h. 
f(a-h) f(a) f(ath) 


a-—h a ath 


Extreme value or extremum is either a minimum 
or maximum value. A function, f(x), has a extre- 
mum at x = a, if it has either a minimum or maxi- 
mum value at that point. 

Minimum and maximum of function cannot 
occur at points where function is not defined, 
because there is no function value corresponding 
to undefined points. 

A function can have minimum and maximum at 
points where it is discontinuous. Consider fraction 
part function in the finite domain. The function is 
not continuous at x = 1, but mmimum occurs at this 
point (recall its graph). 

A function can have minimum and maximum at 
points where it is continuous but not differentiable. 
In other words, maximum and minimum can occur 
at corners. For example, the modulus function |x| 
has minimum at the corner point x = 0 (recall its 
graph). 

We see that minimum and maximum of 
function can occur at the following points: 


(a) Points on the graph of function, where 
derivative of function is zero. 


(b) Points where function is continuous but not 
differentiable. Consider, for example, the 
corner of modulus function graph at x = 0. 


(c) Poimts where function is discontinuous 
(note that the function is discontinuous but 
not undefined). 

We can summarize that critical points are those 
points where (i) derivative of function does not 
exist or (i1) derivative of function is equal to zero. 
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The first statement covers the cases described at 
(b) and (c) above. The second statement covers the 
case described at (a). We should note that critical 
points are points where minimum or maximum 
“can” exist, not that they will exist. 


The First Derivative Test 


Suppose that x =a is acritical point of a continu- 
ous function y = f(x). 


(i) Iff’(x) changes from positive to negative at 
x = a, then f has a local maximum at x = a. 


(ii) Iff'(x) changes from negative to positive at 
x = a, then f has a local minimum at x = a. 


(iii) If f'(x) does not change sign at x = a (that 
is, if f’(x) is positive on both sides of 
X = a or negative on both sides), then f has 
no local maximum or minimum at x = a. 
Method to determine local maximum or minimum 
of continuous functions using the first derivative. 
We follow the following steps: 


(1) Determine the first derivative. 


(ii) Find sign scheme of first derivative using 
the critical points. 

(ii1) If the function is decreasing to the left and 
increasing to the right of a critical point in 
the sign scheme, then the function attains a 
point of local minimum. 

(iv) If the function is increasing to the left and 
decreasing to the right of a critical point in 
the sign scheme, then the function attains a 
point of local maximum. 


| EXAMPLE 2.2 Find the points of local maxi- 


ma or minima for f(x) = sin2x — x, x € (0, 2). 


| SOLUTION 


f(x) = sin2x — x 
f'(x) = 2cos2x — 1 


f'(x) = 0 > cos 2x = 


Nl 
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Sign scheme of f'(x) 
+ + 
4 +4 
0 1/6 5n/6 ™ 


Since the sign scheme of first derivative changes 
from positive to negative about x = 2/6, we have 
a local maximum at x = 7/6. 

And it changes from negative to positive about 
x = 52/6, hence we have a local minimum at 
x =5n/6. 


| EXAMPLE 2.3 Find the local maximum and 


x* —7x +6 
x—-10 


| SOLUTION This function is not defined for 


x = 10. The function is continuous except at this 
point. 


minimum values of the function y = 


(x —10)(2x — 7) —(x* —7x +6) 


w= (x —10)° 
2x? —27x+70—x7?+7x-6 
~ (x -10) 
} x”? — 20x + 64 
7 Y (x -109 


Now denominator is a positive number for all x. 
Thus, the sign scheme of the first derivative is 
same as that of the numerator. In order to draw 
sign scheme, we need to factorize the numerator. 

x? — 20x + 64 = (x -4) (x- 16) 

Hence, critical points are 4 and 16. The sign 
scheme is as shown in the figure. At x = 4, the 
function is increasing to its left and decreasing to 


its right. It means f(x) has a local maximum at 
x = 4. 


Maximum value = f(4) = 1. 


At x = 16, the function is decreasing to its left 
and increasing to its right. It means f(x) has a 
local minimum at x = 16. 


Minimum value = f(16) = 25. 


Graphs 


The graph of the function is shown below: 


Test for Local Maximum/Minimum when 
f(x) is not differentiable at x = a. 


Case 1: When f(x) is continuous at x =a and f(a ) 
and f'(a‘) exist and are non-zero, then f(x) has a 
local maximum or minimum at x = aif f(a ) and 
f'(a’) are of opposite signs. 

If f(a) > 0 and f(a’) < 0, then x = ais a point 
of local maximum . If f(a) < 0 and f(a’) > 0, 
then x = ais a point of local minimum. 


Case 2: When f(x) is continuous and one or both 
of f(a) and f’(a’) are either zero or does not ex- 
ist, then we should consider the signs of f(a — h) 
and f(a + h), where h is a small positive arbitrary 
number. 

If f(a — h) > 0 and f(a + h) < 0, then x = a is 
a point of local maximum. If f’(a — h) < 0 and 
f'(a +h) > 0, then x = a isa point of local minimum. 


Case 3: If f(x) is discontinuous at x =a , then we 
should find about the existence of local maxima/ 
minima using the basic definition of local maxima/ 
minima i.e. compare the values of f(x) at the 
neighbouring points of x = a. 


| EXAMPLE 2.4 Find the minimum value of 


f(x) = [x°]. 
3 x? ;x 20 
SOLUTION fX)=|K]=4 , 
—-x 3;x<0 


For x>0, f(x) =3x’>0 


Since the first derivative is positive, the given 
function is increasing for x > 0. 
For x <0, f(x) =-3x’ <0. 
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Since the first derivative is negative, the given 
function is decreasing for x < 0. The sign scheme 
of the derivative is shown here: 

= l a 
0 
At x = 0, the function is decreasing to its left and 
increasing to its right. It means that the function 
has a local minimum at x = 0 and the minimum 
value is 0. 


| EXAMPLE 2.5 Draw the graph of the function 
f(x) =x+ v[x|. 


SOLUTION 
x+vVx if x20 
f(x) = 
x+v-x if x <0 
1 
1+— if x>0 
Vx 
fay 
1- if x <0 
2V-—x 


There are two critical points : x = — 1/4, 0. The 
derivative fails at x = 0. 


—1/4 0 


The graph of f(x) is shown below: 


The Second Derivative Test 

Let x = a be a Stationary point of a function f (i.e. 
f'(a) = 0). The function f has a local maximum at 
aif f(a) is negative, and a local minimum if f(a) 
is positive. 


tEXAMPLE 2.6 Determine the local mini- 


mum and maximum values of the function 
3 
x 
f(x) = — -x. 
3 
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* SOLUTION Differentiating with respect x, 


we have : 
f(x) =x°-l=(x-)D(«+) 
The roots of the corresponding equation are —1 
and 1. Now, differentiating with respect to x again, 
f"(x) = 2x 
Putting, x = -l, f"(-l) = - 2 < 0. Hence, 
function has maximum value at x =—1. 
(-1) _ 1 2 
3 


Maximum value = (-l)=-—+1=-—. 


3 3 


PEXAMPLE 2.7 Determine the local mini- 


mum and maximum values of function 
f(x) = 2x? — 9x” + 12x - 11. 
SOLUTION Differentiating with respect x, 
we have 
f(x) = 6x? -18x + 12 = 6(x? — 3x + 2) 
= 6(x — 1) (x-2) 
The roots are 1 and 2. Now, differentiating with 
respect to x again, 
f"(x)=12x-18 
Putting, x = 1, f"(x) = -— 6 < 0. Hence, the 
function has a local maximum at x = 1. 
The local maximum value 
= 2x? — 9x? + 12x- 10 
=2.17+12.1-11=-6 
Putting, x =2,f"(x) =6> 0. Hence, the function 
has a minimum value at x = 2. 
The local minimum value = 2x* — 9x” + 12x — 11 
=) 9°-92' 4122-11 =-7. 


-EXAMPLE 2.8 Determine the local mini- 


mum and maximum values of function 
f(x) =x? — 5x* + 5x? —5. 


-SOLUTION Differentiating with respect x, 
we have 


f' (x) = 5x*— 20x? + 15x? 
Equating to zero, we have: 
5x* — 20x* + 15x” = 0 

= xt 4x3 + 3x7=0 

= x? (x?-4x+3)=0 

= x*(x— 1) (x-3) =0 
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The roots are 0, 1 and 3. 

Now, differentiating with respect to x again, 

f"'(x) = 20x? — 60x? + 30x 

Putting x = 0, f(x) = 0. We differentiate further 
to investigate this point. 

f""(x) = 60x? — 120x + 30 

Putting, x = 0, f’"(x) = 30 > 0. Hence, the 
function has neither minimum nor maximum 
value at x = 0. 

Putting, x = 1, f(x) = -10 < 0. Hence, the 
function has a local maximum value at x = 1, the 
maximum value being 1° — 5.14+5.1°-5 =—4, 

Putting, x = 3, f’(x) = 90 > 0. Hence, the 
function has a local minimum value at x = 3, the 
minimum value being 


3° §.3°+53°-5=2943 —5.81 +5.97-5=-32. 
Global Minimum and Maximum 


Global minimum is also known as “least value” or 
“absolute minimum”. A function has one global 
minimum in the domain [a, b]. Global minimum, 
f(a), is less than or equal to all function values in 
the domain. Thus, 
f(a) < f(x) for all x € [a, b]. 

If the domain interval is open like (a, b), then 
global minimum, f(a), also needs to be less than 
or equal to function value, which is infinitesimally 
close to boundary values. Hence, 


f(a) < f(x) for all x € (a, b) 
f(a) < lim, f(x) 


f(a) < lim (x) 


Similarly, the global maximum is also known 
as “greatest value” or “absolute maximum”. A 
function has one global maximum in the domain 
[a, b]. Global maximum, f(B), is greater than or 
equal to all function values in the domain. Thus, 


f(B) = f(x) for all x € [a, b] 
If the domain interval is open like (a, b), then 
global maximum, f(f), also needs to be greater 


than or equal to the function value, which is 
infinitesimally close to the boundary values. 


Graphs 


Hence, 
f(B) = f(x) for all x € (a, b) 
f(B) 2 lim f(x) 


f(6) = lim f(x) 


Determining Minimum and Maximum 
Values 


In order to find the global maximum and minimum 
of a continuous function f(x) in [a, b]: 


Find out all the critical points of f(x) in (a, b). 

Let c,, C5, ..., c, be the different critical points. 

Find the value of the function at these critical 
points. Let f(c,), f(c,), .... , f(c,) be the values of 
the function at the critical points. 

Let M = max {f(a), f(C,), f(C), ...., f(c,), f(b)} 

and m = min {f(a), f(c), f(c,), ..., f(c,), f(b) } 

Then M is the global maximum (greatest value) 
of f(x) in [a, b] and m is the global minimum 
(least value) of f(x) in [a, b]. 


Extreme Value Theorem 


The extreme value theorem of continuous function 
guarantees existence of minimum and maximum 
values in a closed interval. Mathematically, if f(x) is 
a continuous function in the closed interval [a,b], 
then there exists f(a) < f(x) and f(B) = f(x) such 
that f(a) is global minimum and f(f) is global 
maximum of function. 


Range of Function 


If a function is continuous, and the global 
minimum value is “m” and the global maximum 
value is “M”, in the domain of function, then the 
range of the function is [m, M]. 

If a function is not continuous or if a function 
can not assume certain values, then we need to 
suitably analyze the function and find the range. 


| EXAMPLE 2.9 Find the greatest and the least 


value of the function f(x) = 3x — x° on the closed 
interval [—2, 3]. 
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| SOLUTION We find the derivative: 


f' (x) =3 —3x”; 3 -—3x’=0, 
i.e. x =+ 1 are stationary points. 


Next we determine the values of the function 
at these points : f(1) = 2, f(-1) = -2. Then we 
calculate the values of the given function at the 
end points of the closed interval: 

f(— 2) = 2, f{(3) = -18. From the four values 
we have obtained, we choose the greatest and the 
least values. 

Thus, the greatest value of the function on the 
given interval is equal to 2 and the least to —-18. 


| EXAMPLE 2.10 Find the greatest and least 


values of 
f(x) = 3x‘ — 8x° — 18x? + 1 


| SOLUTION We have 


f(x) = 3x*-— 8x? - 18x7+1 and 

f(x) = 12x? — 24x? — 36x = 12x(x + 1) (x -3). 

The critical points are x = — 1, 0,3 [-.: £1) = 0 and 
f'(0) = does not exist] and the end points are infinite. 
Now, f(-1) =— 6, (f{(23) =— 134, f() = 1, 
and f(+ 0) > ow, 

Hence, the least value of the function is — 134 
whereas the greatest value does not exist. 


| EXAMPLE 2.11 Graph the function 


y =x-—cos 2x. 


PSOLUTION To construct the graph of the 


given function, we apply the method of “adding 
the graphs” of two functions. Let us construct the 
graphs of the functions f(x) = x and f,(x) =— cos 2x, 
using dashed lines (see figure). 

Now, the ordinate of any point of the graph of 
the function x — cos 2x is equal to the sum of the 
ordinates of the points on the graphs of auxiliary 
functions (for an arbitrary value of x). By adding 
the ordinates of points, it is possible to construct 
a sufficient number of points belonging to the 
graph of the function x — cos 2x, and then to join 
them with a smooth curve. 
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y’ = 1+ 2 sin 2x. The derivative vanishes at 
the points where 1 + 2 sin 2x = 0, that is, at the 
points x =(-18*! 2 + ™ men. 

12 2 a1 
Note that ifn =2m+1,me [I then x= i + 7m. 


At these points, the derivative changes sign 


; 71 
from plus to minus, and therefore x = cy + 7m 


(m € J) are points of maxima. 
Ifn=2m,m € I, thenx =- = + 7m (m € I), and, 


when passing through these points, the derivative 
changes sign from minus to plus, therefore these 
points are points of minima. 


Concavity 

An arc of a curve is said to be concave up or 
down if it lies entirely on one side of the tangent 
drawn through any point of the arc. It is of course 
supposed here that tangent can be drawn at each 
point of the arc. 


(a) Concave upwards 
A curve is said to be concave up at a point P when 


in the immediate neighbourhood of P it lies wholly 
above the tangent at P. 


dy . 
Mathematically, = increases as x increases. 
x 
d*y 
=> 770 
dx 
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Tangent 


Y Tangent 
p P 
O 
Xx x 


(b) Convex upwards or concave downwards 


A curve is said to be concave down when in the 
immediate neighbourhood of P it lies wholly 


below the tangent at P. 
2 


= 
= senate as x increases. > —7<0 


va Tangent Tangent 
x O 


Thus, for a curve y = f(x), if the second ieee 
f(x) is everywhere positive within an interval, 
the arc of the curve y = f(x) corresponding to that 
interval is concave up. If the second derivative 
f(x) is everywhere negative in an interval, the 
corresponding arc of the curve y = f(x) is concave 
down. 

Point of Inflection 

A point of a curve separating its concave up arc 
from a concave down arc is termed as point of 
inflection. 

At a point of inflection, the tangent intersects the 
curve. In the vicinity of such a point the curve lies 
on both sides of its tangent drawn through that 
point. 


Bot 


Graphs 


Mathematically, 
2 


(1) ao = 0 or does not exist at the point. 
Xx 


2 
(ii) a changes its sign about the point. 
X 


The concavity of the curve y = f(x) can change 
only at points where f"(x) = 0 or f(x) does not 
exist. Let x = c be such a point and the signs of 
f"(c — h) and f'"(c + h) be opposite, then the point 
x =c is called a point of inflection. 


| EXAMPLE 2.12 Find the point of inflection 


in the curve y=xe™ 
SOLUTION 
y =xe~ 
y’=e*-xe*=(1 *e*>0forx<1 


Hence the curve is increasing for x < 1 and 
decreasing for x > 1. 


y"=-e *-[e*-xe “]=e*[-l1-1+x] 
= (x —2)e* 
y'=0>x=2. 
Sign scheme of y” 
= + 
———_f>+———>- 


2 
The curve is concave down for x < 2 and 
concave up for x > 2. Since the sign of y” changes 
about the point x = 2, we have a point of inflection 
at this point. 


EXAMPLE EXAMPLE 2.13 13 Draw the function 
f (x) =x!°(x- 1). 


SOLUTION f()=x'3x-1 


4 1/3 1 1 1 


P@)= 4%" — 3 7A = 3p Ax - 


Functions and Graphs for JEE Main & Advanced 


Sign scheme of f'(x) 


1 
forx< —. 
4 


—1/2 0 


; 1 
. f(x) 1s concave up for x <— 5 and x > 0. 
1 
It is concave down for — 5 <x<0Q. 


Further 


1 ; 
x = — —and x = 0 are points of 
inflection. 2 


The graph of f (x) is shown below: 


| EXAMPLE 2.14 Draw the graph of 


f(x) = /n (1 —- (nx). 


| SOLUTION The domain of f(x) = In (1 -/n 


x) is (0, €). 
Also, f (1) = 0. 
' = = 
re" ine 


=> decreasing V x in its domain. 


Now lim f(x)=-e; lim f(x)= 
xe x07 
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Thus, x =0 and x =e are two vertical asynmptotes 
—Inx 


"= qin? 


f(x) is concave up for 0 < x < 1 and concave 
down for 1<x<e. 

The concavity changes at x = 1, which is a 
point of inflection. 

The graph is shown below: 


Graph of Polynomial Functions 


Let us first understand the behaviour of a 
polynomial function at infinity. 
Let f(x) = a,x" + a, jx tu. tag 
We write f(x) in the form 
a a a 
f(x) = x(a, pAet yt + a2) 


X x7! x2 


Then we conclude that the behaviour of 
f(x) as x — + oo is much the same as that of its 
leading term a,x", because all the terms that have 
powers of x in the denominator approach zero as 
X — +00, 

In particular, if a, > 0, then 

lim f(x) = © (1) 

X—oo 
meaning that f(x) increases without bound as 
x — oo, Also 

lim f(x)= 


X > —00 


co if nis even 
—co if nis odd 


..(2) 

If a, < 0, simply reverse the signs on the 
right-hand sides in equations (1) and (2). Itfollows 
that the graph of any (nonconstant) polynomial 
function exhibits one of the four “behaviours as 
x — +o” that are illustrated in figure. 


(a) Northwest-northeast if n is even and a, > 0 
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Graphs 


| EXAMPLE 2.15 Determine the intervals of 


monotonicity of the function f(x) = 3x*— x°. Find 
the point of inflection and draw the graph of f(x). 


| SOLUTION Its first derivative is: 


f'(x) = 12x3 — 3x? = 3x7(4x — 1) 


Here, critical points are 0,1/4. We need to 
write given function in terms of factors as: 


f'(x) = 3x°(4x - 1) 


Since zero is repeated even times, the sign of 
the derivative does not change at x = 0. The sign 
scheme is shown in the figure. 


The first derivative, f'(x), is positive for x > 1/4 
and negative for x < 1/4 (zero at x = 0 only). 


It means that the function is strictly increasing 
for x > 1/4 and strictly decreasing for x < 1/4. 


£""(x) = 36 x” — 6x = 6x(6x — 1) 
tt 
f"(x)=0>x=0, . 


Again examining sign of f(x) 


1 ; ; 
Thus x = 0, e are the inflection points 


Hence the graph of f(x) is 


y’ 
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PRACTICE PROBLEMS [H] 


1. Draw the graphs of the following functions : 
(i) f(x) = 12x? + 24x? + 11x-1 (ii) f(x) =x? - 8x? + 20x - 13 
(iii) f(x) = 3x? - 2x? 
2. Inthe graph of f(x) =x «+ 1)(x-1) 
(i) for which values of x is f(x) = 0 


(ii) where does the graph cross the x axis ? 
(ii1) where does the graph cross the y axis ? 


3. Draw the graphs of the following functions: 
G@) y=(«+t+1) @-)D@«-2) Gi) y=(x-D («K-39 («-4 
(iii) y =(x-1)(x-3Y (iv) y=-x’ (x-4) 


4. Find the greatest and the least value of the function f(x) = x° — 3x” + 2 on the interval [-1, 3] and 
construct its graph on that interval. 


5. Given a function y = (6x’ — x*)/9. Investigate and make a rough drawing of the graph. 


6. Draw the graph of the following functions : 


- Zz 1 
(i) y =3x*-4x? (11) faa 
(iii) y= (x + 2) -(x-2)”” (iv) y=@t D+ @-)” 


7. Draw the graph of the function y = e* 
8. Draw the graph of the function y = 2 sin x + cos 2x 


9. Consider the function f(x) = x cos x — sin x. Prove that (4) f is strictly decreasing at 
x = 0, (ii) f has a point of inflection at x = 0, (ii) f has a local maxima at x = — x. Also draw the 


graph of the function. 
3.12 | GRAPH OF RATIONAL ora oy eae el 
FUNCTIONS =a xd 


A rational function of x is defined as the ratioof The following properties of rational functions 
two polynomials of x, say P(x) and Q(x) where help in drawing their graphs : 
Q(x) # 01. f(x) is a rational function of x if a 

(i) Singularity 


(Gia 0m) <0 (ii) Holes 
. Q(x) . (iii) Asymptotes : vertical, horizontal and slant 
Following are some examples of rational functions ; 7 
She Singularities 
2x +1 .. 
ie) == Singularities are values of x for which denominator 
ae) of rational function is zero. The function is not 
x* —-3x +2 defined for such values and as such these values 
f(x) = >—____ : x #2, x #3 are excluded from the domain set of the function. 


x? —5x +6” 
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Factorising numerator and denominator of 
rational function helps to identify singularities 
of rational function. Singularities correspond to 
x values resulting from equating linear factors 
in denominator to zero. The important thing 
to note here is that singularity occurs when the 
denominator of a rational function turns zero no 
matter whether linear factor in the denominator 
cancels out with the linear factor in numerator or 
not. To understand this point, let us consider few 
rational functions : 


x=—Daxt+2 
ne a - re + : 

(x —1)?(x +2) 
8) = x +d 

(x —1)(x + 2) 
h@= = an..as 


~ (x=1)?(x +1) 


We can see that h(x) contains a linear factor 
(x — 1) in the denominator after cancellation of like 
linear factors. On the other hand, functions f(x) 
and g(x) do not contain (x — 1) in the denominator 
after cancellation of like linear factors. The 
function g(x), however, contains (x — 1) in the 
numerator after cancellation. Notwithstanding 
these possibilities, the denominator of the rational 
function turns zero at x = 1. As such, the point 
specified by x = 1 is a singularity for all three 
function forms shown above. 

We shall see that either a hole or vertical 
asymptote occurs at the point of singularity. 
It depends on how do the linear factors in 
the denominator relate to linear factors in the 
numerator. 


Holes 


Hole exists at a singularity when corresponding 
linear factor of the denominator cancel out 
completely or when linear factor remains in the 
numerator after cancellation. Hole is a point on the 
graph where the function value is not defined. 
We determine the x-coordinate by equating 
the linear factor in the denominator to zero. Its 
y-coordinate is obtained by plugging x-value in 


Graphs 


the reduced (after cancellation of common factors 
in numerator and denominator) function form. As 
pointed out, there are two situations with respect 
to position of a hole: 


(i) If linear factor cancels completely, then 
hole lies anywhere but not on the x-axis. 


(x —1)(x +2) 
(x -—1)(x +1) 


Here, singularities occur at x = —1 and 1. The 
linear factor (x — 1) is present in both numerator and 
denominator and as such cancels out completely. 
Therefore, there is a hole at x = 1. On the other hand, 
no cancellation is involved at x = —1. There exists a 
vertical asymptote at x = —1. We shall learn about 
vertical asymptote subsequently. 

Now, the y-coordinate of hole at x = 1 is : 

(x+2) 3 

f(x) = jap 1.5 

The graph of the function f(x), is shown in the 
figure below : 


f(x) = 


I 
| 
| 
| 
| 
! 
| 
| 
| 
| 
res 


(ii) Ifthe linear factor remains in the numerator 
after cancellation, then hole lies on the 
x-axis. The graph tends to intercept x-axis. 
As such, hole exists at the x-axis. 


(x —1)?(x +2) 
BO) = “QIK +) 

Here, singularities occur at x= —1 and 1. There 
is a vertical asymptote at x=—1, but a hole atx = 1. 
The y-coordinate of hole is: 


(x-1)(x+2)_ 0.3 _ 


(x +1) 2 : 


g(x) = 
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Thus, the hole lies on the x-axis. 
Y 


Asymptotes 


Astraight line is called an asymptote to a curve, 
if the distance 6 from the variable point M of the 
curve to this straight line approaches zero as the 
point M tends to infinity. 


Vertical Asymptote 


Vertical asymptote is a vertical line to which graph 
of the function comes closer and closer. Vertical 
asymptotes correspond to very large y-values, 
where difference between x-value and asymptote 
is infinitesimally small. An equation of vertical 
asymptote has the form, x = a. 

The line x = a is a vertical asymptote if at least 
one of the following statements is true : 


lim f(x) = © lim f(x) = © 
a xa" 


Telegram @unacademyplusdiscounts 


lim f(x) =— 2 lim f(x) =— co 
xa" xa" 


Vertical asymptotes occur at singularity when linear 
factor in the denominator remains after cancellation 
or otherwise. Let us investigate three functions given 
earlier for existence of vertical asymptote. 


(x —1)(x + 2) 
(x-l(x +1) 
(x —1)?(x +2) 
80) = (x +1) 
(x —1)(x + 2) 
(x -1)°(x +1) 


f(x) = 


h(x) = 


For function, f(x) singularities exists at x = 1 
and —1. The linear factor (x + 1), does not cancel 
out. Thus, a vertical asymptote exists at x = —1. 
See the graph drawn earlier for f(x). 

For function, g(x), also singularities exists at 
x = 1 and -1. The linear factor (x + 1), does not 
cancel out. Thus, a vertical asymptote exists at 

=-1. See the graph drawn earlier for g(x). 

For function, h(x), also singularities exists at 
x = 1 and -1. Here, a vertical asymptote exists 
at x = 1 as the linear factor (x — 1) remains in the 
denominator. The linear factor (x + 1), however, 
does not cancel out. Thus, a vertical asymptote 
also exists at x= —1. See the graph shown here 
for h(x). 


The function value assumes large values 
close to singularity where asymptote exists. The 
values are directed either in the same or opposite 
directions. It depends on the reduced function. 
If the reduced function has linear factor raised 
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to even power, then values asymptotes in the 

same direction. On the other hand, if the reduced 

function has linear factor raised to odd power, 

then values asymptotes in opposite directions. Let 

us consider function as defined here, 

(x —1)(x + 2) 

(x -1)°(x +1) 

After simplification, the function reduces to : 
(x + 2) 

(x -1)?(x +1) 

Clearly, (x — 1) is raised to even power 2. The 
graph asymptotes towards large positive values 
i.e. in the same direction from either side of the 
asymptote. On the other hand, the linear factor 
(x + 1) is raised to 1 1. odd power. Hence 
function value asymptotes in opposite directions. 


f(x) = 


f(x) = 


—1 


2 


| EXAMPLE 2.1 Draw the graph of y = 
2 
| SOLUTION The function y = — 
X 


defined at x =+ 1. 
_,, dy ,. 2x 
er rie | | 


Sign scheme of y ’ 


x =I 


is not 


2 = 0 => x= 0 (point of local maxima) 
X 


Asx> lyre; 
— a 1’, y—- 99; 
Thus, the lines x = +1 are two vertical 
asymptotes. 


x—->1l,y—--« 


x—-Il ,y—-- 


Graphs 


2 


Xx . 
; is as shown: 
x*-1 


The graph of y = 


\ 
~ 


= 


| EXAMPLE 2.2 


x? —2x*-9x +18 

-— 2.5” .Then show that f 
xX — 

is increasing every where in its domain and the 


graph has one hole and one vertical asymptote. 
SOLUTION 


x?(x —2)-9(x - 2) 


Let f(x) = 


ES) = x 2)(x +2) 
(x*-9)\(x-2) x29 
~ (x-2)(K42) ~ xg &*?) 
_ x’? -9 
f(x) = ae 
x+2 


Further, as x > — 2°, y >-—©0 
x—7-2, y—t+e 
=> The graph has a hole at x = 2 and a vertical 
asymptote at x = — 2. 
; 2x(x +2)—(x? -9) x? +4x+9 
PO axe? any 79 


= fis increasing in its domain. 
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EXAMPLE 2.3 Find the number of roots of 


the eat 


| SOLUTION 


Let f(x) = 


3 
f’(x) =- (x+)* —3<0 


Note that f has a discontinuity at x =— 1. 

Hence f (x) is strictly decreasing in two 
separate intervals (— co, — 1) and (- 1, ©). 

Also as x — ©, f (x) — — © and as x > — », 
f (x) — o0 

Hence the function has one positive and one 
negative root. 

The graph of y = f(x) is as shown 


Horizontal Asymptote 
Horizontal asymptote is a horizontal line including 
the x—axis to which the graph of function comes 
closer and closer. The difference between y—value 
and asymptote is infinitesimally small for large 
values of x. An equation of horizontal asymptote 
has the form, y = c. 

Ifeither lim f(x)=cor lim f(x)=c, then the line 


X—eo X——00 
y =c is ahorizontal asymptote of the curve y = f(x). 
Existence of horizontal asymptote in case of 
rational functions depends on the degree of the 
polynomial in the numerator (n) and degree of 
polynomial in the denominator (m). There are 
following three cases: 
(i) If n > m, then there is no horizontal 
asymptote. However, if n = m + 1, then 
there exists slant asymptote. 
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(ii) Ifn<m, then x—axis is horizontal asymptote. 
(iii) Ifn =m, then horizontal asymptote exists. 
In this case, the equation of horizontal 
asymptote is: 
_ Coefficient of highest power term in numerator 
y Coefficient of highest power term in denominator 


* EXAMPLE 2.4 Construct the graph of the 


ve 
function f(x) = > 
X 


+10 
| SOLUTION The function f(x) is defined for all x. 


It is even since f(x) = f(-x) for any x € R. 
The function f(x) is not periodic. 


Since f(x)=1- 


x7 41° 

f(x) — 1 asx — ~ and as x > — ©, 

Hence, the straight line y = 1 is a horizontal 
asymptote to the graph of the function as x — . 


Further, the graph of the function f(x) lies 
below the line y = 1. 


decreases on the 
2 

x? +1 

increases on that interval. On the interval (— ©, 0) 


2 
Since the function — 
X* + 


interval (0, °°), the function f(x) = 1 - 


2 
the function aa increases and, therefore, 
x* + 


2 
the function f(x) = 1 — 4 decreases on the 


x° + 
interval (— 9, 0). 

The graph of the function f(x) cuts the x-axis at 
x = 1 and x =— 1 and the y-axis at y =- 1. 


The function — assumes the greatest 


x + 
value at x = 0 and, consequently, at x = 0, the 


function f(x) assumes the least value equal to — 1. 
The graph of the function is shown in the figure. 
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| EXAMPLE 2.5 Draw the graph of 


f(x) x? -6x+4 
x)= — __— 
x? +2x+4 
Also find the range of f(x). 
rSOLUTION 
(x) x? -6x+4 \ 8x 
xX ee —— = 
x7 +2x4+4 x7 +2x+4 
2 
fojS=8 (x cla ao) 
(x“ +2x+ 4) 
ee fei (Se) 
(x7 +2x+4)?} (x? +2x+4+4) 


fi'(xy=0 => x=2o0r-2 


Se 

o 4+4+4 12 3 
4-124 

f (-2) = = 
4-4+4 


_  x*-6x+4 
We have lim ss 
x>teo x" +2x+4 


Hence, y = 1 is a horizontal asymptote. 
The graph of y = f (x) is as shown 


We can see from the graph that the range of 
rou[hs 
(x) 1s 37° | 
Oblique (Slant) Asymptotes 


If there are limits 
. f(x) ; 
lim —— =m, and lim [f(x) — m,x]=c,, 
X—eo X X—0o 


then the straight line y = m,x + c, will be an 


Graphs 


asymptote (a right inclined asymptote or, when 
m, = 0, a right horizontal asymptote). 
If there are limits 
lim ~~ =m, and lim [f(x) - m,x]=c,, 

X—-00 X X——eo 

then the straight line y =m,x +c, is an asymptote 
(a left inclined asymptote or, when m, = 0, a left 
horizontal asymptote). 

A rational function has a slant or oblique 
asymptote when order of numerator (n) is greater 
than order of denominator (m). 

The equation of slant asymptote is obtained by 
dividing numerator polynomial by denominator 
polynomial. The quotient of division is equation 
of asymptote. Clearly, asymptote is a straight line. 
As such, quotient should be a linear expression. 
The requirement that asymptote is a straight line 
implies that the order of numerator polynomial is 
higher than order of denominator polynomial by 
lie.n=m+l1. 

In the nutshell, slant asymptote exists when 
n=m-+ lL. The slant asymptote is obtained by 
dividing numerator and denominator. We neglect 
remainder. The equation of the slant asymptote is 
given by quotient equated to y. 


-EXAMPLE 2.6 Construct the graph of the 


x? +4 
function y = 


x 
| SOLUTION 


(i) The domain of the function is (2, 0) U (0, ©) 
(ii) The function is neither even nor odd. 
(iii) Next we find the points of intersection of 


+4 
7 = 9; 
x 


the graph and x-axis: we have 
7s 


(iv) The point of discontinuity is x = 0, with 
lim y =ce. Consequently, x = 0 (the y-axis) 
x0 
is a vertical asymptote of the graph. 

Let us now find the slant asymptotes: 
_ f _ x44 
m= ees lim = z=. 
x>0 X X70 =X 
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a Next we find y” = 24/x*; y”(2)> 0. 
_= a a =tim( 7 < Hence, x = 2 is the point of minimum: y,,;, = 3. 
= lin & -~0 (vi) Now we find the intervals of concavity of 
x90 x? the curve and its points of inflection. Since 
The slant asymptote is specified by the equation y”’ > 0, the graph of the function is concave 
y=mxtc ie. y=x. up everywhere. The curve has no point of 
inflection. 
(v) Let us find the extrema of the function and ae 
the intervals of monotonicity. Using the above analysis, we construct the 
We have y’ = 1 —x/x? = (x3 — 8)/x3 graph of the function. 
y = 0 forx=2. 


The points x = 0 and x = 2 divide the number 
axis into the intervals (—c°, 0) (0, 2) and (2, ©), 
with y’ > 0 on the intervals (—c°, 0) and (2, °) 
(the function increases) and y ’ < 0 on the interval 
(0, 2)(the function decreases). 


PRACTICE PROBLEMS [!] 


1. Draw the graph of the functions: 


. f — 
ou” (x—1)(x+2) 
5x* -10x —15 
. “aoe if x #3 
(ii) f(x) = x oKo6 
4, if x=3 


2. Given a function y = x’/(x — 2). Investigate its behaviour and make a rough drawing of the graph. 

3. Investigate the behaviour of the function y = (x°® — 4)/(x — 1)° and construct its graph. How many 
roots does the equation (x° — 4)/(x — 1)° =c possess? 

4. Draw the graph of the function 


tan (x + E) 
f(x) = ae and mark the points of extrema. 
X 
5. Draw the curve y = —> a Also find the range of values of m for which the line 
X 


y = mx and the given curve enclose a region. 
6. Draw the graph of the function 


|x —1| ; 

5 if x>-l 
f(x)=| x° +1 

x? if x<-l 


and mark all the critical point(s) on the graph. 
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TARGET PROBLEMS 


Graphs 


for JEE ADVANCED 


? PROBLEM 2.1. Show that the inequality 


x’ — 4x > cot’’x holds true for (—c°, —1] U [5, ©). 


| SOLUTION The solution of the inequality 


x’? —4x>cot x is x<x, or x>X, 

as shown in the figure. 

Clearly, 5 > x, and — 1 < x,. Hence, the 
inequality holds true for (— c, —-1] U [5, °). 


| PROBLEM 2.2 If x, is the solution of the 


equation cos x = x then find sgn (cos x, — 7/4). 


| SOLUTION In the figure, we see that x, < 1/4 


since cos 7/4<7/4. 
Thus, cos x) —7/4=x, —2/4<0. 
sgn (cos x) — 7/4) =- 1. 


| PROBLEM 2.3 Draw graph of function defined as: 
1 


yx |4l 


| SOLUTION It is clear that we can obtain the 


given function by applying modulus operator to 
the independent variable of the function: 
1 
z x+1 
This function, in turn, can be obtained by 
applying shifting modification to the argument of 
the ona given as: 


X 


y- 


We, therefore, first draw f(x) = 1/x. Then we draw 
g(x) = f(x + 1) = 1x + I) by shifting the graph left 
by 1 unit. Finally, we draw h(x) = g(|x|) = 1/([x| + 1) 
by removing left half of the graph and taking mirror 
image of right half of the graph in y-axis. 


y = 1/x y=1/K(x+1) 


PROBLEM 2.4 A line x = k intersects the 


graph of y = log;x and the graph of y = log,(x + 4). 
The distance between the points of intersection is 


0.5. Given k = a+ vb , where a and b are integers, 
find the value of (a + b). 


| SOLUTION Obviously the curve 


y = log,(x + 4) is above the curve y = logsx. 


y=logs(x+4) 
y=logsx 


Hence for x=k, log.(k + 4) —log,k = 


(<**) 1 
= log,| —— | = — 
k 


Nile 
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= At = V5 => 1+—-=V5 

ape as 4 => a=1;b=5 
5-1 

. atb=6. 


? PROBLEM 2.5 Two points A(x,, y,) and 


B(x), y>) are chosen on the graph of f (x) = In x with 0 
<x, <x). The points C and D trisect the line segment 
AB with AC < CB. Through C a horizontal line is 
drawn to cut the curve at E(x;, y3). Ifx, = 1 and x, 
= 1000 then find the value of x3. 


| SOLUTION Using section formula 


qe 55 
3 
2-0+1-In1 Int 
p= 2:0 000 = Jnl000 yy 
3 3 
ps 


(1000, In 1000) 


Now line y = b intersects the curve y = /nx 
. b=lnx ...(2) 
From (1) and (2) 


1n1000 _ 
3 
~ x= (1000) = 10. 


| PROBLEM 2.6 Suppose that the domain of 


the function f (x) is set D and the range is the set 
R, where D and R are the subsets of real numbers. 
Consider the functions: f (2x), f (x + 2), 2 f (x), 
x 

f (=) ; 2 — 2. If m is the number of functions 
listed above that must have the same domain as f 
and n is the number of functions that must have 
the same range as f (x), then find the m and n. 


Inx = M1000)? =Mmx 
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+SOLUTION 2f(x) and 2 2 have the 


I) 
2 


same domain as f(x) and f(2x), f(x + 2), 


have the range as f(x) 


> m=2, n=3. 


+PROBLEM 2.7 The graph of y = f(x) is 


shown below. 


b 4 


Draw the graph of the following functions: 


(a) y => f(x) (b) y = £(2x) 
ics d = [fi G.LF 
© ¥= Fe) (4) y = [f()] GLE 


(e) y=fCx+) 


| SOLUTION 


1 ; 
(a) The graph of y = a f(x) is shown below. 


(f) x = fly). 


(b) The function y =f(x),xe [0,3] transforms to 


3 
y =f(2x), xe o, > whose graph is shown 
below. 
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| f(x) | -1 0<x<l 
(c) We have = 


f(x) 1 1<x<3 


whose graph is shown below. 


1 x =3 
(d) We have [f(x)] =, 0 1<x<3 
-1 0<x<l 


The graph of y = [f(x)] is shown below. 


(ec) We have f(-x + 1) =f{-(«K- 1} 


Its graph is drawn by taking the mirror image of 
the graph of f(x) in the x-axis and then translating 
it by 1 unit along the x-axis, as shown below. 


(f) The graph of x = f(y) is drawn by taking the 
mirror image of the graph of y = f(x) in the 
line y = x, as shown below. 


Graphs 


| PROBLEM 2.8 Solve max {sinx, cosx} < 0, 
Vxe (22, 27) 


+SOLUTION The bold curve represents the 


graph of vy = f(x). 


T 3% 
Clearly f(x) <0 for x e€ [-n, = =| U [x, =) 


| PROBLEM 2.9 Let f(x) =mim{2sinx, 1 —cosx, 1}. 


Find all positive values of m so that the line y = mx 
intersects the graph of y = f(x) atleast twice in [0, z]. 


+SOLUTION The bold curve represents the 


graph of f(x). 


The line y = mx with the greatest slope intersecting 
the graph of f(x) atleast twice is OA. Its slope is 
2 


T 

| PROBLEM 2.10 
Given f(t) = |t-—1]-|t}+ |t+1],te R. 
(a) Plot the curve y = f(t). 


(b) Define g(x) = max {f(t):x+1<t<x+2}, 
x € R in piecewise form. 


| SOLUTION 


(a) We have 


f(t) =t-1l-tt+t+l, t21 
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=1]-t-t+t+l, 0O<t<l 

=]-t+t+t+l, -1<t<0 

=]-t+t-t-l, t<-l 
i.e. f(t) =—t, t<-1 

= tro: —~1<t<0 

==¢7 2. 0<t<1 

=t t>1 


The plot of y = f(t), is shown below. 


(b) We have g(x) = max {f(t}: x+1<t<x+2} 


As an example, g(1) = max value of f(t) in 
the interval 


2<t<3 


= f(3) using the above plot. 
CaseI Letx<-3>t<-l. 
Consider an interval [x + 1, x + 2] (which is of 
unit length) in the region t <— 1. 
The maximum value of f(x) on this interval is 
at x + 1. Hence, we have 
g(x) =f(x+1), x<-1 
=-(x + 1) 
CaselI Let-3<x<-25>5-2<t<-0.5 
Consider an interval [x + 1, x + 2] in the region 
—2<t<-—0.5. From the graph of f(), we can see 
that the maximum value of f(t) is at x + 1. 
Hence, we have 
g(x) =f(k+1),-2<x+1<-15 
=-(x + 1). 
Case] Let-2.5<x<-2>5-15<t<0 
Consider an interval [x + 1, x + 2] in the region 
— 1.5 <t< 0. From the graph of f(t), we can see 
that the maximum value of f(t) is at x + 2. 
Hence, we have 
g(x) =f(x + 2),-05<x+2<0 
=(x+2)+2=x+4. 
CaseIV. Let-2<x<-15>5-1<t<-0.5 
Consider an interval [x + 1, x + 2] in the region 
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—1<t<0.5. From the graph of f(t), we can see 
that the maximum value of f(t) is at x + 2. 
Hence, we have 
g(x) =f(x+ 2),0<x+2<0.5 
=—(x+2)+2=-x. 
CaseV Let-15<x<-1>5-05<t<l 
Proceeding as above, we have 
g(x) =f(x+ 2),0.5<x+2<1 
=-(x+2)+2=-x. 
Case VI Let-1<x<-05>5-0<t<15 
Proceeding as above, we have 
o(x) =f(x+ 1),0<x+1<05 
=-(x+1)+1=-x+1. 
Case VIE Let-0.5<x>-05<t 
Proceeding as above, we have 
g(x) =f(x+2),x+2>1.5 
=x+2. 


Hence, we have 


g(x) =-x-1,x<-2.5 
=x+4,-2.5<x<-2 
=-—x-2<x<-l]l 
=—x+1,-l<x<-0.5 
=x+2,-0.5 <x. 


| PROBLEM 2.11 Give a graphical argument 


oe ; ta ; 
justifying the Jordan’s inequality — x < sin x for 
T 


0<x< 
2 


| SOLUTION The equation of the straight line 
Tt 
joining (0,0) and (1) is y = Z x. From the 
Tt 


graphs we see that, the graph of y = zl x lies below 
T 


Tt 
that of y = sin x in the interval 0,5 | , 


eS 
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+PROBLEM 2.12 Find the number of real 


roots of the following equations : 
(i) x” tanx = 1, x € [0, 32/2) 
(ii) 2cosx = |sinx|, x € [0, 27] 
(iii) 7*\((5 — |x|] = 1. 


| SOLUTION 
1 
(i) tanx= —> 
X 


We draw the curves y = tanx andy = —. 
xX 


From the graph, it is clear that the equation has 
two real roots. 


3n/2 X 


(ii) See the graphs of y = 2°°* and y = |sin x\. 
The two curves meet at four points for 
x €[0, 27]. 


So, the equation 2°°° * = |sin x| has four 
solutions. 


(ii) 7*! (5 — |x|) = 1. 
= |5-|x|=7" 
We draw the graphs of y = 7“! and 
y =|5—|xl| 


From the graph, the number of roots is 4. 


Graphs 


? PROBLEM 2.13 Find the sum of square of 


roots of x” — 4 — [x] = 0 is (where [.] denotes the 
greatest integer function). 


SOLUTION The given equation is x” — 4 = 


[x]. Then, the solutions of the equation are values 
of x where graph y = x’—4 and y = [x] intersect. 


y=x—4? 


From the graph, it is seen that graph intersects 
when 

x’? -4=2 and x’?-4=-2 
=> x°=6 or x’=2 


—~ x= V6 or aD 


Hence, the sum of square of roots is 8. 


| PROBLEM 2.14 Solve the equation 


log,(1+ x) = log,(1 + 2%). 
| SOLUTION We draw the graphs of the functions 
y = log,(1+ x) and y = log,(1 + 2°). 


We can see that the curves intersect two times. 
We find the roots by trial. They are x = 1, 3. 


2 
| PROBLEM 2.15 The curve y=x- — un- 
X 


dergoes the following successive transformations: 
(i) atranslation one unit to the right, 
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(ii) areflection about the y-axis, 
(iii) a translation one unit down. 
What is the equation of the resulting curve? 


2 
| SOLUTION Puta(x)=x- —. After a trans- 


lation one unit right we geta ~* 


2 
(x-lD=x-l1- 1 = b(x), say. After a 
xX _ 
reflection about the y axis we get 
b(-x) =-x -1- Z ; 
(—x—]) 
2 
=—-x-l- = c(x), say 
(x +1) 
After a translation one unit down we get 
ee | 
(x +1) 
2 
ae: a ale 
(x +1) 
Hence the resulting curve is 
=-x-2 —,. 
(x +1)? 


| PROBLEM 2.16 Solve the equation 


sinx =x?+x+1. 


| SOLUTION Let us first draw the graphs of 


y = sin x and y = x’ +x +1. It is clear from the 
graphs that the curves do not intersect and so the 
equation has no solution. 


+PROBLEM 2.17. Find the number of solu- 


tions of the equation 3!*!=|2-|x||. 
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| SOLUTION It is clear from the graph there 
are two points of intersection. Hence the number 


of solutions is two. 


y= |2-|al 


| PROBLEM 2.18 — Find the number of solutions of 


X 
sinx = —. 
10 


| SOLUTION 


Here, let f(x) = sin x and g(x) = . 


10 
also we know; -1 < sin x < 1 
<< 

10 
=> -l0<x<10 


Thus, we sketch both curves when x € [-10, 10] 


From above figure f(x) = sin x and g(x) = a 
intersect at 7 points. 10 


| PROBLEM 2.19 Find the complete set of val- 


ues of ‘a’ for which the equation 


|sin 2x| — |x| — a = 0 does not have any real 
solution. 


Telegram @unacademyplusdiscounts 


| SOLUTION Let us consider the limiting case 


when the graphs of y = |sin2x| and y = |x| + a, 
touch each other. 


If P is the point of contact, then at point P, the 
slope of the curves are equal. Hence, 2cos2x = 1. 


T Pe! = v3 
=> se Thus, ~ 6” a. 4 
Now, since the point P also lies of the line y = x + a, 
3 0 3V3 -T 
we have —=—+a > a = ———.. 
2 6 6 


B43 


T ; 
Ifa> —~ 3 then the given equation has no 


solution. Thus, the required set values of a is 


3V3 -T 
6 ° | 


+PROBLEM 2.20 Find the total number of 


, Tm 37 
solutions of /n |sin x| = — x” + ax in - >? =| ; 


| SOLUTION /n|sinx| =—x (x- 72) 


The graphs of y = /n|sinx| and y = —x(x — 2) meet 


7 
exactly two times in | me =] 


—T 


i} 
i} 
i} 
i} 
i} 
1 
1 
i} 
1 
a i} 
y = In Isin ix 
i} 
i} 
i} 
1 
1 
i} 


| PROBLEM 2.21 Sketch the graph of 


(i) y=xe* (ii) y =x /nx. 


Graphs 


SOLUTION y =xe~ 


lim y = 0. So, the x axis is a horizontal 
X —> —00 
asymptote. 


Also lim xe * =-.0, 
X 00 


y =e (1-x)andy” =e “(x— 2). 

Then x = 1 is a critical point. By the second 
derivative test, there is a relative maximum at 
(1, l/e) since y” <Oatx=1. 


(i) y=xInx 
Clearly lim y = . There is no horizontal 
asymptote. a 
lim y = 0. 


x30" 
y’ =1+1nx. Thus, x = I/e is a critical point. 
Y 


l X 


| PROBLEM 2.22 Draw the graph of 


f(x)=x’e"*! and find the value of k so thatthe curve 


y =kx’ will intersect y = e!*! at exactly two points. 
| SOLUTION We have 
2 —|x| x7e%, x>0 
f (x)=x"e 3 
xe", x <0 
; xe *(2-x), x20 
= f'(x)= 
xe’ (x +2), x <0 


f (x) is increasing in (— ~, — 2) U (0, 2) 


and f(x) is decreasing in (—2, 0) U (2, ©). 
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Also f(+ 2) = : f(0)=0 
e 
lim f(x) =0 


X— too 

Hence y = 0 is a horizontal asymptote to the 
curve. 
=> The graph of f (x) is as shown below. 


Now y = kx’ will intersect y =e '*' 


when kx*=e/*! = x?e!*!= 1 
k 1 
So,y = x’ e !*! will be cut by line y = , at 
ines Se 
exac opomt i —- =- 7 > oa ieee 
. k e@ 4 


Things to 
REMEMBER 


1. Symmetry of graph of F(x, y) = 0 


(i) The graph of F(x, y) = 0 is symmetric about 
the y-axis if on replacing x by — x, the 
equation of the curve does not change. 


(ii) The graph of F(x, y) = 0 is symmetric about 
the x-axis if on replacing y by — y, the 
equation of the curve does not change. 


(iii) The graph of F(x, y) = 0 is symmetric about 
the origin if on replacing x by — x and y by — 
y, the equation of the curve does not change. 
(iv) The graph of F(x, y) = 0 is symmetric about 
the line y = x if on interchanging x and y, 
the equation of the curve does not change. 
(v) The graph of F(x, y) = 0 is symmetric about the 
line y = -x if on replacing x by —y and y by — x, 
the equation of the curve does not change. 
2. When we draw the graph of y = x? in the first 
quadrant we have three kinds of graph: 
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(i) y =x? where p> 1 


pA 


X 
(ii) y =x? where 0<p<1 
Y 
X 
(iii) y =x? where p <0 
Y 
X 


3. Transformation of graphs (assume a > 0) 

(i) To draw the graph of y = f(x) + a, we take 
the graph of y = f(x) and move it a units up. 

(ii) To draw the graph of y = f(x — a), we take 
the graph of y = f(x) and shifted to the right 
by a units. 

(iii) The graph of y = a f(x) is obtained by 
stretching the graph of y = f(x), a times 
along y axis (more precisely, by stretching 
for a> 1 and by compressing for 0 <a <1). 

(iv) The graph of function y =-— f(x) is obtained 
from the graph of the function y = f(x) by 
reflection of the graph of y = f(x) about the 
X—AxIS. 

(v) The graph of y = f(ax) is obtained by 
shrinking the graph of y = f(x), a times 
along y-axis (more precisely, by shrinking 
for a> 1 and by expanding for 0 <a< 1). 

(vi) The graph of function y = f(—x) is obtained 
from the graph of the function y = f(x) by 
reflection of the graph of y = f(x) about the 
y—axis. 
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4. Transformation of graphs by modulus function 

(i) To construct the graph of y = [f(x)|, we 

take the mirror image of the lower half of 

the graph of y = f(x), about the x-axis and 
remove the lower half of the graph. 

(11) To construct the graph of y = f(|x)), first we 
remove the left half of the graph of y = f(x), 
and then take the mirror image of right half 
of the graph in the y-axis. 

(iii) The graph of |y| = |f(x)| is the union of the 
graphs of y = f(x) and y = — f(x). We first 
draw the graph of y = f(x) and then take the 
image of the graph of f(x) about the x—axis 
considering it as a plane mirror. 

(iv) The graph of function |y| = f(x) is obtained 
from the graph of the function y = f(x) as 
follows : first we delete its portion located 
below the x—axis and then take the image 
of the positive part of f(x) about the x—axis 
considering it as a plane mirror. 

5. The graph of y = f(x) is transformed to y =[f(x)] 
as follows: 

(i) Draw lines parallel to x-axis (horizontal 
lines) at integral values along y-axis to 
cover the graph of y = f(x). 

(ii) Identify points of intersections of graph 
with parallel lines drawn in the earlier step. 
Draw lines parallel to y-axis (vertical lines) 
from the intersection points identified. 

(111) Take x-projection of curve from the point 
of intersection between two consecutive 
vertical lines such that it lies on horizontal 
line of lower value. 

6. The graph of y = f(x) is transformed to y = f([x]) 
as follows : 

(i) Draw lines parallel to y-axis (vertical lines) 
at integral values along x-axis to cover the 
graph of y = f(x). 

(ii) Identify points of intersections of graph 
with parallel lines drawn in the earlier step. 

(iii) Draw lines of 1 unit parallel to x-axis 
from intersection points in the direction of 
positive x. The line ends at the next parallel 
line on right. Include intersection point but 
exclude other end of the line. 


Graphs 


7. The graph of y = f(x) is transformed to y = {f(x)} 
as follows : 

(i) Draw lines parallel to x-axis (horizontal 
lines) at integral values along y-axis to 
cover the graph of y = f(x). 

(ii) Identify segments of graph between two 
consecutive vertical intervals. Transfer 
these segments to y-interval given by [0,1). 
(111) Include end point corresponding to y = 0 and 
exclude end point corresponding to y = 1. 
8. The graph of y= f(x) is transformed to y = f({x}) 
as follows: 
(i) Draw the vertical lines x = 0 and x = 1. 
(ii) Identify part of the graph for values of x in 
[0,1). Include end point corresponding to 
x = 0 and exclude end point corresponding 
tox =1. 
(iii) Repeat the part of the graph identified in 
step (11) for other intervals of x. 
9. From the graph of y = f(x), we obtain the graph of 
x = f(y) either by reflecting the graph of y = f(x) w.rt. 
to the line y = x, or by first rotating the graph of y 
= f(x) by 90° anti-clock-wise, and then reflecting the 
resulting graph about the vertical axis. 
10. The steps for determining intervals of 
monotonicity are as follows: 

(1) Determine the derivative of the function f’(x) 
and find the critical points i.e. points where 
the derivative is zero or does not exist. 

(ii) Determine the sign of f'(x) in different 
intervals formed by the critical points. 
(111) Determine monotonic nature of function in 
accordance with following categorization : 
f'(x) 2 0: equality holding for points only 
=> strictly increasing interval 
f'(x) 2 0 : equality holding for sub-intervals 
= non-decreasing or increasing interval 
f'(x) < 0: equality holding for points only 
=> strictly decreasing interval 
f'(x) < 0 : equality holding for subintervals 
= non-increasing or decreasing interval. 
11. The First Derivative Test : Suppose that x = a 
is a critical point of a continuous function y = f(x). 
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(i) Iff’(x) changes from positive to negative at 
x =a, then f has a local maximum at x = a. 
(ii) Iff'(x) changes from negative to positive at 
x =a, then f has a local minimum at x = a. 
(ii) Iff'(x) does not change sign at x = a (that is, 
if f'(x) is positive on both sides of x = a or 
negative on both sides), then f has no local 
maximum or minimum at x = a. 
12. The Second Derivative Test : Let x = a be 
a stationary point of a function f (i.e. f'(a) = 0). 
The function f has a local maximum at a if f’'(a) is 
negative, and a local minimum if f"(a) is positive. 
13. In order to find the global maximum and mini- 
mum of a continuous function f(x) in [a, b] : 
Find out all the critical points of f(x) in (a, b). 
Let c,, C5, ... , C, be the different critical points. 
Find the value of the function at these criti- 
cal points. 
Let M = max {f(a), f(c,), f(c,), ...., f(C,), f(b)} 
and m = min {f(a), f(c), f(c,), ..., f(c,), f(b)} 
Then M is the global maximum (greatest 
value) of f(x) in [a, b] and m is the global 
minimum (least value) of f(x) in [a, b]. 
14. For a curve y = f(x), if the second derivative 
f"(x) is everywhere positive within an interval, the 
arc of the curve y = f(x) corresponding to that inter- 
val is concave up. If the second derivative f(x) is 
everywhere negative in an interval, the correspond- 
ing arc of the curve y = f(x) is concave down. 


15. Let x = c be a point where f’"(c) = 0 or f"(c) 
does not exist and the signs of f"(c —h) and f"(c +h) 


OBJECTIVE EXERCISES 
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be opposite, then the point x = c is called a point 
of inflection. 
16. Asymptotes: 

(i) Ifeither lim f(x)=Lor lim f(x) =L, then 


X—eo _ Kaeo 
the line y = Lis a horizontal asymptote of 


the curve y = f(x). 
(ii) The line x = a is a vertical asymptote if 
at least one of the following statements is 


true: 

lim f(x) = lim f(x) = co 
x—-a* xa 

lim f(x) =—. lim f(x) =— 2 
xa" x 3a 


(iii) If there are limits 
lim 3) =m 


X00 X 


l 
and lim [f(x) — mx] = ¢,, 
X—oo 


then the straight line y = m,x + c, will be an 
asymptote (a right inclined asymptote or, when 
m, = 0, aright horizontal asymptote). 
If there are limits 
oe 
lim EO) = 


xXx—--coo =X 


and lim [£(x) ~ myx] = ep, 


My 


then the straight line y = m,x + cy, is an 
asymptote (a left inclined asymptote or, when m, = 0, 
a left horizontal asymptote). 


SINGLE CORRECT ANSWER TYPE 


1. Which one of the following graphs best represents the set {(x, y) € R*: x? +y* < 16, y >-x}? 


b 


(a) 


Y 


(b) 
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bi z 


(A) a (B) b (C) c (D) d 


Graphs 


. Which of the following graphs represents the set {(x, y)e R*:x*+y’? <4, |x] 21}? 


(Cc) (d) 


(A) a (B) b (C)c (D) d 
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4. Which graph most resembles the curve 


y=|x-2|+|x+1|? 


¥. Y. 
(a) (b) 
xX xX 
Y ¥ 
(c) aa (d) oe 
X xX 
(A) a (B) b (C)c (D) d 


5. Which graph most resembles the curve 


y=[x-2|- |x+1]? 
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Graphs sw, 


6. Which figure represents the semicircle with equation x = 1- V-y’ —6y-5 ? 
¥ 

b 

(b) > 
a 


(C) (d) 


(A) a (B) b (C) (D) d 


7. Which one of the following represents a function 


Y ¥. 
(a) > (b) 
x 
Y¥ Y 
(c) (d) + 
x x 
(A) a (B) b (Cyc (D) d 
2 +1, 
xX if x E(-9, — 1] 
8. Which one most resembles the graph of y = f(x) =41-x* if x € (-1,1) ? 
l [1, oo) 
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(A) a (B) b (C)c (D) d 


(x+3)°-5 if x E(-c,—1] 
9. Which one most resembles the graph of y = f(x) = x? if x €(-1,1) ? 


5—(x-3)? [1, oo) 
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Graphs 


10. The polynomial p whose graph is shown below has degree 4. You may assume that the points marked 
below with a dot through which the polynomial passes have integer coordinates. Find the equation. 


45432-10123 4 5 


x(x + 2)” (x - 3) 


(A) ps) =x + 2) &-3) (B) p(x) = - 18 
_ x(x + 2)? (x - 3) _ x(x + 2) (x - 3) 
Oe a, a eae, 
1 
11. Which graph most resembles the curve Y = | + 2/9 
Y. Y, 
J em in 
(a) . (0) x 
¥i ¥, 
—— 
() - (4) - 
(A) a (B) b (C)e (D) d 


1 
12. Which graph most resembles the curve Y = x|-1 +29 


13: 


14. 


15. 


16. 
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pie 
() - (@) - 
(A) a (B) b (C) ec (D) d 
x? +x 
The graph of Y = oar, is 
¥ bs 


(a) = - (b) 
Sy Bd es 

() - @) 7 

(A) a (B) b (C) c (D) d 


(x + 1)? (x-2) 
(x —1)(x+2)? 
(A) f has zeroes at x = —1 and x = 2, and poles at x = 1 and x = -2. 
(B) f has zeroes at x = 1 and x = —2, and poles at x = —1 and x = 2. 


(C) fhas zeroes at x = 1 and x = 2, and poles at x = —1 and x = -2. 
(D) f has no zeroes and no poles. 


Consider the rational function f, with f(x) f(x)= . Which of the following is true ? 


x —1 
The curve Y = oc experiences the following successive transformations: 
(i) areflection about the y-axis, (ii) a translation 1/2 unit down, 


(iu) a reflection about the x-axis. 


Find the equation of the resulting curve. 
x+3 


(A) Y= 3a-%) ‘B) Y=— 
ae,’ 
_ eS 
a 0) YY 56Gb 


What is the equation of the resulting curve after the curve y = x|x + 1| has been successively translated 
one unit right and reflected about the y-axis ? 

(A) y=(@—- Dhl (B) y=-&+ DI 

(C) y =—x|x (D) y =—x[x|- 1 


17. 


18. 


19. 


2; 


21. 
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Graphs 


The graph in figure below belongs to a curve with equation of the form y=AVx+3-—2. Find A. 


0 

j-LIA ETT ET 

oe tg tt ty Tt 

atte tt 

we | 
RRR Eeee 


5-4 -3-2-10123 4 5 


(A) A= (B) A=1 


Nol 


(Cc) A=2 (D) A=2 


Which graph most resembles the curve Y= Vy! — x ? 


~ ¥ 


(a) (b) 


~*~ 
~ 


(C) (d) 


»* 
» 


(A) a (B) b (C)c (D) d 
Which of the following pairs of equations have the same graph? 


(A) x?+y*=1 and (x? +y7) =] (B) y= V2x and Jy =J2x 


2 
(C) x? +y? =25 and y= (25 “= (D) none of these 


The number of solutions of the equation [x]? + [x + 1] = 3 is : where [x] dentotes greatest integer func- 
tion. 
(A) Two (B) Four (C) Infinite (D) None of these 


Number of solutions of the equation log),|x| = sin x are 
(A) 6 (B) 7 (C) 5 (D) 8 
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22. The minimum vertical distance between the graphs of y = 2 + sin x and y = cos x is 


(A) 2 (B) 1 (C) 3 (D) 4 


—COS X COS X 


23. The range of a for which the equation e +a=e””” possess infinite solution 

(A) (—©9, 0) (B) C1, 1) (C) (0, e- 1/e] (D) (0, e+ 1/e] 
24. The number of roots of |sin |x|| = x + |x| in [—27, 271] is - 

(A) 2 (B) 3 (C) 4 (D) 6 
25. Number of solutions of the equation |x — 1|+ |x + 1|< 1 are 

(A) 1 (B) 2 (C) infinite (D) 0 


26. Let f(x) = max {tan x, cot x}. Then number of roots of the equation f(x) = a in (O, 27) 1s 


v3 


(A) 2 (B) 4 (C) 0 (D) None 
27. Number of solutions of 3”! = |2 -x|| is 
(A) 0 (B) 2 (C) 4 (D) infinite 
28. How many roots does the following equation posses , x* — 2x — log, |1 —x| =3 ? 
(A) 2 (B) 3 (C) 4 (D) 5 
29. The equation e* + e* —e = 0 has 
(A) no real root in the interval [0, 1] (B) at least one real root in [0, 1] 
(C) two real roots in [0, 1] (D) none of these 
30. Area of the common region represented by the inequalities x -y +5 2>0,x-y—-—5<0,0<y <5, 1s 
(A) 25 sq. units (B) 50 sq. units (C) 75 sq. units (D) 100 sq. units 
31. The number of times the graphs of y = |1 — 2x| and y = 1 —| x | intersect is 
(A) once (B) twice (C) thrice (D) None 
32. For the equation |x? — 2x — 3| = b which statement or statements are true 
(A) for b <0 there are no solutions (B) for b = 0 there are three solutions 
(C) for 0 <b <1 there are four solutions (D) for b = 1 there are two solutions 


33. Area enclosed by the curve, 


x+y —-1|+|2x+y+1|=1is 


(A) 2 sq. units (B) 1 sq. units (C) 4 sq. units (D) none of these 
34. Number of solutions of sin x/2 + 2n x =x’? + 17 + 1 is 

(A) 0 (B) 1 (C)2 (D) none 
35. The number of ordered pairs of integers x and y which satisfy |x| + ly| < 21 1s 

(A) 210 (B) 420 (C) 821 (D) 841 


36. The graph of the curve y = = and y = px intersects at 
x 
(A) one point for any value of p (B) two points for any values of p 
(C) two points for p 20 (D) None of these 
37. Number of roots of the equation 3h 2 — |x|] = 1 is 
(A) 0 (B) 2 (C) 4 (D) 8 
38. Equation |x — 4| + |x + 4| = ax + 8 has 
(A) exactly one solution if a € (— c%, —2] U [2, ©) 
(B) exactly one solution if ae (—2, 2) 


a7. 


AQ. 


Al. 


42. 


43. 


44, 


4S. 
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(C) exactly two solutions if a € (—2, 0) U (0, 2) 
(D) exactly two solutions if a = 0 


The value of b > 0 for which the region bounded by both the x-axis and y = —| 2x | + b has an area of 
72,18 
(A) 12 (B) 36 (C) 6V2 (D) 144 
The equation | |x — 2| + al = 4 can have four distinct real solutions for x if a belongs to the interval 
a2) (B) C , 0) (C) [A, o) (D) None of these 
The solution set of the equation, 
(x + 1) log,’ x + 4x log, x — 16 = Ois: 
(A) an empty set (B) a singleton 
(C) aset consisting of exactly two elements (D) a set consisting of more than two elements 
If sin'[x] > cos’ {x}, then the values of x satisfying the inequality is, (where [ ] denotes greatest inte- 
ger function and {x} denotes fractional part of x): 
1 
(A) [I, 2) (B) 1, 2] (C) C1, 2) (D) (5.1) 
The number of solutions of the equation sgn ({x}) = |x — 1| 1s (where {x} denotes fraction part of x) 
(A) 1 (B) 2 (C) 3 (D) infintite 
The number of solutions of x” — 2[x] + 3 = 0 is (where, [ ] denotes the greatest integer function). 
(A) 1 (B) 2 (C) 3 (D) None 
The number of solutions of the equation x” — 2 — 2[x] = 0 ([ . ] denotes greatest integer function) is 
(A) one (B) two (C) zero (D) infinity 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


46. 


The graph of the function y = f(x) 1s as shown in the figure. The which of the following graphs are cor- 
rect ? 


(A) ly|=sgn (¢x)) 


47. 


48. 


49. 


50. 


aL. 
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(C) lyl = dx) (D) y = xsgn@(x)) 


x+2 if x <-l 


The function f(x) = 4 x? if -l<x<]l 
(x-2) if x21 

(A) is continuous for allx e R 

(B) is continuous but not differentiable Vx € R 


(C) is such that f ‘ (x) changes its sign exactly twice 
(D) has two local maxima and two local minima. 


Which of the following statements concerning the function 


5x*-10x-15 a 
f (x)= oe ee ad are correct 
4, if x =3 
(A) f (x) 1s continuous for all x # - 2 (B) f (x) is always decreasing 
(C) f(x) has no vertical asymptotes (D) f (x) has one horizontal asymptote. 


Let f (x) = = then which of the following 1s correct. 


(A) f (x) has minima but no maxima. 

(B) f (x) increases in the interval (0, 2) and decreases in the interval (— o9, 0) U (2, ©). 
(C) f (x) 1s concave down in (— ©, 0) U (0, 3). 

(D) x =3 is the point of inflection. 


Which of the following statement(s) is/are true for the function f (x) = (x — 1)?(x — 2) + 1 defined on 
[0, 2]? 
e, W2G 
(A) Range of fis Ea , 
27 


(B) The extrema in the graph of y =f (x) occur at (1, 1) and (= , =) ; 
7 

(C) The value of p for which the equation f (x) = p has 3 distinct solutions lies in interval (= : i , 

a 


(D) none of these 
Suppose f is defined from R —> [-1, 1] as 
2 
x=] 


x7 4+] 


(A) f is many-one and onto 

(B) f increases for x > 0 and decrease for x < 0 

(C) minimum value is attained 

(D) maximum value 1s not attained even though f is bounded. 


where R is the set of real number. Then the statement which does not hold is 


f(x) = 
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Comprehension - 1 


> 
Let xt = J* . eee and 
0 if x<0 


_ —-x if x<0 
let x = 
0 if x>0 


52. The incorrect statement is 


(A) x=x°-x” (B) x= o- (C) |x| =x? +x (D) None of these 
53. The number of solutions of the equation 
(x—1)° + («-1) = 2x" - 2x is 


(A) zero (B) one (C) two (D) infinite 
54. The complete solution set of the inequality (x + 1)" -2 (x-2) 20is 
(A) [I, -) (B) [2,0%)  (C)G-x~,-1]  ()None of these 


Comprehension - 2 


Consider the quadratic function q : R > R with q(x) = x* -6x + 5 
55. How many of the following assertions is (are) true ? 
(a) qisS concave up 
(b) qis invertible over R 
(c) the graph q has vertex (3, — 4) 
(d) the graph of q has y-intercept (0, 5) and x-intercepts (—1, 0) and (5, 0) 
(A) none (B) exactly one (C) exactly two (D) exactly three 
56. Which one most resembles the graph of y = —q(x + 3) ? 


¥ Y 


(a) (b) 


~ 
ms 


(C) (d) 


~ 


(A) a (B) b (C) c (D) d 
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57. Which one most resembles the graph of y = q(|x|) ? 


Y Y 
(a) a (b) - 
¥; Y 
(A) a (B) b (C) c (D) d 


Comprehension - 3 
Consider the function f : 
x 10 


— -— if x e[-5,-2 
34 [ ) 


y ={(x) = 2x if x €[-2, 2] 
ae cee: SI 
3 3 

58. Which one most resembles the graph of f”? 


¥: 
(a) of (b) 
¥. 
(c) a (d) 
> 


SSS 


(A) a (B) b (C)e (D) d 
59. Which one could not possibly be a possible value for (f 0 ... of) (a), where n 1s a positive integer and 
ee  -—__—_— 
ae [-5, 5]? ncompositions 


(A) 0 (B) -5 (C) 5 (D) 6 
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60. Which one most resembles the graph of f-1 ? 


(A) (B) 


(C) (D) 


Comprehension - 4 


Consider to the polynomial p in figure. The polynomial has degree 5. You may assume that the points 
marked with dots have integer coordinates. 


7 

ptt ttt ttt tt tt 

ett tt eT ETT Tt 
Lt a eT 


—-7 6 5-4-32-10123 45 67 


61. Determine the value of p(-3) p(0) 
(A) 0 (B) 4 (C) -4 (D) None of these 


62. Determine p(x) 


3) (x + 2) (x + 4) (x- 1) 


(a) = a (B) (K- 3) (K +2) (K+ 4) K- 1) 


cy HA 3&+2 +4) HD) 
24 


63. Determine the value of (p o p) (-3) 
(A) 4 (B) 18 (C) 20 (D) 24 


(D) (& -3) (K+ 2) («K+ 4) (K- 1) 


Telegram @unacademyplusdiscounts 


Functions and Graphs for JEE Main & Advanced 


Comprehension - 5 


Consider rational function f, with 


f(x) = (x — 1) (+2) 
(x+1)(x-2) 
64. Which of the following 1s a horizontal asymptote for? 
(A) y=-1 (B) y=1 (C) y=0 (D) y =2 


65. Where are the poles of f ? 
(A) x=landx=-2 (B) x=-landx=—2 (C) x=-landx=2 (D) x=landx=2 


66. The graph of y = f(x) most resembles 


6 y 

(a) — | a (b) = 
¥ Y 

(c) \ (— (d) . 

(A) a (B) b (C) c (D) d 


MATCH THE COLUMNS FOR JEE ADVANCED 


67. Given the graph of y =f (x), match the following graph. 


Column - I 


(A) y=fC—-x) 


(B) y =f (2x) 


68. 


69. 


Graphs 


(C) y=—2 f(x) 


(D) y =1-f(x) (S) 


Consider the equation (x — 1)2 = |x — kl. 
Match the value of parameter k in the column - I with the number of solutions in Column II. 
Column - I Column - IT 
3 . 
(A) k= ri (P) exactly one solution 
(B) k= (Q) exactly two solutions 
5 
(C) k= ri (R) exactly three solutions 
(D) k=0 (S) exactly four solutions 
Match the letter of figures with the equations 
Column - I Column - II 
é% 


(A) (P) y=1+ V4—x? 


(B) . (Q) y=2-J9-x? 


(C) (R) y =x? - 2x 


70. 


Telegram @unacademyplusdiscounts 


Functions and Graphs for JEE Main & Advanced 


Y 


(D) (S) y=24+9-x? 


*< 


(T) y=|x -2x| 


Match the letter of figures with the equations 
Column - I Column - II 
¥ 
(A) OY aa 
x Ix|-1 
¥ 
(B) (Q) y=lv-x 
x 
¥ 
1 
) ®) y= 
x x° - 1 
Y 
1 
(D) Opy> a, ! 
X Ix 
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71. 
Column - I Column - II 


[. ] and {. } represent the greatest integer and fractional part functions respectively. 


(A) Number of solutions of [x] = cos—1 x (P) 3 

(B) Number of solutions of sin—1] x = sgn(x) (Q) 2 

(C) Number of solution of {x} = e* (R) 1 
. I -1 

(D) Number of solutions of — =(x) (S)0 


72. There are five graphs shown below. The first graph is that of the original curve y = f(x), and the other 
four are various transformations of the original graph. You are to match each graph letter below with 
the appropriate equation 


¥ 
- aa 


Column - I Column - II 


Y 

(A) vy ©) y=fcx9 
Y 

®B) ofS Q y=-fe) 
b 

(C) a ) y=fdxl) 


(S) y= [feo 
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(D) (1) y=fClxl 


REVIEW EXERCISES for JEE ADVANCED 


1. Consider the function f : R — {-1, 1} ~ R where 
-x if x<-l 
f(x)= 4x? if -1<x <1. Draw its graph. 
xX if x>l1 


2. Consider the function f : [— 4, 4] — [— 5, 1] whose graph is made of straight lines, as shown in the 
figure. Find a piecewise formula for f. 


3. Sketch the graph of the functions: 
G) y=1l+In(x-2) (i) y=3+e~? Gii) y=1-e%**! (iv) y =3 In3/1-x| 
4. Construct the graphs of the following functions : 


a) y =-sin ; (i) y =sin [x = =| (iil) y = cos [x + =] (iv) y = tan 3x 
5. Construct the graphs of the following functions: 
: X os TU 
1 == (a — i) y=tan|] —-x 
Q) y 5 (il) y [ 6 ) 


6. Construct the graphs of the following functions: 
a) y= sin’ (x—2) (ii) y= cos” (=) (iu) y = tan (x+1) (iv) y= cot! (3 —x) 
7. Sketch the graph of the following : 


a) y= 4)" —] (i) y = In |x| (iil) y = sin |x| (iv) y = tan |x| 


10. 


11. 
IZ. 
13. 


14. 


15. 


16. 


ine 


18. 
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Show that if the graph of a curve has x-axis symmetry and y-axis symmetry then it must also have sym- 
metry about the origin. 


Consider the graph of the curve y = f(x). It may be assumed that the domain of f can be written in the 
form [a, b) U (b, c], where a, b, c are integers, and that its range can be written in the form [u, v], with 


u and v integers. Find a, b, c, u and v. 


es 


What is the equation of the resulting curve after y = x” — x has been, successively, translated one unit 
up and reflected about the y-axis ? 


Suppose 0: R > R is defined to be o(t) = |t| for -—1 <t < 1 and o(t + 2) = O(t) for te R. Draw its graph. 
Let f(x) = distance of x from the nearest integer. Draw the graph of f. 


Identify the curves given by the following parametric equaion and write equations for the curves in 
terms of x and y. 
GQ) x=3t+5,y =4t-1 
t 


(ii) x=t+2y=t2 


(111) Ca ae av) x =Scott,y=5sint 
t = 
Construct the graph of the following functions: 
+1 i 2x—2 
(i) y=- (ii) y= y= 
x—1 x3 


Draw the graph of the following functions: 
@) y=(K+3Vx-1]) 
Construct the graph of the following functions: 


G) y=|/k-l] -2| 


(ii) y= (x? +1) — 4x? 


Gi) y= (2 |x] - DAx-3) 


(ii) y =x + |x—1)4+ 222! 
x-2 


(iv) y = Il? — 2}x| — 3. 


Let f(x) = [x] and let g(x) = [2x] for all real x. In each case, draw the graph of the function h defined 


over the interval [—1, 2] by the formula given. 


G) h(x) = f(x) + g(x) Ga) h(x) = f(x) + g(x/2) Gan) h(x) = f(x) g(x). 


Draw the graphs of 
G) f(x) =x + [x] 


Gu) f(x) = 2[x] 


(i) g(x) = [x] 
(iv) f(x) = [x] + x + 
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19. In each case, sketch the graph of the function f defined by the formula given. 


(i) f(x) = [Vx] for 0<x<10. 
(i) f(x) = Vix] forO<x<4. 
(iii) f(x) =[x/’ for 0<x <3. 


20. Determine any intercepts with the axes and any symmetries of the curve y* = |x° + 1]. 


1 a3 
21. Sketch the graph of the curve y = : and label the axis intercepts and asymptotes. 
\ x+ 
22. Draw the graph of the curves 


(i) (xtyy=l (ii) x*-y?=4 (iii) Jy? =x?-3x +2. 
23. Determine the number of roots of 
sinx = x, sinx = 1/3 x, sin x = 1/8 x, sin x = 1/120 x. 
24. Draw the graph of the following functions: 
G) y=20xlteo’e iy y = 2! ee! (iii) y = log, Vx (iv) y =| log,x | /log,x 
25. Sketch the region {(x, y): x’< y < |x| }. 
26. Draw the graph of the function 


far. (2n+1)n<x<2nn 


sin?x, 2nn<x<(2n+l)n 
in the interval [0, 37]. 
27. Give piecewise definition of 


g(x) = max oe , in the interval [1/2, 2] and draw its graph. 
x 2 


28. Given in figures (1) and (11) are the graphs of two curves, y = f(x) and y = f(ax) for some real constant a. 
Determine the value of C. 
¥ 


Fig (4) Fig (1) 
sis . Find (a, b, c). 


29. The figure below shows a curve of the form y = 
c-—x 


| 
1 
| 
| 
| 
i 
| 
| 
| 
! 
| 
| 
| 
i 
fi 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


30. 


Sl. 


32. 


34. 


35. 
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Graphs 
2x7 +6x . 
If the graph of f(x) = ea SL is symmetric about the line x = a, find a. 
x°+3x-4 
Draw the graph of f(x) = max {sinx, cosx} V x € R. Find the least value of f(x). 
Draw the polynomial P(x) = ax’ Ox 
Find the least and the greatest value of the function f(x) = =x ot =x — ; x on the interval 


[— 2, 1] and construct its graph on that interval. 


Investigate the behaviour of the fuction y = (x* — 2x”)/4 with the aid of the derivative and construct its 
graph. 
Find the number of solutions of the following equations: 


(1) 2 cos 6x -—cos 2x + 1=0,xe [0, 7] (i) 2°°*= sin x, x € [-1, 1] 
(111) sin (S*) = 2% eR (iv) 2? p= 0.ER 
Z 500 4n 


TARGET EXERCISES for JEE ADVANCED 


1. 


The curve y = undergoes the following successive transformations : 
x" -x- 
(1) a translation one unit right, (11) a reflection about the x-axis, 
(iii) a translation two units up, (iv) areflection about the y-axis. 


Find the equation of the resulting curve. 


2. Figure (1) shows the graph of a function f(x) with domain [-3, 4] and range [-1, 2]. 


(i) Find the function represented by Figure (11). 
(ii) Find the function represented by Figure (it). 
(ii) Find the domain and range of y = 1 — f(x + 1) 
(iv) Find the number of points of intersection of the curve in figure (iii) and (2x — 6)* + 4y? = 49. 


Telegram @unacademyplusdiscounts 


Functions and Graphs for JEE Main & Advanced 


3. Draw the graph of the following functions: 
G) y=|x?-4x+3|+2x Gi) y=x?-2|x+1|-1 Gi) y=(1-x]+2a«+)) 


4. Draw the graph of the following functions: 


@ y2-——  @) pl-2-—* 2 — 
1 i oe a il =. —— iii =/2= 
a |x-1| |x-1| z |x —1| 
5. Draw the graph of the following curves: 
(i) y=log,|x-1|-1 (ii) lyl=|e"-2 
Gu) lyl=[k-1[+|[x+]| (iv) y= = 4 
6. Given below is the graph of a curve y = f(x). Find the graphs - 
@) y=+4t@) (1) y = |£(x)| Gu) y = |f(x)|- 1 
Gv) y=[f«-1) (v) y = f(x). 


y = f(x) 
7. Letf: R-R be defined by 
1 for 2n<x<2n+1,(neJN) 
f(x) = 
2 for 2n+l<x<2n+2 
Draw its graph. 
8. Draw the graphs of the following functions : 
@) f(x) = sgn(/-|x}) (ii) f(x) = sgn ([x* -x]) 
(iii) f(x) = min. { |x|, x7, 23, [- 4, 4] (iv) f(x) = max (|tan x], cos |x|), x € [-2, 7]. 


9. Let f(x) =x? —4|x| and 
Be min {f(t):-6<t< x}, x €[-6, 0) 
max {f(t):0<t< x}, x €[0, 6] 
10. Draw the graph of the following functions : 


then find the value of g(—-1) + g(1) + g(5). 


. e+e” : e*-e” - 
2 —s > —s (ii) y =[x] + VO} 
11. Draw the graphs of the function 
. e-e* . e*+e* 
(1) (i) y = 
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Graphs 


12. Draw the graph of the following functions : 
@Q) y =max {x +|x|,x—[x]} (i) y = sin (t {|x| + [x]}) 
(ili) y =e* sin x 
13. The polynomial p(x) = x* - 4x? + 4x? — 1 has a local maximum at (1, 0) and local minima at (0, -1) and 
(2, -1). 
(a) Factor the polynomial completely and sketch its graph. 
(b) Determine how many real zeros the polynomial 
q(x) = p(x) + c has for each constant c. 


14. The rational function q given in the figure has only two simple singularities and satisfies q(x) — 1 as x 
— +o, You may assume that the singularities and zeroes of q are located at integer points. 


(a) Find q(0). (b) Find q(x) for arbitrary x. 
(c) Find q(-3). (d) Find lim = q(x). 
x3-27 
15. Draw the graph of the following functions: ~ 
(1) Pees Gi) y =Intanx+Incot x 


1-tan*(x/2) 
16. Draw the graph of the following functions: 
a) y= sin?x (il) y = Vsinx 
17. Draw the graph of the following functions: 
1 
(x +1) 


(1) y =|sin x| + | cos x| Gi) y=2x-—1+ 
18. Draw the graph of the following functions: 
Gu) y = log,,.sin x 


- 2x - 
(i) y =log,(4x—x’) (ii) y = log, on 
x+]1 


19. Plot the region given by the following: 
@ y={@&yI@-Ixl)?+Q-ly ps4} @y={@&yIlxtyl+ly-x1 <4} 
(iii) y = {%, y) | loge) x)_o 5) + y7) S$ logy, -o5y 4 
20. Sketch the region in the plane defined by each of the following equations. 
@ BP +P=1 GP -P=3 di) kt+y]°=1 
21. Construct the graphs of the following : 
sin y = sin x. 
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22. Draw the a of the following functions: 


1+x? . x—1 +1 
(@) y= Gi) y= — Gi) y= = 
2+ X x 
23. Draw the graph of the following functions: 
Gi) y =sin’x—2sinx (ii) y = a. (iii) y = tan” (=) 
cos 2x x 


24. Draw the graph of the following curves: 


_ 2x _ (+x) ae x 2_.2(atx 
OS area y= os Gi y- a =x (2**) 


25. Show that the equaton 2x = (2n + 1) m(1 — cos x), where n is a positive integer, has 2n + 3 roots. 
26. Show that the equation (2/3) x sin x = 1 has four roots between — 7 and 7. 


27. The curve y = |x| +x undergoes the following successive transformations : (1) a translation | unit down, (11) 
a reflection about the y-axis, (111) a translation 2 units nght. Find the equation of the resulting curve. 


28. How many solutions does the system of equations 


a 
~ , possess ? 
x? +y? = 


29. Find the seated solution of the inequality x-—y => Vx+y 
30. The polynomial p shown in the figure has degree 3. You may assume that all its roots are integers. 


TE ae 
PTT TTT TP ET TT TT 
See a eee ees ee 
(a) Find p(—2), assuming it is an integer. (b) Find a formula for p(x). 
31. Solve graphically 
a. x 4 = 3 2 
0 ee le i) == <-=— 
” 2 x a x-l x4l 


32. Solve for x, y ; |y| = 1 —x’ and |x* — 2x] +y =1. 


33. Draw thecurves x=y’—land x=ly| V1- y~ and find the number of integral coordinates lying within 
the region enclosed between the curves. 


34. Discuss the number of the roots of the equations 
(i) cotx+x-3/22=0, (ii) x? + sin2x = 1, 
(iii) (1 +x) tan x = 2x, (iv) sinx -x+ 1/46x°=0, 
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Graphs 


35. Given a function y = (-x’ + 3x — 1)/x. Investigate its behaviour and make a rough drawing of the graph. 


36. Investigate the behaviour of the function 
y =(x + 4)/(x + 1° and construct its graph. How many solutions does the equation 


(x? + 4)/(x + 1)° = c possess? 


[ ANSWERS 


i PRACTICE PROBLEMS [A] 


1. (il) 
2. (ii) 
3. @) (il) 


4. (i) 3 (ii) [-5, -l)U2, 5] (iii) [-5,-3)U2, 5] 
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| PRACTICE PROBLEMS [B] 


i 
1. 
xX 
y =(x-l) 
: ¥ 
x. X 
y =2(x-1)” y =2(x-l)*- 1 
Y yak 
y= Vx-2 
2. i) 0 hs (ii) 


3. @) 


y = log,(3x + 4) 


wn 

S 
S 
. 

i) 


log,(-3x) Y 


y= 


ae 
= 
= 
— 
La 
aa 
on 
— 
a) 


j—-— 4 


(ii) 


eee 
1 


6. (i) 


(11) 


— 
—_ 
A 
™ 
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(111) (iv) 


8. (i) 


(1v) 


(il) 


(iv) 


log,(2/3) | 
1X 


acl Aaah amis Wail Ram) ual iui] Gans GaGa) Gd Gh Cutt | 


ae ia | 


Graphs 


Q@ ACCC 
| Pil 
7 -7-6-54-3-0-10123 4567 
13. (a) x* + 3xy + 2y7=1; (b) same as (a); (c) C itself. 
14. (a) y=-(«+1)(«K+2)-2 (b) y =—2x -7 (c) y = |1-x|-1 
| PRACTICE PROBLEMS [C] 
(il) 
(iii) (iv) 
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2. (i) (ii) 


cm 
in o& 
a 


+--- 


0 Saar ; = (iv) 
4. 
(ii) 
(iii) 6. 
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Graphs 


| PRACTICE PROBLEMS [D] 


2. @ 


(iii), (iv) 


4. @ 
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(ii) 


(iii) 


(iv) 
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Graphs Pia, 


8. (i) 


lyl = [1 — [x1] 


(iii) 


(11) 
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(iii) (iv) 
Y Y 
10. @ = (ii) 
* ¥ 
(111) x (iv) = 
A PRACTICE PROBLEMS [E] 
¥ 
o—— 1 o- 
1. G) 22 Tt im ! 
4 1 0 \ ae. 
4 
¥ 
oo 
(ii) (iii) 


(iv) 


Graphs 


(ii) 


5. (i) 


(iii) 


2x —3y <6 


Solution of 
2x+ys4 


2x+5y<10 
Solution of 


x21 


(11) 


(il) 


(iv) 
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(11) 


(iv) 


(il) 


/ 
scsi 


rer) 


-~j[+--- 


ID fom 


en | 


14. 


13. 


N 
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i PRACTICE PROBLEMS [G] 


aa 
= 
= 
wa 


Sec X 


9. (i) 


2 
pe a ye 


= || | Severance ree ar 


S 
i) 
Q 
S 
> 

cv 

<x 
ey) 
= 
S 
= 
bi) 
rf 
S 

SS 
wn 

S 
S 
pes 

O 

= 
S 
= 

) 

ren 
= 

= 


5n/2 


nm 20 


m/2 


(11) 


an 
om 
A 
cn) 
— 


(iv) 


(iv) 


oo. 
Oe as! 
om 
om 
New’ 


12. 
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| PRACTICE PROBLEMS [H] 


(11) 


maximum 
when x = | 
(111) minimum 
when x = 0 


Concave up X=1/2 Concave down 


2. (i) —-1, 0,1 Gi) (1, 0), (0, 0), A, 0) Gi) (0, -1) 


< 


Gi) 


(iv) 


123 4\ xX 


| 
i) 


£(X) min ~ 2 £(X) max = 
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6. (i) 


(ii) 


(iv) 
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Graphs 


| PRACTICE PROBLEMS [I] 


l. @ (ii) 


R--------------------- 


I 

I 

‘ 
< 


y=mx 
y=x/(1+x2) 
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Mossective EXERCISES 


1. B 2. B 3. C 4.C 
5. B 6. C 7.C 8. B 

9. C 10. D 11, 12.:C 

3, B 14. A 15. A 16. B 

17. D 18. B 19. A 20.-C 

21. A 22. B ree 24.B 

25. D 26. C 27. B 28. C 

29. B 30. B 31. B 32. AC 

33. A 34. B 35. D 36. D 

oT € 38. AC 39. A 40. A 

AT, 42. C 43. A 44.D 

45. A 46. ABC 47. ABD 48. AD 

49. BCD 50. BC 51. ACD 52. D 

53. B 54. A 55. B 56. D 

7, B 58. A 59. D 60. A 

61. C 62. A 63. B 64. B 

63. C 66. D 67. (AQ); BHR); CP); DG) 


68. (AHR); (BHR); (CHR); (D)-(Q) 69. (AHT) ; (B)-(R) s (©)XQ) ; D)HP) 
70. (AVAQ) (BAS) 5 QCD s (AR) 71. (AHS) 5 (BP) 5 (OHS) | D)H1Q) 
72. (AAR); (BQ); ()-®) s DEM), (NAT) 


BReview EXERCISES FOR JEE ADVANCED 


(4x +13)/3, -4<x<-l 
2. f(x)=4 1, —-1<x<2 
—5x/2 +6, 2<x<4 


wn 

S 
S 
. 

i) 


(1v) 


CV). BS asa-ma< 


w—~ 
= 
= 
= 
we’ 
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¥ 
Y 
6 4 
7. (i) (11) 
4 x 
) 4 4 


10. y=x°t+xt] 


11. 


12. 


13. @) Straight line : 4x — 3y = 23 (11) Parabola: y =(x- 2) 


2 
(ii) Hyperbola: y = — +1 (iv) Circle : x? + y? = 25 
X 


14. 


wn 

S 
S 
. 

i) 


! 
| 
' 
| 
| 
! 
! 
| 
T 
! 
| 
+ 
' 
| 
! 
! 
| 
| 
| 
! 
| 
| 
! 
! 
| 
! 
| 


(il) 


(il) 


= 
Nee 


16. 


~~ sr nn 


(11) 


~ 
re 


me. 
= 
Oe os 
= 
we’ 
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18. (i) 


(iii) 


19. (i) 


(iii) 


20. (—1,0); (0, 1) and (0, —1); symmetric about x axis. 


pale 
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1 1 
— —-<x<l 
x 2 
] 
27. g(x)=4— 1<xsv2 
xX 
1 
= .42e%e9 
2 
28. je 26= 5 
2 
90. (2.15 
30. =o 
2 
31. 


1 
Clearly, the least value of f(x) is — Ya , which 1s obtained at = . 


P(x) = 1/2 x4 — 2x2 


ie P7 


33. £(X ein = — 31/240; £00) nae = 34/15 


max 


Graphs 


34. 


it) 1 (et 


35. G)5 Gi)2 Gii)7 Gv) 6 


Bitarcer EXERCISES FOR JEE ADVANCED 


] = 2 + — xtl 
—_ x? +3x4+1 
2. Gy = f(x+2) ai) y =(|fdx)| 
Gu) [-4, 3] and [-1, 2] (av) 1 


4. (1) 
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(11) 


5. (i) 


(iv) 


Xx 


ly=lx-1 + pt] 


6. 


y = |fe-1)| 


10. 


(i) and (11) 


(il) 


(iv) 


(iii) 


NX 


Graphs 


y=[x] + Vix} 
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~<— y=max {x+|x|,x-[x]} 


1+-V5 
apo =o 17 [x 7 J[x- 


(b) gife> 1; 
(a) | 


5 
(c) a 


2ifce<0;4i1fO0<cK<l. 


y=Vsinx 


as 
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(b) (x)= 
(d) -° 


(1) 


Graphs 
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(x-1)(x+2) 
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Ce ee En a 


(iii) (iv) 


y=|x-2|-x+1 
if |al < J2/2, or lal> 1; fourif fa] = V2/2, or [al =1; eight if V2/2 <|al <1. 


_ x(x + 4)(x - 3) 
30. (a)-1 (by) POI 


@) (-2, 0) U4, ©) Gl) (2, -S) UCI, I) 


x= ly|V1 — y2 


; No integral coordinates. 
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One root for c € (—c2, 4/9) U (4, -); two roots forc € {4/9, 1, 4}; two roots for c € (4/9, 1) U C1, 4). 
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SETS AND 
RELATIONS 


3.1 | SETS 


Sets are used to study the concepts of relations and 
functions. The study of geometry, sequences, 
probability, etc. also requires the knowledge of sets. 
The theory of sets was developed by German 
mathematician Cantor. 

In everyday life, we often speak of collections 
of objects of a particular kind, such as, a pack of 
cards, a crowd of people, a cricket team, etc. In 
mathematics also, we deal with objects of 
different kinds; like numbers, points, lines, 
planes, triangles, circles, angles, equations, 
functions and many more. Often, objects of a 
similar nature or with a common property are 
collected into sets. The objects which are 
collected in a set are called the elements of that 
set. For example, the set of natural numbers, the 
set of prime numbers, the set of points, etc. 


Definition A set is acollection of well defined 
objects. In other words, the member of set is 
Clearly identifiable. 
The following points may be noted : 
(i) Objects, elements and members of a set 
are synonymous terms. 


CHAPTER 


(ii) Sets are usually denoted by capital letters 
A, B, C, X, Y, Z, etc. 

(1) The elements of a set are represented by 
small letters a, b, c, x, y, z, etc. 

If ‘a’ is an element of a set A, we say that "a 
belongs to A". The Greek symbol € (episilon) is 
used to denote the phrase ‘belongs to’. Thus, we 
write ae A. 

If 'b' is not an element of a set A, we write b¢ A 
and read "b does not belong to A". 

Consider the following examples : 

(i) IfQis the set of all quadrilaterals, and A 
is a parallelogram, then Ac Q. If Cisa 
circle, then C ¢ Q. 

(i) If Gis the set of all even numbers, then 
16€ Gand3é€G 

(m1) If L is the set of all solutions of the 
equation x? = 1, then 1 is an element of 
L, while 2 is not. 


Representation of sets 


The set is represented in two ways : 
(i) Roaster form 
(ii) Set builder form 
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Roaster form 


All elements of the set are listed with a comma 
(",") in between and the listing itself is enclosed 
within brackets "{" and "}". 

For example, {0}, {2, 6, 7,9}, {x, y, z}. 

The set of numbers, which divide 12, is 
written as : 

A = £1, 2, 3, 4, 6, 12} 

Note that this is convenient (or indeed 
possible) only for sets with relatively few 
elements. If there are more elements and one 
wants to list the elements “explicitly” sometimes 
periods are used; for example, 

£0. 1, 25 Bscciy by 42h Ay Cues 20}. 

The meaning should be clear from the 
context. 

In this descriptive or explicit method, an 
element may be listed more than once, and the 
order in which the elements appear is irrelevant 
though desirable. Thus, the following all 
describe the same set : 

V1.2, 3}, 42.3.1). <1, 13.2.3). 

The roaster form is limited in certain 
circumstance. For example, we cannot represent 
set of real numbers in roaster form. Real 
numbers is an infinite set, but the elements of 
this set do not follow a pattern or have a 
particular sequence. As such, we can not define 
same with the help of ellipsis. 

Every member of the set is unique and 
distinct. However, we encounter situations in 
which collection can have repeated elements. 


Set builder form 


In set builder form, we give a rule which 
determines if a given object is in the set or not; 
this is also called implicit description; for 
example, 

{x : x is a natural number and x > 3} 

Collections are often characterised by a 
common property. We can, therefore, define 
members of a set in terms of the common 
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property. However, we need to ensure that 
objects outside the collection do not have the 
same common property. 

The construction of qualification for the 
common property is quite flexible. Only thing is 
that we need to be explicit in what we mean. 
Generally, we denote the member by a symbol 
like "x" and then define the membership. 
Consider the examples : 

A= {x: x is a vowel in English alphabet} 

B= {x: x is an integer and 0 <x < 10} 

The roaster equivalents of two sets are : 

A= {a,e,1,0,u} B= {1, 2, 3, 4, 5, 6, 
7, 8, 9} 

Can we write set "B" as the one which 
comprises single digit natural number? Yes. 
Thus, we can see that there are indeed different 
ways to define and identify members and hence 
the flexibility in defining collection. We should 
be careful in using words like "and" and "or" in 
writing qualification for the set. Consider the 
example here : 

C = {x: xe Zand 2 <x < 4} 

Both conditional qualifications are used to 
determine the collection. The elements of the set 
as defined above are integers. Thus, the only 
member of the set is "3". 

Now, let us consider an example, which 
involves "or" in the qualification, 

C= {x:xe Aorxe B} 

The member of this set can be elements 
belonging to either of two sets "A" and "B". The set 
consists of elements (i) belonging exclusively to set 
"A", (ii) elements belonging exclusively to set "B", 
and (111) elements common to sets "A" and "B". 


| EXAMPLE 3.1 Asetinroaster form is givenas: 


Write the set in set builder form. 


| SOLUTION We sec here that we are dealing 
with natural numbers. The numerators are square 
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of natural numbers in sequence. The number in 
denominator is one more than numerator for each 
member. We can denote natural number by "n". 
Clearly, if numerator is "n2", then denominator is 
"n+1". Therefore, the expression that represents 
a member of the set is : 


n 


n+1 

However, this set is not an infinite set. It has 
exactly three members. Therefore, we need to 
specify "n" so that only members of the set are 
exclusively denoted by the above expression. We 
see here that "n" is greater than 4, but "n" is less 
than 8. For representing three elements of the 
set, we have 

S<n<7 

We can write the set, now in the builder 

form as : 


2 


A = {x : x = ——.,, where n is a natural 
n+l 


number and 5 <n <7} 

In set builder form, the sequence within the 
range is implied. It means that we start with the 
first valid natural number and proceed 
sequentially till the last valid natural number. 


Some important sets representing 
numbers 


Few key number sets are used regularly in 
mathematical context. As we use these sets 
often, it is convenient to have predefined 
symbols : 

P (prime numbers) 

N (natural numbers) 

I or Z (integers) 

Q (rational numbers) 

R (real numbers) 
We put a superscript "+", if we want to 
specify membership of only positive numbers, 
where appropriate. "I+", for example, means set 
of positive integers. 


Sets and Relations 
Empty set 


Consider a definition : "the set of integers 
between 1 and 2". There is no integer within this 
range. Hence, the set corresponding to this 
definition is an empty set. 

An empty set has no member or object. It 
is denoted by symbol "6" and is represented by 
a pair of brackets without any member or object. 

o= {3 

The empty set is also called "null" or "void" 
set. 

It can also be described by a property, e.g. 

b= {x: xx}. 

Consider some examples : 

(i) A= {x : x is an even prime number 
greater than 2}. Then A is an empty set, 
because 2 is the only even prime 
number. 

(ii) B= {x : x? = 4 and x is odd} 

An odd integer squared cannot be even. 
Hence, set "B" also does not have any element 
in it. 

There is a bit of paradox here. If the 
definition does not yield an element, then the set 
is not well defined. We may be tempted to say 
that empty set is not a set in the first place. 
However, there is a practical reason to have an 
empty set. It enables mathematical operations. 
We shall find many examples as we study 
operations on sets. 


Finite and infinite sets 


Let A= {1, 2,3,4,5}, B= {a, b,c, d,e, g} 

We observe that A contains 5 elements and B 
contains 6 elements. 

Consider the set of natural numbers. We see 
that the number of elements of this set is not finite 
since there are infinite number of natural numbers. 
We say that the set of natural numbers is an infinite 
set. The sets A and B given above are finite sets 
and n(A) = 5, n(B) = 6. 
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A set which is empty or consists of a definite 
number of elements is called finite, otherwise, the 
set is called infinite. 


Definition A set Ais called finite, if A = f, or 
if there is natural number n such that the 
elements of Acan be numbered 1, ...,nin such 
a way that every element of A appears exactly 
once in the list. Otherwise, A is called infinite. 

Consider the following examples : 

(i) The set {a, b, c, d} is finite. A possible 
numbering might look like this: Assign 
1 to a, assign 2 to b, assign 3 toc, 
assign 4 to d. Ofcourse, there are 
other possibilities of listing the above 
set. 

(ii) The set of all solutions of the equation 
x? +23x — 17 = 0 1s finite, since the 
number of solutions of a polynomial 
is atmost equal to the degree. 

(iui) The sets N, Z, Q, R are infinite. 

(iv) The set of all multiples of 5 is infinite. 

When we represent a set in the roaster form, 
we write all the elements of the set within brackets 
{ }. It is not possible to write all the elements of an 
infinite set within brackets { } because the numbers 
of elements of such a set is not finite. So, we 
represent some infinite set in the roaster form by 
writing a few elements which clearly indicate the 
structure of the set followed (or preceded) by three 
dots. 

For example, (1, 2, 3, ...) is the set of natural 
numbers, {1, 3, 5, 7, ...) is the set of odd natural 
numbers, {..., —3, —2,-1, 0, 1, 2, 3, ....} is the set 
of integers. All these sets are infinite. 
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All infinite sets cannot be described in the 
roaster form. For example, the set of real 
numbers cannot be described in this form. Because the 
elements of this set do not follow any particular pattern. 


Cardinality 


The cardinality of a set "A" is equal to number 
of elements in the set. It is denoted by n(A). 

The cardinality of an empty set is zero. The 
cardinality of a finite set is some positive 
integers. The cardinality of anumber system like 
integers is infinity. Curiously, the cardinality of 
some infinite set can be compared. For example, 
the cardinality of natural numbers is less than 
that of integers. However, we cannot make such 
deduction in most cases of infinite sets. 

If a set A has only one element, we call it a 
singleton set. Thus, {a} is a singleton set. 


| EXAMPLE 3.2 Consider the set 
A = {2, 9, 16, ....., 716}, 
where the elements are in arithmetic progression. 
How many elements does it have ? Is 401 € A? 


| SOLUTION Observe that the elements have 
the form 2=2+7.0, 9=2+7.1,16=2+7 
ls Bie 
thus the general element term has the form 
2+ 7n. Now, 
2+ Mm=716 > n= 102. 

This means that there are 103 elements, since 

we started with n = 0. 
If 2 + 7k = 401, then k = 57, so 401 € A. On 

512 oe 

the other hand ,2+ 7a=5l4=> a a which is 


not integer, and hence 514 ¢ A. 


Wi PRACTICE PROBLEMS [A] 


12345 6 


1. Write the set| hae ot oe ot in the set-builder form. 


2°3°4°5°6 7 


10. 
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Sets and Relations 


Write the following sets in roster form : 
(i) A= {x : x 1s a two-digit natural number such that sum of its digits is 8} 
(ii) B = {x: x is a prime number which is divisor of 60} 
(ui) C = The set of all letters in the word TRIGONOMETRY. 
Write the following sets in the set-builder form : 
(i) {2, 4, 8, 16, 32} 
Gi) £1,4,9,...,100} 
List all the elements of the set 
{xe 1: 1 <x?< 100, x is divisible by 3}. 


. Determine all the fractions lying strictly between 2 and 3 that have denominator 6, that is , determine 


x 
6 
Describe the following sets explicitly: 

A= {xe I:x<5} 

B= {x € N: x divides 24} 

Find a property P and a set M such that you can write the following sets in the form {x € M: 


the set {x € N:2<~7 <3} explicitly. 


P(x)}: 

A = {1, 2, 4, 8, 16} 
B = {6, 4, 8, 2, 0} 
C = (1, 3,5,7,...3 


D = £3, 5, 11, 2, 7, 13} 
Which of the following are examples of the null set? 
(i) Set of even prime numbers 
(ii) {y : y 1S a point common to any two parallel lines} 
State whether each of the following set is finite or infinite : 
(i) The set of lines which are parallel to the x—axis. 
(ii) The set of letters in the English alphabet. 
(11) The set of numbers which are multiple of 5. 
Are the following sets finite or infinite ? 
(i) Let W be the set of the days of the week. 
(ii) Let S be the set of solutions of the equation x? — 16 = 0. 
(ii) Let G be the set of points on a line. 


11. Are the following sets finite or infinite ? 
i) {xe R: x?+2x-—1=0} 
(i) {x € N:x <0} 
Gi) {xE€ Q:0<x<l]} 
3.2 | SUBSETS province, which in turn belongs to a country and 


so on. In the context of a school, all students of 


The collections are generally linked ina given 4 school belong to school. Some of them belong 
context. If we think of ourselves, then we belong 0 a certain class. If there are sections within a 
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We need to have a mathematical 
relationship between different collections of 
similar types. In set theory, we denote this 
relationship with the concept of "subset". 

A set, "A" is a subset of set "B", if each 
member of set "A" is also a member of set "B". 

If a set Ais a subset of a set B, it is written 
as ACB. The relation C is called the inclusion 
relation. 

So, A C B whenever x € Aimplies x € B. 

Consider some examples : 

(i) IfA= £2, 4, 8} and Bis the set of natural 
numbers less than 10, then A is a subset 
of B and we write AC B. 

(ii) If Ais the set of all divisor of 56 and B 
the set of all prime divisors of 56, then 
BCA. 

If set "A" is not a subset of "B", then we 
write this symbolically as: AG B 


Note 


1. Every set is subset of itself. ACA. 

This is so because every element is present 
in itself. 

2. Empty set o is a subset of every set. This 
deduction is direct consequence of the fact 
that empty set has no element. As such, this 
set is subset of all sets. 

Proof: Let us assume that ¢ © A. Then, by 
our definition of a subset 5 atleast one 
element x such that x € 0 but x ¢ A. But V 
x, x € since 6 is the null set. 

Therefore 4 no element x such that x € and 
x ¢ A. Thus our assumption that O€ A is 
wrong. Hence we must have 6 CA. 

3. If Ais a subset of B, and B is a subset of 
C, then A is a subset of C. 

Proof: We want to show that A C C, and 
we have as hypothesis that A C B and 
BCC. Using our definition of C , we have 
to show that if x € A, then x is an element 
of C. Thus, let x be an arbitrary element of 
A. Our hypothesis A C B tells us that x € B, 


Telegram @unacademyplusdiscounts 


and, since B CC, we also have x € C. This 

is what we wanted to prove. 

4. Observe carefully the difference between 
C and €. It should be noted that € connects 
an element and a set, while C connects two 
sets. 

If B = £1, 2, 3}, then 1 is an element of B, 
but 1 is not a subset of B. The set A= {1}, which 
has 1 as its only element, however, is a subset 
of B, since it fulfills the definition: whenever x 
€ A, then x € B. Note that there is only one 
possibility for x, namely, x = 1. It is very 
important that you learn to distinguish between 
an object (which may of course be a set itself), 
and the set formed from objects, e.g. 

e 1 is different from {1}, 
e {1} is different from {{1}}. 

Observe that the unique element of the last 
set is the set {1}. 


Equal sets 


When shall we call two sets equal? An intuitive 
definition is to say that two sets are equal if they 
contain the same elements. We shall use our 
already defined notion C to define equality of 
sets: 


Definition Two sets A and B are equal, if 
Ac Band BCA. If Aand B are equal, we write 
A=B. 

Observe that this definition expresses just 
what we would intuitively mean by equality of 
sets: If every element of A is an element of B, 
and if every element of B is an element of A, then 
they must contain the same elements. To prove 
that two sets A and B are equal, we must show 
that A is a subset of B, and that B is a subset of 
A. 

Let A= {x € R: x?= 1}, and B= {1, -1}; 
we want to show that A= B. 

"ACB": Let xe A; then, by the definition 
of A, x solves the equation x? = 1, hence, x = 1 
or x =—l. In either case, x € B. 
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"B CA": Let x € B; then, by definition of 
B, x = 1 or x = -1. In either case, x is a real 
number and solves the equation x? = 1, hence, 
it fulfils the defining properties of A. This implies 
that x € A. 

Let A= {1, 3, 5} and B = {x : x is an odd 
natural number less than 6}. The A CBandBCA 
and hence A=B. 

The sets A= {x € I: x?<9}, B= {xe I: |x| 
C = {-3, -2, -1, 0, 1, 2, 3} are equal. The 
first set is the set of all integers whose square lies 
between 1 and 9 inclusive, which is precisely the 
second set, which again is the third set. 

We need to know two special aspects of 
this equality. We mentioned about repetition of 
elements in a set. We observed that repetition of 
elements does not change the set. Consider an 
example here : A= {1, 5, 5, 8, 7} = {1, 5, 8, 7} 

Another point is that sequence does not 
change the set. Therefore, 

A = {1, 5, 8, 7} = {5, 7, 8, 1} 

In the nutshell, when we have to compare 
two sets we look for distinct elements only. If 
they are same, then two sets in question are 
equal. 


| EXAMPLE 3.1. Which of the following pairs 


of sets are equal? Justify your answer. 
(i) X, the set of letters in "ALLOY" and B, the 
set of letters in "LOYAL". 
@i) A={n:neé landn?<4} and B={x:xeER 
and x? —-3x +2 =0.} 


| SOLUTION 


(i) We have, X = {A, L, L, O, Y}, 
B= {L, O, Y, A, L}. Then X and B are equal 
sets as repetition of elements in a set do not 
change a set. Thus, X = {A, L,O, Y} =B 

qi) A= {-2,-1, 0, 1, 2}, B= {1, 2}. Since 0 € 
A and 0 ¢ B, Aand B are not equal sets. 


<3} 


Sets and Relations 
Proper subset 


We can see from the deductions above that special 
circumstance of "equality" can blur the distinction 
between "set" and "subset". In order to emphasize, 
mother-child relation between sets, we coin the 
term "proper subset". If every element of set "B" 
is not present in set "A", then "A" is a "proper" 
subset of set "B"; otherwise not. This means that 
set "B" is a larger set, which, besides other 
elements, also includes all elements of set "A". 

Set of vowels in English alphabet, "V", is 
a "proper" subset of set of English alphabet, "E". 
All elements of "V" are present in "E", but not 
all elements of "E" are present in "V". 

We write a "proper" subset relation using 
symbol "Cc" and write symbol "C" to mean 
possibility of equality as well. 


Definition Let Aand B be two sets. If AC B and 
A#B, then A is called a proper subset of B and B 
is called superset of A. For example, 

A = {1, 2, 3} is a proper subset of B {1, 2, 3, 4}. 


tEXAMPLE 3.2 Let V={d}, W= {c,d}, X= 
{a,b,c}, Y = {a, b} and Z = {a, b, d}. Determine 
whether each statement is true or false : 
a YcxKk awWwe#Z anZoV 
(iv) VCK (WX=W Wi)WCY 


| SOLUTION 


(i) Since each element in Y is amember of X, Y 

Cc X is true. 

(i) Nowae Z buta¢ W;; hence W # Z is true. 

(ui) The only element in V is d and it also belongs 
to Z; Z has other elements, hence Z > V is 
true. 

(iv) Vis nota subset of X sincede V butd¢ X; 
hence V Cc X is false. 

(v) Nowae X buta¢ W;; hence X = Wis false. 

(vi) W is nota subset of Y since c € W butc ¢ 
W ; hence W c Y 1s false. 
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| EXAMPLE 3.3 IfA={x:x=4"-3n-1 and 
né€ N} and B=(y: y =9(n- 1) andne N} then 
prove thatA CB. 


| SOLUTION We havex=4°-3n-1=(1+3) 


—3n-1 
= 14+2C,8) + °€,G8) + C33)? + 
we 6) = isn 


= 9C,(3)2 + 9C,(3)3 + .... + 8C,(3)" 
= 9 £0C, + 9C, (3) + .... + 3"2} 
A = {9 (0C,+°C;: (3) + .... + 32, n € ND}. 


For n= 1, x =4!-3.1-1=0. 

Thus A contains 0 and some positive integral 
multiples of 9. 

But B= {9 (n-1), ne N}. 

B contains 0 and all positive integral multiples 
of 9. 

It is clear that B contains A. 

Hence ACB. 
Alternative: 
Since x = 4"—3n — 1 the values of x forn € N are 
0, 9, 54, 243, ... 


A = {0, 9, 54, 243, ...} (1) 
and y = 9(n -1) 
the values of y forn € N are 

0, 9, 18, 27, 36, .. 

B = £0, 9, 18, 27, 36, ...} ...(2) 


It is clear from (1) and (2) that all elements 
of Aare in B, and A#B. 
Hence ACB. 


| EXAMPLE 3.4 ThesetS and set E are defined 


as: 
S= {(x, y) :|[x— 3] <1 and ly —3]< 1}; 
E = {(x, y) : 4x2 + 9y2 — 32x — 54y + 
109 < O}. 
Show that S c E. 


SOLUTION Graph of S : 


Ix-3)<1l>-1<(C«-3)<152<x<4 
similarly ly -—3|<l1>32<y<4 
.. S consists of all points inside the square bounded 
by the lines x = 2, y = 2, x =4 and y = 4. 
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Graph of E : 


x? + Dy? — 32x — 54y + 109 < 0 
= 4 (x? — 8x) + 9 (y? - 6y) + 109 < 0 
=> 4(x-4)+9(y - 3)°< 36 


(x- 4)" y-3) 
2 92 
3 
*. E consists of all points inside and on the 
ellipse with centre (4, 3) and semi major and semi 
minor axes as 3 and 2 respectively. 


MW, % 
(. \ ne AX XXX me WY AU 
LY ve SF 
Os y 
Mis UU MV LLL” 
x=4 


2345 67 8x 


From the above diagram it is evident that the 
double-hatched region (S) is within the region 
represented by E i.e., SCE. 


Power set 


The collection of all subsets of a set "A" is called 
power set. It is denoted as P(A). 

For example, consider a set given by : 

A = {1, 3, 4} 

What are the possible subsets? There are 
three subsets consisting of individual elements: 
{1}, {3} and {4}. Then, elements taken two at 
a time form the following subsets : {1,3}, {1,4} 
and {3,4}. Since order or sequence does not 
matter in set representation, there are only three 
subsets of two elements taken together. Now, 
the elements taken three at a time form only one 
subset : {1,3,4}. Remember, a set is a subset of 
itself. Further, empty set (o) is subset of any set. 
Hence, 6 is also a subset of the given set "A". 

The set comprising of all possible subsets 
of given set "A" is : 


P(A) = (6, {13.433 {45, U1, 35.01, 4343, 
43,{1, 3, 433 

We note two important points from this 
representation of power set : 

1. The elements of a power set are 
themselves sets. In other words, 
every element of a power set is a set. 

2.If the numbers of elements 
(cardinality) in a set is "n", then 
numbers of elements in power set is 
equal to 1 +9C, +9C,+....+9C + ...4 
1= (1+ 1 =22. 

For a set having three elements, the total 
numbers of elements in the power set is : 

=> m=22=23=8 

We can see that this result is consistent 
with the illustration given above. We should, 
here, emphasize to avoid confusion that counting 
of elements of a set (cardinality) excludes empty 
set. It is, however, counted as members of 
power set. 

Let us look at some power sets: 

(i) A=9: Since 6 is a subset of every set, 
we must have > C 9, 1.¢. 6 € PCO). 
But 6 has no elements, and therefore 
no other subsets; hence, we have 
P(o) = {6}. Observe that 6 is different 
from {}: while has no elements, 
{od} has exactly one element, namely 
the empty set 9. 

(ii) A = {x}: A has two subsets, namely 
the empty set 0, and A itself. Since A 
has only one element, there can be no 
other subsets, thus, P(A) = {0, {x}}. 

(ii) A = {x, y}: using the previous lines of 
reasoning we obtain that 
P(A) = {, {x}, ty}. {X, yP}. 

So, we see that P(A) has four 
elements. 

(iv) A= {x, y, z}: Except for the subsets 
o and A, we can pick one or two 
elements of A at a time to form a 
subset. Hence, 
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Sets and Relations 


P(A) = {0, {x}, ty}, (Zh. (x. yh. {x 
Z}, LY, Z}, 
{X, y, Z}F. 
Observe that P(A) has eight elements. 


| EXAMPLE 3.5 List all the subsets of the set 


{-1, 0, 1}. 


SOLUTION Let A= {-1, 0, 1}. The subset of 


A having no element is the empty set o. The subsets 
of A having one element are {-1}, {0}, {1}. The 
subsets of A having two elements are {—1, 0}, {- 
1, 1}. The subset of A having three elements of A 
is A itself. So, all the subsets of A are 6, {-1}, {0}, 
{1}, {-1, 0}, {-1, 1}, {0, 1} and {-1, 0, 1}. 


| EXAMPLE 3.6 The finite sets "A" and "B" 


have "m" "n" numbers of elements 


and "n 
respectively. The total numbers of subsets of "A" 
is 56 more than the total numbers of subsets of 
"B". Find"m" and "n". 


* SOLUTION According to relation obtained 
for power set, the total numbers of subsets of 


"A" and"B" are: 


k, =2™ 

kp, = 2" 
According to question, 

k, —kp = 56 


=> 2m™—2n= 56 
We need to find two equations to find "m" 
and "n". For this we seek expansion of "56" in 
terms of powers of "2". 
56 = 8.7 = 8 (8 — 1) = 23 (23 - 1) 
In order to get this form, we rearrange the 
expression on the LHS of the earlier equation as 


=> 22(2m-_ ]) = 23 (23-1) 
Equating powers of similar base, 
n= 3 and m= 6 


Class and Family 


Frequently, the members of a set are sets 
themselves. 
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If the elements of a set are sets themselves, 
then such a set is said to be a 'class of sets’. 

For example, each line in a set of lines is a 
set of points. To help clarify these situations, words 
such as "class" and "family" are used. Usually we 
use class for a set of sets, and family for a set of 
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classes. The words subclass and subfamily have 
meanings analogous to subset. 

The set A= {0, {a}, {b}, {a, b}} is a class 
of sets. Its members are 6, {a}, {b}, {a, b} which 
are sets themselves. 


Wi PRACTICE PROBLEMS [B] 


1. LetA= {1, 2, .....8, 9}, B = {2, 4, 6, 8}, C = 1, 3, 5, 7, 9}, D = {3, 4, 5} and E = {3, 5}. 
Which sets can equal X if we are given the following information ? 


(i) X and B are disjoint. 
(i) X CD but X ZB. 
(ii) X CAbutX ZC 
(iv) X CC but X ZA. 


2. Make correct statements by filling in the symbols C or ¢ in the blank spaces: 
(i) (x : x is a circle in the plane} ..... (x : x is a circle in the same plane with radius 1 unit} 
(ii) {x : xis a triangle in a plane} .... {x : x is a rectangle in the plane}. 
3. Are the following pair of sets equal ? Give reasons. 
(i) A= {2, 3}, B= {x : xis solution of x? + 5x + 6 = 0} 
(i) A = {x : x is a letters in the word FOLLOW} 


B = {y : y isa letter in the word WOLF} 


4. Let E= {x : x*?-3x+2 = 0}, F= £2, 1} and G= £1, 2, 2, 1, 6/3}. Then show that E=F=G 
5. Find the power set of {a, b, c, d}; how many elements does it have ? 
6. Write three members of the class {{2, 3}, {2}, {5, 6}}. 


3.3 | SETOPERATIONS 


We are familiar with basic algebraic operations. 
These basic mathematical operations, however, 
are not valid in all contexts. For example, 
algebraic operation such as addition has different 
details, when operated on vectors. Clearly, we 
expect that these operations will also be not same 
in the case of sets which are collections and not 
individual elements. 

Nevertheless, set operations bear 
resemblance to algebraic operation. For example, 
when we combine (not add) two sets, then the 
operation involved is called "union". We can see 
that there is resemblance of the intent of 
addition, subtraction etc. in the case of sets also. 


Venn diagrams 


Venn diagrams are pictorial representation of 
sets/subsets and relationship that the sets/ 
subsets have among them. It helps us to analyze 
relationship and carry out valid set operations in 
a relatively easier manner vis -a- vis symbolic 
representation. 


Universal set 


Usually, in a particular context, we have to deal with 
the elements and subsets of a basic set which is 
relevant to that particular context. Universal set is 
the largest set among collection of sets. 
Importantly, it is not the collection of everything 
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as might be conjectured by the nomenclature. 
For example, "R", is universal set comprising of 
all real numbers. The rational numbers, integers 
and natural numbers are its subsets. In other 
consideration, we can call integers as universal 
set. In that case, sets such as {1,2,3}, prime 
numbers, even numbers, odd numbers are subset 
of the universal set of integers. 

The universal set is pictorially represented 
by a region enclosed within a rectangle on Venn 
diagram. For illustration, consider the universal 
set of first 10 natural numbers as shown in 
figure 3.1. 


U 
L234 4 


6 7 8 9 10 


Figure 3.1 


Many times, however, we may not be 
required to list elements of a universal set. In 
such case, we represent the universal set simply 
by arectangle and the symbol for universal set, 
"U", in the corner. This is particularly helpful, 
where number of elements in universal set are 
very large. 

The subsets of the universal set are 
represented by closed curves usually circles. The 
subset of vowels (V) is shown here within the 
circle with the listing of elements. Note that we 
have not listed all the alphabets for universal set 
and used the symbol "U" in the corner only. 


U 


Figure 3.2 


Sets and Relations 


The subset of the universal set is represented by 
a closed curve — usually a circle. 


Union of Sets 


Union works on two operands, each of which 
is a set. The operation is denoted by symbol 
“UW”? Now, the question is : what do we expect 
when two sets are combined? Clearly, we need 
to enlist all the elements of two sets in the 
resulting set. 

Definition The union of sets "A" and "B" isa 
third set, which consists all the elements of two 
sets. In symbol, 

AUB={x:xeéeAorxe B} 

The word "or" in the set builder form 
defining union is important. It means that the 
element "x" belongs to either "A" or "B'. The 
element may belong to both sets (common to 
two sets), but not necessarily. We can, therefore, 
infer that union set consists of : 

1. elements exclusive to A 
2. elements exclusive to B 
3. elements common to A and B 

As a set includes only distinct elements, 
the common elements are represented only once 
in the union set. Thus, union set consists of 
elements of both sets without repeating an 
element. Now, the set is represented on Venn 
diagram as shown in figure 3.3. 


Figure 3.3 


AU Bis the set of all elements in A or B, or 
in both A and B. 

For illustration of working with union, let 
us consider two sets of positive integers as given 
here, 
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A = £1, 2, 3, 4, 5, 6} 

B = {4, 5, 6, 7, 8} 

The union of two sets is : 
=> AUB= {l, 2,3, 4, 5, 6, 4, 5, 6, 7, 8} 

But repetition of elements in a set does not 
change it. Hence, we need not repeat elements 
in the resulting union. 
=> AUB= {1, 2, 3,4, 5, 6, 7, 8} 

Here, universal set is natural numbers. The 
representation of union of joint sets is shown in 
the figure 3.4. We can observe that every 
construction of union on Venn diagram ensures 
that elements are not repeated. 


U 


AUB 
Figure 3.4 


fEXAMPLE 31 Let A = {2, 4, 6, 8} and 


B= {6, 8, 10, 12). Find AUB. 
| SOLUTION WehaveAUB= {2,4, 6,8, 10, 12} 


Note that the common elements 6 and 8 have 
been taken only once while writing A U B. 


bEXAMPLE 3.2 Let A= {a,e, 1, 0, u} and 


B= {a,1,u}. Show that AU B=A. 


* SOLUTION We have, A U B = fa, e, 1, 0, u} 
=A, 

This example illustrates that union of set A and 
its subset B is the set A itself, i.e., if B Cc A, then 
AUB=A. 

Now we shall discuss some of the 
important characteristics / deductions for the 
union operation. 
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Idempotent law 


The literal meaning of the word "idempotent" is 
"unchanged when multiplied by itself". Following 
the clue, the union of a set with itself is the set 
itself. This is an equivalent statement conveying 
the meaning of "idempotent" in the context of 
union. Symbolically, 
AUA=A 

The union set consists of distinct elements 
and common elements taken once. Between two 
sets here, all elements are common. The union 
set consists of all elements of either set. 


Identity law 


The algebraic operators like addition and 
multiplication have defined identities, which does 
not change the other operand of the operator. For 
example, if we add "0" to a number, it remains 
same. Hence, "0" is additive identity. Similarly, 
"1" is multiplicative identity. 

In the case of union, we find that union of 
a set with empty set does not change the set. 
Hence, empty set is union identity. 

AUO=A 

As there is no element in empty set, union 

has same elements as that in "A". 


Law of U 


All sets are subsets of universal set for a given 

context. We have seen that union with subset results 

in the set itself. Clearly, union of universal set with 

its subset will result in the universal set itself. 
UVA=U 


Commutative law 


In order to assess whether commutative property 
holds or not, we consider the example, used 
earlier. Let the sets be > 
A = {1, 2, 3, 4, 5, 6} 
B = {4, 5, 6, 7, 8} 
ry 
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Then, 

AUB = {1,2,3,4,5,6,4,5,6,7,8} 
{1,2,3,4,5,6,7,8} 
BUA = {4,5,6,7,8,1,2,3,4,5,6} 
{1,2,3,4,5,6,7,8} 

Thus, we see that order of operands with 
respect to the union operator is not 
differentiating. We can also appreciate this law 
on Venn diagram, which does not change by 
changing positions of sets across union operator. 


Union of three sets 


Figure 3.5. Multiple unions 


If A,, A, Ag... , A, 1s a finite family of 
sets, then their unions, one after another, is 
denoted as : 

A,VA,VA,U....... UA 


Associative law 


The associative property also holds with respect 
to union operator. We know that associative 
property is about changing the place of 
parentheses as here : 

(AUB)UC=AU(BUC) 

The parentheses simply change the 
precedence of operation. On Venn diagram, 
union involving three sets appears same, 
irrespective of whether we apply union operation 
in a particular sequence. 


Sets and Relations 


Intersection of sets 


We understand that a set representing a real 
situation is not an isolated collection. Sets, in 
general, overlaps with each other. It is primarily 
because a set is defined on few characteristics, 
whereas elements generally can possess many 
characteristics. Unlike union, which includes all 
elements from two sets, the intersection between 
two sets includes only common elements. 
Definition The intersection of sets "A" and "B" 
is the set of all elements common to both "A" 
and "B". 

The use of word "and" between two sets 
in defining an intersection is quite significant. 
Compare it with the definition of union. We used 
the word "or" between two sets. Pondering on 
these two words, while deciding membership of 
union or intersection, is helpful in application 
situation. 

The intersection operation is denoted by the 
symbol, " ™". We can write intersection in set 
builder form as : 

AM B= {x:xe€Aandxe B} 

Again note use of the word "and" in set 
builder qualification. We can read this as "x" is 
an element, which belongs to set "A" and set "B". 
Hence, it means that "x" belongs to both "A" and 
"B". 


Figure 3.6 


A Bis the set of elements common in both 
A and B. 
In order to understand the operation, let us 
consider the earlier example again, 
A= {1, 2, 3, 4, 5, 6} 
B = {4, 5, 6, 7, 8} 
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Then, 

AOB= {4, 5, 6} 

On Venn diagram, an intersection is the 
region intersected by circles, which represent the 
two sets. 


tEXAMPLE 3.3 Consider the sets of 


arithmetic progressions 

A= {3, 9, 15, ... 681}, B= £9, 14, 19.,...., 564}. 
How many elements do they share, that is, 

how many elements does ANB have ? 


SOLUTION The members of A have common 
difference 6 and the members of B have common 
difference 5. Since the least common multiple of 6 
and 5 is 30, and 9 is the smallest element that A and 
B have in common, every element in ACB has the 
form 9 + 30k. We then need the largest k € N 
satisfying the inequality 
9+ 30k<5644 > k< 185, 
and since k is integral, the largest value it can achieve 
is 18. Thus A B has 18 + 1 = 19 elements, where 
we have added 1 because we started with k = 0. 
In fact, ANB = £9, 39, 69,....., 549}. 


Intersection with a subset 


Since all elements of a subset is present in the 
set, it emerges that intersection with subset is 
the subset itself. Hence, if "A" is subset of set 
"B", then : 

BOA=A. 


| EXAMPLE 3.4 LetA= {1, 2,3, 4,5, 6, 7, 8, 
9, 10} and B= {2, 3,5, 7}. Find AM B and hence 
show that AM B=B. 


| SOLUTION WehaveAn B= {2,3,5, 7} =B. 


We note that B Cc A and that AM B=B. 


Disjoint sets 


If two sets A and B have no elements in common, 
i.e., if no element of A is in B and no element of B 
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is in A, then we say that A and B are disjoint, or 
mutually exclusive. 
ANB=06 

The sets A= £1, 3, 7, 8} and B = {2, 4, 7, 11} 
are not disjoint, since the element 7 is common to both 
A and B. On the other hand, the sets C = {a, b, c} 
and D = {x, y, z} are disjoint, since they have no 
elements in common. 


Multiple intersection 


If A,, A,, A;,......, A, 1s a finite family of sets, 
then their intersections one after another is 
denoted as : 
A OAs Agt Vaae OA 
Here are some of the important 
characteristics/ deductions for the intersection 
operation. 


Idempotent law 


The intersection of a set with itself is the set 
itself, 
ANA=A 
This is because intersection is a set of 
common elements. Here, all elements of a set is 
common with itself. The resulting intersection, 
therefore, is the set itself. 


Identity law 


The intersection with universal set yields the set 
itself. Hence, universal set functions as the 
identity of the intersection operator. 
AQNU=A 

It is easy to interpret this law. Only the 
elements in "A" are common to universal set. 
Hence, intersection, being the set of common 
elements, is set "A". 


Commutative law 


The order of sets around the intersection 
operator does not change the intersection. 
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Hence, commutative property holds in the case 
of intersection operation. 
ANB=BNOA 


Associative law 


The associative property holds with respect to 
intersection operator. 

(ANB) NC=AN (BNC) 

The intersection of sets "A" and "B" on 
Venn diagram is shown in figure 3.7. 


U 


C ANBNaAC 


Figure 3.7 


A ~™ Bis the set of common elements as 
shown as coloured region. 

In turn, the intersection of set "A ~ B" and 
set "C" is the small region in the centre. 

It is easy to visualise that the ultimate 
intersection is independent of the sequence of 
operation. 


Distributive law 


The intersection operator ( -™ ) is distributive 
over union operator (U ): 

AN(BUC)=(ANB)U(ANC) 

We can check out this relation with the 
help of Venn diagram. For convenience, we 
have not shown the universal set in figure 3.8. 
In the first diagram on the left, the coloured 
region shows the union of sets "B" and "C" ie. 
BUC. The coloured region in the second 
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diagram on the right shows the intersection of 
set "A" with the union obtained in the first 
diagram i.e. BUC. 


AN(BUC) 


AN(BUC) 


Figure 3.8 


We can now interpret the coloured region 
in the second diagram from the point of view of 
expression on the right hand side of the equation: 

AN(BUC)=(ANB)U(ANC) 

The coloured region is indeed the union of 
two intersections: "A 7B" and "A MC". Thus, 
we conclude that distributive property holds for 
"intersection operator over union operator". 

In the same manner, we can prove 
distribution of "union operator over intersection 
operator" : 

AU(BOAC)=(AUB)N(A LUC) 


Analytical proof 


Distributive properties are important and used in 
problems. Now we shall prove the same in 
analytical manner. For this, let us consider an 
arbitrary element "x", which belongs to set "A 
AV(BUC)": 
xEAN(BYUC) 

Then, by definition of intersection : 

= xéAandxe (BUC) 

=> xeéAand (xe Borxe C) 
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=> (xe Aandxe B) 
or (x € Aand x e€ C) 

=> (xe ANB)or(KEe ANC) 

=> xé€(ANB)or(ANC) 

=> x€(ANB)U(ANC) 

But, we had started with "An (B U C) " 
and used its definition to show that "x" belongs 
to another set. It means that the other set 
consists of the elements of the first set at the 
least. Thus, 

=> AN(BUC)C(ANB)U(ANC) 

Similarly, we can start with "(A 7 B) U 
(A 1 C)" and reach the conclusion that : 

(ANB)U(ANC)CAN(BOC) 

If sets are subsets of each other, then they 

are equal. Hence, 
AN(BUC)=(ANB)U(ANC) 

Proceeding in the same manner, we can 
also prove other distributive property of "union 
operator over intersection operator" : 

AU(BOC)=(AUB)N(AVUC) 


Difference of sets 


The difference of sets "A — B" is the set of all 
elements of "A", which do not belong to "B". 

In the set builder form, the difference set 
is : 

A-B={x:xeAandx¢ B} 

and 

B-A={x:xeé Bandx¢ A} 

On Venn diagram, the difference "A — B" 
is the region of "A", which excludes the common 
region with set "B". 


? EXAMPLE 3.5 LetA={1,2,3,4,5, 6} and 


B = {1, 3, 5, 7, 9}. Then 


SOLUTION AUB = {1, 2, 3, 4, 5, 6, 7, 9}, 
AMB = {1,3, 5}, A-B= £2, 4, 6}, B—A= £7, 9} 
From Venn diagram, we observe that if we 
derive union of (A ~™ B) to either of the difference 
sets, then we get the complete individual set. 
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Figure 3.9 


A =(A-B)U (AB) and 
B =(B-A) U(ANB) 


Difference of sets is not commutative 


The positions of sets about minus operator affect 
the result. It is clear from the figure 3.9, where 
"A-—B" and "B -A" represent different regions 
on Venn diagram. As such, the difference of set 
is not commutative. Let us consider the example 
used earlier, where : 


A = {1, 2, 3, 4, 5, 6} 
A= £4, 5, 6, 7, 8} 
Then, 
A -B= £1, 2, 3} 
and 
B —- A= {7, 8} 
Clearly, 
A-B#B-A 
tEXAMPLE 3.6 Let A= £1, 2, 3, 4, 5, 6}, 
B= {2, 4, 6, 8}. 


Find A—B and B—A. 


| SOLUTION We have, A—B= {1, 3, 5}, since 


the elements 1, 3, 5 belong to A but not to B and 
B-—A= {8}, since the element 8 belongs to B and 
not to A. We note that A- B4#B-A. 


Symmetric Difference of two sets 


Let A and B be two sets. The symmetric difference 
of sets A and B is the set (A- B) U (B—A) or 
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(A U B)- (AB) and is denoted by AA Bor A® 
B (A direct sum B). 
AA B=(A-B)U (B-A)=(AUB)-(AMB) 


ADB=BDA {commutative} 
For example, let A= {1, 2,3, 4,5} and B 
= {1, 3, 5, 7} 
then A— B= {2, 43}, B—A= {7} 
AA B=(A-B) U (B-A) = {2, 4, 7} 


The sets A— B, AC B and B —- Aare 
mutually disjoint sets, i.c., the intersection 
of any of these two sets is a null set. 


Complement of a set 


The complement of a set Aconsists of elements, 
which are elements of U, but not the elements 
of A. 

We write the complement set in terms of 
set builder form as : 

A’ or A= {x:x€ Uandx¢ A} 

Note that elements of A’ does not belong 
to set A. On Venn diagram, the complement of 
A is the remaining region of the universal set. 


Figure 3.10 


Consider some examples : 

Let U =N, and A= {x € N: x Is prime}. 
Then A is the set of all those natural numbers 
which are less than 2 or have atleast three 
divisors. 

If B be the set of all even natural numbers. 
Then Bp is the set of all odd natural numbers. 
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Interpretation of complement 


We can read the conditional statement for the 
complement with the help of two ways arrow 
as: 

xE€A’oxe Uandx¢gA 

In terms of minus or difference operation, 

A’=U-A 

It is clear from the representation on Venn 
diagram that the universal set comprises of two 
distinct sets — set A and complement set A’. 

=> U=AnA’ 


Complement of universal set 


The complement of universal set is empty set. 
It is so because difference of union set with 
itself is the empty set. 

U’={x:xe Uandx ¢ U}=0 


Complement of complement set is 
set itself 


The complement of complement set is set itself. 
The complement set is defined as : 
A’=U-A 
Now, complement of complement set is : 
= (A)’=(U-AY 
Let us consider the example, where : 
U = {1, 2, 3, 4, 5, 6, 7, 8} 
A= {1, 2, 3, 4, 5, 6} 
Then 
A’ = {1,2,3,4,5,6,7,8} — {£1,2,3,4,5,6} 
= {7,83 
Again taking complement, we have : 
(A’)’= £1,2,3,4,5,6,7,8} — {7,8} 
= {1,2,3,4,5,6} =A 


Union with complement set 


The union of set with its complement is universal 
set : 
AU A‘={x:xe Uandxe A} 
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U {x:xe€Uandxe A} =U 

From Venn diagram also, we see that 
universal set consists of set A and component 
A’. 

U=AUA’ 

The two sets on the right side of the 
equation are disjoint sets. Hence, 

AUA’=U 


Intersection with complement set 


There is nothing common between set A and its 

complement A’. Thus, intersection of a set with 

its complement yields the empty set, 
ANA’=$6 


| EXAMPLE 3.7 Let U= {1, 2,3, 4,5, 6, 7, 8, 


9, 10} and A= {1,3, 5, 7, 9}. Find A’. 


| SOLUTION We note that 2, 4, 6,8, 10 are the 


only elements of U which do not belong to A. 
Hence A' = £2, 4, 6, 8, 10}. 


De-Morgan's laws 


In the real world situation, we want to negate a 
condition of incidence. For example, consider a 
class in the school. Some students play either 
basketball or football or both, but there are 
students, who play neither basketball nor 
football. We have to identify later category of 
students as a set. 

Let the set of students playing basketball 
be "B" and that playing football be "F". Then, 
students who do not play basketball is 
complement set B’ and students who do not play 
football is complement set F’. These 
complement sets are drawn to the same 
universal set, "U". 

The two complement sets are overlapping 
sets. There are students in the set B' who play 
football and there are students in the set F', who 
play basketball. In order to remove those 
students playing other game, we intersect two 
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complements. The members of the intersection 
of two complements, therefore, represent 
students who play neither basketball nor football. 

Looking at the intersection of two 
complement sets, however, we observe that this 
is equal to the complement of union "B U F". This 
conclusion can be derived from basic interpretation 
as well. We know that union "B U F" represents 
students, who play either or both games. The 
complement of the union, therefore, represents, 
who neither play basketball nor football. 

This fact, as a matter of fact, is the first 
De-Morgan's law. Symbolically, 

B’ OF’ = (BU FY 
The second De-Morgan's law is : 
B’ UF’ =(BO FY 

In the parlance of illustration given earlier, 
let us interpret right hand side of the second De- 
Morgan's law. The intersection "B ™ F" 
represents students playing both games. Its 
complement, therefore, represents students who 
do not play both games, but may play one of 
them. 

Thus, A’ OB’=(A UBY 

A’UB’=(ANBY 


Analytical proof 


Here, we shall prove the first De-Morgan's law. 
The second law can be proved in similar fashion. 
Let us consider an arbitrary element "x" belonging 
toset(AUBY’. 
x € (A UB)’ 

=> x¢ (AUB) 

Then, by definition of union, 

=> xé€é {x:xe Aorxe B} 

Here, "not or" is interpreted same as "and", 

=> x¢Aandx¢B 

=> xeéA’andxe B’ 

=> xeEA’ONB 

But, we had started with (A U B)’ and used 
its definition to show that "x" belongs to another 
set. It means that the other set consists of the 
elements of the first set at the least. Thus, 
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(A U B)’ CA’ OB’ 
Similarly, we can start with A’ > B’ and 
reach the conclusion that : 
A’ OB’ C(AUBY 
If sets are subsets of each other, then they 
are equal. Hence, 
A’ OB’=(AUBY 


PEXAMPLE 3.8 Let U = {1, 2, 3, 4, 5, 6}, 
A= {2,3} and B= {3, 4, 5}.Find A’, B', A'OB', 
AU B and hence show that (A U B) =A'N B'. 


SOLUTION Clearly A’ = {1, 4, 5, 6}, 
B' = {1, 2, 6}. Hence A' 4 B'= {1, 6} 
Also A U B = £2, 3, 4, 5}, so that (A U B)' 
= {L, 63 
(A U B)'= £1, 6} =A'OB' 


Number of elements in the union of 
two sets 


We want to know the numbers of elements in 
the union of two sets in terms of the numbers 
of elements in individual sets. 

The sum of the numbers in the individual 
sets is generally greater than the number in the 
union. The reason is that union includes 
common elements only once. On the other hand, 
sum of the numbers of individual sets counts 
common elements once with each set, in total 
two times. Clearly, it is required that we deduct 
the numbers of elements, which are common to 
each set, from the sum of numbers of elements 
in individual sets. Hence, 

n (A U B) = n(A) + n(B) —n(A OB) 

Here, n(A  B) represents the numbers of 
elements common to two sets. 

Alternatively, we can approach this 
formula in yet another way. See the 
representation of intersection of two sets. The 
union of two sets can be considered to comprise 
of three distinct regions which are three 
"disjoint" sets. Clearly, 
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n(A U B)=n(A-B)+n(AMB)+n(B-A) 
However, we observe that if we add n(A M B) 
to either of the two difference sets, then we get the 
complete individual set. 
n(A) = n(A — B) +n(A mB) 
= n(A-B)=n(A)-n(ANB) 
and 
n(B) = n(B — A) + n(A MB) 

=> n(B-A)=n(B)-n(AnNB) 

Substituting for the numbers of the 
difference set in the equation for the numbers 
in the union set, we have : 

=> n(AVUB)=n(A) — 
n(AMB)+n(AMB)+n(B)-n(ANB) 

=> n(A UB) =n(A) + n(B)-n(A OB) 

Now let us find the numbers of elements 
in the union of "disjoint" sets. Since, there are 
no common elements between two disjoint sets, 
the intersection between disjoint sets is an empty 
set. Hence, 

n (A U B) =n (A) +n (B) 

Suppose, we wish to find the number of 
elements in the union of three sets. Proceeding 
as in the case of union of two sets, we deduct 
the intersections between each pair of sets as : 

n(AUBUC)=n(A)+n(B)+n(C)-n 
(ANB)-n(ANC)-n(BOC)+nANBONC) 

We can achieve this result analytically as 
well. Here, we consider "A" as one set and 
"(B U C) " as other set. Then, we apply the 
relation, which has been obtained for the 
numbers in the union of two sets as : 

n(AUBUC)=n(A)+n(BUC)-nl[An 
(BUC)] 

Applying result for the union of two sets 
for n(B U C), we have : 

n(B U C) = n(B) + n(C) - (BNC) 

Putting in the expression for n(A UB UC), 
=> n(AUBUC) =n(A) + n(B) + n(C) - 

(BAC)-n[AN(BUC)] 

At this stage, our task is to evaluate 
n[AM(BUC), Following the distributive property, 
n(AU(BUC)] =n [ANB UANC)] 
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We can treat each of the terms in the small 
bracket on the right hand side of the above 
equation as a set. Applying relation obtained for 
the numbers in the union of two sets again, we 
have: 

n(A (BU C)] =n (AU B)+n(A UC) 
—nf[(A 7 BY) NAN (ANC) 

The last term in above equation is : 

(A AB) A(ANC)] =(ANBOC) 

Hence, n[(A 4 (BU C)] 

=n(AUB)+n(A UC) -nf[(A NBO CO) 

Now, putting this expression in the 
expression of the numbers in the union involving 
three sets and rearranging terms, we have : 

=> n(AUBUC)=n(A)+n(B)+n(C)- 
n(A 1 B)-n(A NC) -n(A NC) -1n(B OC) + 
n(ANBOC) 

In a nutshell, we find that number of 
elements in the union, here, is equal to the sum 
of numbers in the individual sets, minus elements 
common to two sets taken at a time, plus 
elements common to all three sets. 


| EXAMPLE 3.9 Ina group of students, 40 


students study either English or Mathematics. Of 
these 25 students study Mathematics, 10 students 
study both Mathematics and English. How many 
students study English? 


tSOLUTION The word "or" in the first 


sentence indicates that union of students 
studying Mathematics (M) or English (E) or both 
is 40. Using formula, we have : 

n(M vu E) = n(M) + n(E) —- n(M nn E) 
=> n(E)=n(M VE) -n(M)+n(MnE) 
Putting values, 

n(E) = 40 —- 25 + 10 = 25 


| EXAMPLE 3.10 In the house of total 200 


students, 140 students play basketball and 80 
students play football. Each student of the house 
plays atleast one of these two games. How many 
students play both basketball and football? 
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tSOLUTION The individual sets here are 


students playing basket ball (B) and football (F). 
Hence, 
n (B) = 140 
n (F) = 80 
Clearly, there is no bar that a students 
playing basketball cannot play football. This is 
also evident from the sum of the numbers in 
each set. The sum is 140 + 80 = 220, whereas 
total numbers of students in the house is 200 
only. Thus, there are students who play both 
games. We can interpret the total number as the 
union of two individual sets. Hence, applying 
expansion for the numbers of a union : 
n(A U B) = n(A) + n(B) — n(A 24 B) 
The students who play both games 
constitute the intersection of two individual sets. 
Putting values, 
=> n(BU F) = 140 + 80 —- 200 = 20 


t EXAMPLE 3.11 In a house of total 200 


students, 100 students play basketball, 60 students 
play football and 20 play both games. How many 
students play neither basketball nor football? 


SOLUTION We have already discussed that 
"neither nor" condition is same as that of De- 
Morgan's law : 
n(B’ A F’) = n(B uw FY’ 

Now expanding the right hand term, we 
have: 

n(B’ 0 F’) = n(Bo F)Y =U-n(BvU F) 

Further using formula for the numbers in 
a union, 

n(B’ A F’) = n(U) - n(B) - n(F) +n BUF) 

Putting values, 
=> n(B’ no F’) = 200 — 100 — 60 + 20 = 60 


| EXAMPLE 3.12 Ina house of 200 students, 


120 students study Mathematics, 60 students 
study English and 40 students study both 
Mathematics and English. Find: (1) students who 
study Mathematics but not English (11) students 
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who study English, but not Mathematics (111) 
students who study either Mathematics or English 
and (iv) students who neither study Mathematics 
nor English. 


tSOLUTION Let us first characterise 


collections as given in the question. Two sets are 
given one for those who study Mathematics (M) 
and other for those who study English (E). The 
addition of numbers of individual sets is 120 + 
60 = 180, which is less than total numbers of 
students. Hence, total numbers of 200 
corresponds to universal set. Here, 
n(U) = 200; n(M) = 120; n(E) = 60 and 
n (M u E) = 40 
(i) Students studying Mathematics, but not 
English means that we need to find the numbers 
in the difference of set, 1.e M — E. 
n(M — E) = n(M) —- n(M nn E) 
= n(M —- E) = 120 - 40 = 80 
(ii) Students studying Mathematics, but not 
English means that we need to find the numbers 
in the difference of set, i.e E-—M. 
n (E — M) = n(E) -n (MN E) 
=> n(E-M) = 60 - 40= 20 
(111) Students who study either Mathematics 
or English is equal to the numbers in the union 
of two sets. 
n(M v E) = n(M) + n(E) —- n(M nn E) 
Putting values, 
n(M VU E) = 120 + 60 — 40 = 140 
(iv) Students who study neither 
Mathematics nor English is equal to the numbers 
in the compliment of the union of two sets. 
n(M VU EY = n(U)—-n (M VE) = 200- 140 =60 


| EXAMPLE 3.13 A market research group 


conducted a survey of 1000 consumers and 
reported that 720 consumers like product A and 
450 consumers like product B, what is the least 
number that must have liked both products ? 


| SOLUTION Let U be the set of consumers 


questioned, P be the set of consumers who liked 
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the product A and Q be the set of consumers who 
like the product B. Given that 

n(U) = 1000, n(P) = 720, n(Q) = 450 
So n(P Uv Q) = n(P) + n(Q) —-n(P 1 Q) 

= 720 + 450 —n(P_-4 Q) = 1170 —n(P 4 Q) 

Therefore, n(P U Q) is maximum when 
n(P 7 Q) is least. ButP UQ Cc U implies n(P U Q) 
< n(U) = 1000. So maximum values of n(P U Q) 
is 1000. Thus, the least value of n(P ~ Q) is 170. 
Hence, the least number of consumers who liked 
both products is 170. 


tEXAMPLE 3.14 Out of 500 car owners 


investigated, 400 owned car Aand 200 owned car 
B, 50 owned both A and B cars. Is this data 
correct? 


| SOLUTION Let U be the set of car owners 


investigated, P be the set of persons who owned 
car A and Q be the set of persons who owned 
car B. 
Given that n(U) = 500, n(P) = 400, n(Q) 
= 200 and (P 1 Q) = 50. 
Then n(P U Q) = n(P) + n(Q) —- n(P 4 Q) 
= 200 + 400 — 50 = 550 
But PUQc U implies n (P U Q) <n (VU). 
This is a contradiction. So, the given data is 
incorrect. 


tEXAMPLE 3.15 If A and B be two sets 


containing 3 and 6 elements respectively, what 
can be the minimum number of elements in A U 
B? Find also, the maximum number of elements 
nAUB. 


| SOLUTION We have 

n(A UB) =n (A) +n(B)-n (AB), 

n (A U B) is minimum or maximum according as 

n (AM B) is maximum or minimum respectively. 

Case lI: Ifn (A OB) is maximum, 1.e.,n (AB) 

=3 such that A= {a,b,c,d,e,f} and B = {d,a,c} then 
n(A U B)=n (A) +n (B)-n (A UB) =6+3 

—3=6. 

Case II: Ifn (A 7B) is minimum, 1.e.,n (A 4B) 

= 0 such that A = {a,b,c,d.e.f} and {g,h,1} 
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n(A UB) =n (A) +n(B)-6+3=9. 


PEXAMPLE 3.16 Suppose A,,A,,...... Aj are 


thirty sets each with five elements and B,, B,, .... 
B,, are n sets each with three elements. 


30 mM 
te UA: =UB;)=S. 
i=l Fl 
Assume that each element of S belongs to 
exactly ten of the A,'s and exactly to nine of the 
B,'s. Find n. 


| SOLUTION Given A,’s are thirty sets with five 


elements each, so 
30 
y n(A;) =5x30=150 (0) 
i=l 
If there are m distinct elements in S and each 
element of S belongs to exactly 10 of the A's, we 
have 
30 
>n(A;) = 10m .Q) 
i=1 
.. From (1) and (2), we get 10m = 150 
=> m=15 
Nn | Nn 
Similarly 2nB5) = 3n and 2nB;) =9m 
F F 
“ 3n = 9m 


= n="3" = 3m=3x 15=45 


Hence, n= 45. 


| EXAMPLE 3.17 A survey of 500 television 


watchers produced the following information : 
285 watch football, 195 watch hockey, 115 watch 
basket ball, 45 watch football and basket ball, 70 
watch football and hockey, 50 watch hockey and 
basket ball, 50 do not watch any of the three 
games. How many watch all the three games? 
How many watch exactly one of the three games? 
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tSOLUTION Let F, H and B be the sets of 


television watchers who watch football, hockey and 
basket ball respectively. Then according to the 
problem, we have 

n(U) = 500, n(F) = 285, n(H) = 195, n(B) = 
115, 

n(F 7 B) = 45, n(F A H) = 70, n(H 4 B) = 

50 

and n(F’ U H’ U B’/) = 50. 

where U is the set of all the television 
watchers. 

Since 

n(F’ U H’ UB’) =n (VU) -n(F UH UB) 

=> 50=500-n(FUHWUB) 

=> n(FUH UB) = 450. 

We have : n(F UH U B) = n (F) + n(H) 
+ n(B) —- n(F m™ H) —- n(H 4 B)-n (BO F) + 
n(F 7H OB) 

=> 450 = 285+ 195 + 115 - 70-50-45 
+ n(F OH OB) 

“. n(F OH OB) = 20, which is the number 
of those who watch all the three games. 

Also number of persons who watch football 


only 
=(FAH’ OB) 
= n(F) -n(F 7 H)—-n(F OB) +n OH OB) 
= 285 — 70 — 45 + 20 = 190. 
The number of person who watch hockey 
only 


=(F ANH’ OB) 

=n(H)-n(H 4 F)—- nC NB) +n(HO FOB) 

= 195 — 70 — 50+ 20 = 95 

and the number of persons who watch basket 
ball only 

=(BOH' NF’) 

= n(B) -n(B MN H)-n(B OF) +n nF OB) 

= 115 —-50-45 + 20 = 40 

Hence, the number of those who watch 
exactly one of the three games. 

= 190 + 95 + 40 = 325. 


| EXAMPLE 3.18 Prove that 


AA (B-C)=(ANB)-(ANC). 
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=> yéeAandye (B-C) syEeAn(B-C). 
We have xe AN(B-C 
a ey) ~ (AQB)-(ANC) CAN(B-C). 
(2) 
rm ae ahs cee 2 From (1) and (2), we get (A 7 B) —-(A NC) 
=> xeE€AnBandx¢€é C ae 
=> xe€AnBandx¢€ ANC 
[fe x¢€C>x€ANC] PEXAMPLE 3.19 IfAAB=(A-B)(B-A), 
> xe (ANB) — (AC) show that 
ae (A AB) - (ANC) SOLUTION We have An (BAC) 
=> yeAnBandy€ ANC =An[(B-C) UC -B)] 
=> palarnhee- pars Galan : =[AN(B-O)] U[An (C-B)] 
[. i . : a yéC =[(ANB)-(ANQ] Vv [(ANC)-(AMB)] 
= yéAand(y€ Bandy ¢ C) =(ANB)A(ANC). 


Wi PRACTICE PROBLEMS [C] 


1. 


If U =R, the set of real numbers, 
A= {x:xeE€ R,0<x<2} 
B={x:xeE R,1<x <3}, 

then find A’, B’, AUB, ANB, A—B. 


. IfA= {1, 2, 3, 43}, B= {3, 4, 5, 6}, C = £5, 6, 7, 8} and D = {7, 8, 9, 10} ; find 
Ga) AUB @i) AUBUC 
a) BUCUD 

. IfA= {3, 5, 7,9, 11}, B = {7, 9, 11, 13}, C = {11, 13, 15} and D = {15, 17}; find 
ga) ANB ai) ANCAD 
aii) AN (BUD) (iv) (ANB) ABYC) 


. If X = {a, b, c, d} and Y = £f, b, d, g}, find 


(i) X -Y (ii) Y-X (ii) X NY 


. In the Venn diagrams below, shade 
Gi) W-V ai) VeuW 
(ut) Vm We (iv) Ve- 


Gp 


(b) 


. If U = {a, b, c, d, e, f, g, h}, find the complements of the following sets : 


(i) A = {a, b, c} (ii) B = {d, e, f, g} 


. IFU= £1, 2,3, 4, 5, 6, 7, 8, 9}, A= {2, 4, 6, 8} and B = {2 3, 5, 7}. Verify that 


(i) (AUB)'=A'AB' (ii) (AN B)'=A'UB' 
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8. Let U be the set of all triangles in a plane. If A is the set of all triangles with at least one angle 
different from 60°, what is A' ? 
9. Is it true that for any sets A and B, 
P(A) U P(B) = P(A U B) ? Justify your answer. 
10. Show that for any sets A and B, 
A=(AMB)U (A-B) andA VU (B—-A)= (AUB) 

11. If A, B and C are sets, then prove that 
(A-B)m (A-C)=A-(BUC). Verify the above result by Venn diagrams. 

12. Let U be the set of all people and M = {Males}, S = {College students}, T = {Teenagers}, 
W = {people having height more than five feet}. Express each of the following in the notation of 
set theory. 

(i) College students having heights more than five feet. 
(11) People who are not teenagers and have their heights less than five feet. 
(in) All people who are neither males nor teenagers nor college students. 

13. Ina group of 65 people, 40 like cricket, 10 like both cricket and tennis. How many like tennis only 
and not cricket ? How many like tennis ? 

14. Inasurvey of 60 people, it was found that 25 people read newspaper H, 26 read newspaper T, 26 
read newspaper I, 9 read both H and I, 11 read both H and T, 8 read both T and I, 3 read all three 
newspapers. Find : 

(1) The number of people who read atleast one of the newspapers. 
(ii) The number of people who read exactly one newspaper. 

15. Ata certain conference of 100 people, there are 29 Indian women and 23 Indian men, of these 
Indian people 4 are doctors and 24 are either men or doctors. There are no foreign doctors. How 
many foreigners are attending the conference? How many women doctors are attending the 
conference? 

16. Ina group of children, 35 play football out of which 20 play football only; 22 play hockey; 25 play 
cricket out of which 11 play cricket only. Out of these 7 play cricket and football but not hockey, 
3 play football and hockey but not cricket and 12 play football and cricket both. How many play 
all the three games? How many play cricket and hockey but not football, how many play hockey 
only? What is the total number of children in the group? 

17. If Aand B are subsets of a set X, then prove that 
ACB>X-BCX-A. 


3.4 | REALNUMBER SYSTEM 


Natural Numbers 


Each natural number has a place of its own in the 
series. We shall denote the series of natural 
numbers by the letter N. 
Thus, the counting numbers 1, 2, 3, 4...... 
are called natural numbers. 
N = {1, 2, 3, 4...... H 


The concept of natural numbers originated 
from the necessity to count objects. We can 
compare two natural numbers and see which of the 
two is the greater. All natural numbers arranged in 


the increasing order form a series of natural 
numbers, the first number being unity, the second 
number two, the third number three, and so on. 


Whole numbers 


Let us consider the number, zero. It is designated 
as 0. Zero is not a natural number and is considered 
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to be a predecessor of all the natural numbers. The 
set of natural numbers including zero is called set 
of whole numbers. It is designated as W. Thus W 
= {0, 1, 2,...... i. 


Integers 


In the set of natural numbers, for instance, we 
cannot subtract 5 from 3. It is therefore necessary 
to extend the set of natural numbers. We shall 
introduce new numbers into consideration, natural 
numbers with the minus sign, i.e. numbers of the 
form —m, where m is a natural number, and shall 
call them negative integers. 

The set of numbers consisting of all natural 
numbers, zero, and all negative numbers, is known as 
the set of integers and is denoted by the letter I or Z. 

The numbers.....—3,—2,-—1, 0, 1, 2,3...are 
called integers. 

Thus, I (or Z) = £...-3, -2, -1, 0, 1, 2, 3...} 


Note 


1. Natural numbers are sometimes called 
positive integers and is also denoted by I* 
or Z*. 

2. The set of whole numbers is also called as 


the set of non-negative integers I, . 


3. The set of negative integers, denoted by I- 
consists of {........... , -3, -2, -1} 

4. The set of non-positive integers, denoted 
by 15. 18 4ea5 =3, 2,1, OF 

5. Integers which are divisible by 2 are called 
even integers. 
1.€. 0,+2,+ 4...... 

6. Integers, which are not divisible by 2 are 


called as odd integers. 
ie. +1,43,4+5,+7....... 


Prime and composite numbers 


The set of natural numbers consists of unity, prime, 
and composite numbers. A natural number which 
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is larger than unity is a prime number if it has no 
divisors except for unity and itself. A natural 
number which is larger than unity is a composite 
number if it has at least one divisor different from 
unity and itself. 

Let ‘p’ be a natural number, ‘p’ is said to 
be prime if it has exactly two distinct factors, 
namely 1 and itself. 

ie. 2,3,5,7, 11, 13, 17, 19, 23, 29, 31... 

Let ‘a’ be a natural number, ‘a’ is said to 
be to be composite if, it has atleast three distinct 
factors. 


Note 


1. ‘1’ is neither prime nor composite. 

2. *2’ is the only even prime number. 

3. Numbers which are not prime are 
composite numbers (except 1) 

4. ‘4’ is the smallest composite number. 


Co-prime numbers 


Two natural numbers (not necessarily prime) are 
co-prime, if their GC.D. is unity. 
For example (1, 2), (1, 3), (3, 4), G, 10), 
(3, 8), (5, 6), (7, 8)are co-prime numbers. 
These numbers are also called relatively 
prime numbers. 


Note 


1. Two distinct prime numbers are always 
co-prime but converse need not be true. 

2. Consecutive numbers are always co-prime 
numbers. 

3. Ifnatural numbers p, and p, are co-prime and 
a natural number p is divisible both by p, and 
by p., then p is divisible by the product p,p, 


Twin prime numbers 


If the difference between two prime numbers is 
two, then the numbers are called as twin prime 
numbers. 
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For example {3, 5}, {5, 7}, {11, 13}}, 
{17, 19}, £29, 31} are twin prime numbers. 


Note 


1. Aneven number a can be written in the form 
a = 2q, where q is an integer 

2. An odd number a can be written in the form 
a = 2q +1, where q is an integer. 

3. An integer a which is exactly divisible by 
three can be written in the form a = 3q, 
where q is an integer. 

4. An integer a which is not exactly divisible by 
three can be written in one of the following 
forms : 
a= 3+ 1 o0ra=3n+ 2, where @ andnare 
integers. 

5. An integer a which is exactly divisible by a 
natural number k can be written in the form 
a = kq, where q is an integer. 

6. An integer a which is not exactly divisible by 
a natural number k can be written in the form 
a=kq+r, where ris one of the numbers 1, 
2, ....., (k — 1), and q is an integer. 

In accordance with the divisibility of integers 
by a given natural number k, the set of integers can 
be divided into k classes. 

For instance, if k = 2, then the set of all 
integers can be divided into two classes, e.g. even 
numbers and odd numbers. 

The set of all integers can also be divided into 
three classes : 

(a) numbers which are multiples of the 
number three, i.e. numbers of the form 
3q, where q is an integer, 

(b) numbers which when divided by three 
yield unity as the remainder, i.e. numbers 
of the form 3 + 1, where @ is an integer, 

(c) numbers which when divided by three 
yield two as the remainder, 1.¢. numbers 
of the form 3n + 2, where n is an integer. 

It is now clear how we can divide the set of 
integers into 4 classes, 5 classes, and so on. 
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We find that division of integers into classes 
helps us to solve problems. 


| EXAMPLE 3.1 Every number is of one of the 


forms 5n, 5n+ 1, 5n+ 2. 


| SOLUTION For if any number is divided by 
5, the remainder is one of the numbers 0, 1, 2, 


a2. = 1 


| EXAMPLE 3.2 Every square number is of 


one the forms 5n, 5n + 1. 


| SOLUTION The square of every number is 


of one of the forms (5m)?, (5m + 1)?, (5m + 2)?. 
If those are divided by 5, the remainders are 0, 
1, 4; and, since 4 = 5 — 1, the forms are 5n, 
5n + 1, and 5n - 1. 


| EXAMPLE 3.3 Considerany three consecutive 


natural numbers. prove that the cube of the largest 
cannot be the sum of the cubes of other two. 


PSOLUTION Let n — 1, n, n + 1 be the 


consecutive numbers. 

If the equation (n + 1)? = n3 + (n - 1)? 

that is, 

n? + 3n?+ 3n+ 1 =n34+ n3-3n2+ 3n-1, 

were satisfied, 

then 2 = n? (n — 6) 

But the right side is positive only ifn> 6, and 
in that case n? (n — 6) > 36 and therefore cannot 
be true. 


| EXAMPLE 3.4 Prove that the product of 


four consecutive integers is one less than a 
perfect square. 


| SOLUTION Let the four consecutive integers 
ben,n+1,n+2,n+3. 
If 1 is added to their product, we have 
n(n + 1)(n + 2)(n + 3) + 1 
= [na + 3)][@+ Da@+2)] +1 
= (n? + 3n)(n? + 3n + 2) + 1 
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= (n*+ 3n)?+ 2(n? + 3n) + 1 = (n? + 3n + 1)? 
Therefore, the product of the four numbers is 
one less than the square of the integer n? + 3n + 1. 


| EXAMPLE 3.5 If x and y are prime numbers 


which satisfy x2 — 2y? = 1, solve for x and y. 


T SOLUTION x? — 2y? = 1 gives x? = 2y? + 1 

and hence x must be an odd number. If x = 2n + 1, 

then x? = (2n + 1)? = 4n? + 4n+ 1 = 2y?+ 1. 

Therefore y2 = 2n(n + 1). This means that 

y2 is even and hence y is an even integer. Now, 

y is also a prime implies that y = 2. This gives x 
= 3. Thus the only solutionis x =3, y = 2. 


| EXAMPLE 3.6 Consider any three conse- 


cutive natural numbers the smallest of which is 
greater than 3. Then the square of the largest 
cannot be the sum of the squares of the other two. 


tSOLUTION Let n, n+ 1, n + 2 be three 


consecutive natural numbers with n > 3. 
(n + 2)? — [n? + (n+ 1)7] 
=3+2n-n’, 
=-—(n+ 1) 1-3), 

which cannot be zero since n > 3. 


| EXAMPLE 3.7 LetneN. Find all prime 


numbers of the form n3 — 8. 


| SOLUTION Since n3 — 8 = (n- 2)(n? + 2n + 


4), for it to be prime one needs either n- 2=1 => 
n=3 or n?+ 2n+ 4= 1, but this last equation does 
not have integral solutions. Hence 33 — 8 = 19 is 
the only such prime. 


| EXAMPLE 3.8 Given that 1, 000, 002, 000, 


001 has a prime factor greater than 9000, find it. 


| SOLUTION We have 


1, 000, 002, 000, 001 = 10! + 2.106 + 1 
= (106 + 1)? 
= ((102)3 + 1)2 


Sets and Relations 


= (10? + 1)7((107)? — 102 + 1)2 
= 101299012 
Hence the prime sought is 9901. 


| EXAMPLE 3.9 Find the natural number n for 


2 
which the fraction a is anatural number. 
SOLUTION We have }22__ 8n_ 6 
n 


oe eee 
n 


; 6 
Since 15n + 8 is a natural number, and 


is a natural number only for n = 1,n = 2,n=3, 
n = 6, for these values of n the given fraction is 
a natural number. 


| EXAMPLE 3.10 Find the integral solutions 
of the equation xy = 2x —y. 
| SOLUTION From the given equation we find 


y =. where x # — l. 
Let us rewrite the fraction as follows : 
_(2x+2)-2 2 
xt) 4d 


Hence it follows that the value of y will be 


; ; ’ ) a 
an integer only if the fraction - is an integer 


+1 
which is possible for an integral x when x + 1 = 
+tlorx+1=22. 

Substituting the corresponding x into the 
formula 


2x 
Yaa we find all the integral solutions of 


the given equation; x, = 0, y, = 0; x, = -2, 
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Rational numbers 


Let us now consider the set of rational numbers 
which consists of all positive fractions, zero, and 
all fractions with the minus sign. We can assume 
that each number belonging to this set is the ratio 
of an integer to a natural number. We shall therefore 
assume that this set consists of numbers of the 


form q? where q is a natural number and p is an 


integer. The set of rational numbers is denoted by 
the letter Q. 


Decimal number system 


Ten symbols are introduced in this system, which 
are called digits, the symbols 1, 2, 3, 4, 5, 6, 7, 8, 
9 denoting the first nine natural numbers and the 
symbol 0 denoting zero. In this number system, the 
number ten is designated as 10 and each natural 
number p is represented as 
p=a,.10°%+a,_,.10°-!+....+a,.102+ 


a, . 10 + a, 
where n is a number from the set of whole 
numbers, a, is one of the numbers 1, 2, 3, ...., 9. 


Another notation is usually used to write the 
number p which is based on the principle of the 
place values of digits. 

The notation 2705 means that the number 
consists of two thousands, seven hundreds, a zero 
tens, and five units. 1.e. 2705 = 2.103 + 7.102+ 0.10 
+ 5, 


Terminating decimal 


We can write, for instance, the fractions 


3721 = 21 131 


70010000’ joo 38 37.21, 0.0021, 0.131. 


A fraction written in this form is known as a 
terminating or finite decimal fraction. 

Any terminating decimal fraction can be easily 
changed to a common fraction. 
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34 _17 


For example, 0.34 = 100 50° 


Non-terminating repeating decimal 


A non-terminating repeating decimal fraction is a 
decimal in which the decimal point is followed by 
infinitely many digits, with one digit or an ordered 
set of digits, beginning with a certain place after 
the decimal point, recurring. 

For example, 4.27131313.... is a non- 
terminating repeating decimal fraction with the 
period 13. 


4.21131313...= 4.2713, 0.454545..= 0.45. 

To change a non-terminating repeating 
decimal fraction to a common fraction, we must 
subtract the number preceding the first period from 
the number preceeding the second period and make 
this difference the numerator, and write the digit 9 
in the denominator as many time as there are digits 
in the period, and add as many zeros after the nines 
as there are digits between the decimal point and 


the first period. For example, 0.117 20 


_ 11720-1172 _ 10548 (1172.9 
~ 99000 =: 90000 ~—- 9.10000 


— _ 42713427 _ 42286 
4.2113 ~~ 9900 ~——«9900 


2.21143 — 21143 


2.4950 A950 


| EXAMPLE 3.11 Write the infinitely repeating 


decimal (9.345 = 0.345454545..... as the quotient 


of two natural numbers. 
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+ SOLUTION The trick is to obtain multiples of 
x = 0.345454545..... so that they have the same 
infinite tail, and then subtract these tails, cancelling 
them out. So observe that 
10x = 3.45454545....; 1000x = 345.454545... 
342 _19 


=> 1000x — 10x = 342 = x= 990 = 55 


From the above examples, the following 
should be clear. 

Every rational number has a terminating or a 
repeating decimal expansion. Conversely, a real 
number with a terminating or repeating decimal 
expansion must be a rational number. 


P 
Any fraction — , where the natural number 


q does not have any prime divisors other 
than 2 and 5 can be written as a terminating decimal 
fraction. In other words, a rational number has a 
terminating decimal expansion if and only if its 
denominator is of the form 2™5", where m and n 
are natural numbers. 

From the above fact we can tell, without 
actually carrying out the long division, that 


= ee © oe . 
Say, 1024 710 has a terminating decimal 


1 
expansion, but that, say, does not. 


6 


Irrational numbers 


A need arises for introducing new numbers, distinct 
from rational numbers, such as, for instance, the 
number whose square is 2. A calculator probably 
gives about 9 decimal places when one tries to 
compute ./2 , say, it says /2 ~ 1.414213562. What 
happens after the final 2 is the interesting question. 
Do we have a pattern or do we not ? 

Theorem 2 is irrational. 

Proof Assume there is s € Q such that s? = 2. 


‘ m 
We can find integers m, n # 0 such that s = ao 


Sets and Relations 


The crucial part of the argument is that we can 
choose m, n such that this fraction be in lowest 
terms, and hence, m, n cannot be both even. Now, 
n’s* = m2, that is 2n* = m? this means that m? is 
even. But then m itself must be even, since the 
product of two odd numbers is odd. Thus m = 2a 
for some non-zero integer a (since m # 0). This 
means that 2n? = (2a)? = 4a? => n? = 2a’. This 
means once again that n is even. But then we have 
a contradiction, since m and n were not both even. 

Suppose that we knew that every strictly 
positive natural number has a unique factorization 
into primes. Then if n is not a perfect square we 


may deduce that, in general, ./p is irrational. 


Irrational numbers are numbers which 
cannot be expressed in p/q form and their set is 
denoted by Q¢ or Q'. (1.e. complementary set of 
Q). These numbers cannot be expressed as 


recurring decimals. For example, /7 , 1+ 3, 
e, 1, etc. are irrational numbers. 

Irrational numbers are those numbers having 
infinite non-repeating decimal expansions. Of 
course, by simply " looking" at the decimal 
expansion of a number we can't tell whether it is 
irrational or rational without having more 
information. 

We expect a 
0.100100001000000001...., 

where there are 2, 4, 8, 16,.... zeroes between 
consecutive once, to be irrational, since the gaps 
between successive 1's keep getting longer, and so 
the decimal does not repeat. For the same reason, 
the number 

0.123456789101112...., 

which consists of enumerating all strictly 
positive natural numbers after the decimal point, is 
irrational. This number is known as the 
Champernowne-Mahler number. 


| EXAMPLE 3.12 Suppose that you are given 


a finite string of integers, say, 12345. Can you find 
an irrational number whose first five decimal 
digits after the decimal point are 12345 ? 


number like 
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| SOLUTION Yes, there are multiple ways of 


doing this. An idea is to take the first five decimal 
digits of ./2 , remove them and supplant them with 
the given string. For example, for 12345 we 
proceed as follows : 


V2 ~ 1.414213562... 


V2 
= 10° = 0.000001414213562.... 


2 
Then the number at + 0.12345 


is an irrational number whose first five digits 
after the decimal point are 12345. 

Another idea is to form the number 

0.1234501234500123450000123450000000012345.... 

where puts 2 zeros between appearances of 
the string 12345. 


&> 


1. Integers are rational numbers, but converse 
need not be true. 

2. Negative of an irrational number is an 
irrational number. 

3. Sum of a rational number and an irrational 
number is always an irrational number, e.g., 


eg.2+ /3 


4. The product of anon zero rational number 
& an irrational number will always be an 
irrational number. 

5. If a € Q and b ¢ Q, then ab = rational 
number, only if a = 0. 

6. Sum, difference, product and quotient of 
two irrational numbers need not be an 
irrational number (it may be a rational 
number also). 


| EXAMPLE 3.13 Give examples, if possible, 


of the following. 
(i) The sum of two rational numbers giving an 
irrational number. 
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(ii) the sum of two irrational giving an irrational 
number. 
(1) the sum of two irrationals giving a rational 
number 
(iv) the product of a rational and an irrational 
giving an irrational number. 
(v) the product of a rational and an irrational 
giving a rational number. 
(vi) the product of two irrationals giving an 
irrational number 
(vii) the product of two rationals giving a rational 
number. 


| SOLUTION 


(i) This is impossible. The rational numbers are 
closed under addition and multiplication. 

(ii) Take both numbers to be ./2 . Their sum 
is 2./2 which is also irrational. 

(iii) Take one number to be ./2 and the other 
—./2 . Their sum is 0, which is rational. 

(iv) Take the rational number to be 1 and the 
irrational to be ./2 . Their product is 1. ./2 
= J2 

(v) Take the rational number to be 0 and the 
irrational to be /2 . Their product is 0. ./2 
= 0 

(vi) Take one irrational number to be /2, and the 
other to be 3. Their product is /2 . /3 
= 16 


1 
(vii) Take one irrational number to be V2 . Their 


product is V2. ols = 1 


V2 
TEXAMPLE 3.14 Prove that 35 cannot be 


represented in the form p + Ja , where p and q 


are rational (q > 0 and is not a perfect square). 


fSOLUTION Put = = p+ Jq | 


Hence 2=p3?+3pq+ 3p?+q) Vq. 
Since q is not a perfect square, 3p? + q = 0 
must be true, which is impossible. 
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f EXAMPLE 3.15 Show that V2 + V5 is 


irrational. 


| SOLUTION Suppose V2 + V5=x=p/qisa 


rational number with p, q € Z. 

Then (x — V2)? = 5 ie. x? -2V2x + 2=5 

Hence x2 — 3 = 2V2x, which gives V2 = 
(x? — 3) / (2x), a rational number. 

This contradicts the fact that V2 is 
irrational. 

So V2 + V5 is irrational. 


| EXAMPLE 3.16 Prove that log, 5 is irrational. 
| SOLUTION. Let log, 5 is rational. 


Pp ; 
log, 5 = q’ where p and q are co-prime 


numbers 

=> 3Ppa4=5 => 3Pp= 54, 

which is not possible, hence our assumption 
is wrong and log, 5 is irrational. 


| EXAMPLE 3.17 Find all rational x for which 


vx? +3x+5 isarational number. 
SOLUTION Lety = /x? 43x45 


Since, x and y are rational numbers, the 
difference between them is also a rational number 


Le. Vx243x4+5 —xX=q (a rational 


number) 
=> »4+3xt+5=(x+ q?=x?+2qx+ ¢ 
4 got 
3-2q a 
" ss ecieeie mae 
ence, y 1s rational for WEY Gq 


where q is rational and q + 5 , 


Sets and Relations 


Real numbers 


When we combine the set of all irrational numbers 
with the set of all rational numbers, we obtain the 
set of all real numbers. 

The complete set of rational and irrational 
numbers is the set of real numbers and is denoted 
by R. Thus, R=QU Q*. 

The number system is one such system, 
in which different number groups are related. 
Natural number is a subset of integers. Integers 
are subset of rational numbers and rational 
numbers are subset of real numbers. None of 
these sets are equal. Hence, relations are 
described by proper subsets. 

NcZ 

We can write the chain of relation among 
number sets: 

=> PCNCZCQCR 

However, irrational numbers are also 
subset of real numbers, but irrational numbers 
is not rational numbers. We represent this 
relation by emphasising that rational numbers is 
not a subset of irrational numbers or vice-versa. 
We depict this relation as : 

Q(rational numbers) ¢ T (irrational numbers) 

But irrational numbers is subset of real 
numbers. The real numbers comprises of only 
two subsets at the highest level rational and 
irrational. Therefore, irrational numbers is the 
remaining collection after deducting rational 
numbers from real numbers. 

Following the logic, we define set of 
irrational numbers as : 

T (irrational numbers) = 

{x: xe Rand x € Q} 

The figure 3.22 shows a diagram of the 

subsets of the real numbers. 
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Real 
Numbers 


Rational Irrational 
Numbers Numbers 


Whole 
Numbers 
Natural 
Numbers 


Figure 3.22 


| EXAMPLE 3.18 List the numbers in the set 


{- 7, a 0, 0.6, V5, 7, 67. 72: vi fas 


belong to each subset of the real numbers : (i) 
Natural numbers, (11) Whole numbers, (111) 
Integers, (iv) Rational numbers, (v) Irrational 
numbers, and (vi) Real numbers. 


| SOLUTION 


(i) Natural numbers: The only natural number 
in the set is ./81 since ./81] =9. (9 multiplied 
by itself is 81.) 
(11) Whole numbers: The elements of the set 
that are whole numbers are 0 and ./81 . 
(iii) Integers: The elements of the set that are 
integers are ./g1, 0, and —7, 


Negative 
Integers 
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(iv) Rational numbers: The rational numbers are 


61: GC 2 24) 43 (73 S72 2) 
4\-4. 4 10 10 


and f81( 7-2), 


(v) Irrational numbers: The irrational numbers 
in the set are ./5(./5 ~ 2.236) and 7 (n = 


3.14). Both /5 and 7 neither terminate nor 


have repeating patterns. 
(vi) Real numbers: All the numbers in the set are 
real numbers. 


n-th Root of a Number 


Let a and b be real numbers, and let n = 2 be a 
positive integer. If a = b", then b is the n-th root of 
a. If n = 2, then the root is a square root. If n = 3, 
then the root is a cube root. 

Some numbers have more than one n-th 
root. For example, both 5 and —5 are square roots 
of 25. The principal n-th root of a number is 
defined as follows : 

Let a be a real number that has atleast one n- 
th root. The principal n-th root of a is the n-th root 
that has the same sign as a. It is denoted by a radical 
symbol: 3/q 

The positive integer n is the index of the 
radical, and the number a 1s the radicand. If n = 2, 
we omit the index and write ,/a rather than 3/ . 


| iC AUTION J symbol stands for the positive 
[17 square root only. Let us evaluate 


the expressions involving radicals : 


(49 = 7 because 7? = 49. 


ifi25 5, (3) -5 = 48 
64. ecause 4 ae 6A 


3/_ 39 = -2 because (—2)> = -32. 
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4/_ 81 is not a real number because there is 


a no real number that can be raised to the fourth 
power to produce -81. 
Here are some generalizations about the n-th 
roots of a real number 
(1) If ais a positive real number and n is a 
positive even integer, then a has exactly 
two (real) n-th roots. We denote these 
roots by Va and Va 
(ii) If a is any real number and n is an odd 
integer, then a has only one (real) n-th 
root, which is denoted by Va. 
(11) If a is a negative real number and n is 
an even integer, then a has no (real) n- 
th rot. 


(iv) v0 = 0. 

(v) Integers such as 1, 4, 9, 16, 25, and 49 
are called perfect squares because they 
have integer square roots. Similarly, 
integers such as 1, 8, 27, 64, and 125 
are called perfect cubes because they 
have integer cube roots. 

(vi) If a is not a perfect n-th power, 


then 2/q is called a surd of the n-th 
order. Two surds of the same order 
are said to be like surds; otherwise 
unlike surds. 

(vil) In an expression of the form 


a 
+= ,, the denominator can be 
vb + Ve — 
rationalized by multiplying numerator 


and the denominator by Jp _ Jc 
which is called the conjugate 


of Jb +Ve- 


(viii) If x + Jy =at./p where x, y, a, b 
are rationals, then x = a and y = b. 


| EXAMPLE 3.19 Simplify (make the denomi- 


12 
nator rational) 34/5 -2y2 , 


Sets and Relations 


| SOLUTION The expression 


196445 4949) 
~ B45)? - (22) 


1234+ V5 +2V2) 
6+6V5 


26 +V5 +2V2 (V5 -1) 
~ (5 +1(V5-1 


_ 22 +2V5 +210 - 2v2) 
4 


= 1+V5+V10 -v2 
| EXAMPLE 3.20 Find the factor which will 


rationalise 


V3 +4/5 


tSOLUTION Let x = 3! and y = 5!%. The 


L.C.M. of the denominators of the indices 2 and 
3 is 6. 

Hence x® and y® are rational. 

Now x®°+ y®©=(xt+y) (®-xtyt+x3y?- 
x2y3 + xy4— y5) 

Hence the rationalizing factor required 

=x —x4y + x3 y2— x2 y3 + xy4—y> 
where x = 3!” and y = 5!. 


| EXAMPLE 3.21 Find the square root of 7 + 
2/10 
TSOLUTION Let /7+2V10 = Vx+ Jy 


Squaring, x +y + 2,/xy =7+ 2/10 


Hence, x + y = 7 and xy = 10. These two 
relations give x = 5, y =2 


Thus, §7+2J10 = 75 +2 
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| EXAMPLE 3.22 Ifat+b Vp +¢ Vq = 0 where 


a, b, c are rationals and Vp, V q are unlike surds, 
then prove that a= 0, b=0,c =0. 


SOLUTION By transposing and squaring we 
can show that 2abVp = c2q — a2 — b2p. 

If ab # 0, the left-hand side would be 
irrational and the right-hand side would be 
rational; which is impossible. Therefore, ab = 0, 
and consequently a= 0 or b= 0. 

If a = 0, then b Vp + cVq = 0; and if b # 0, 
then Vp/Vq = -c/b; so that Vp and Vq would be 
like surds; which is not the case. Therefore, 
b=0Oandc=0. 

If b = 0 then a + cVq = 0, and therefore 
a=Oandc=0. 


PEXAMPLE323 Ifa+bip +cip’ =0 


where a, b, c, p are rationals and p is not a perfect 
cube, then prove that a, b, c are all zero. 


* SOLUTION Multiplying the given equation 


by 3/p we have cp + ai/p ca bifp? = 0, 
and eliminating the terms containing 


Ip? , (b? — ac) 3/p = cp — ab. 


since 3/p is irrational, it follows that b? = ac 


and 
c*p = ab, 
therefore c*p? = a2b? = atc. 


3 
a 
if c # 0 we should have p? = 8 , so that 


q p would be rational, which is not the case. 


Hence c = 0, and therefore also a = 0 and b = 0. 


The Real Number Line 


The real number line is a graph used to represent 
the set of real numbers. 
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Real numbers can be represented as points 
of a line which is called as real number line. 

An arbitrary point, called the origin, is labeled 
0; units to the right of the origin are positive and 
units to the left of the origin are negative. 


Origin 


eed | p fositive 


Direction Direction 


The real number line 

Figure 3.12 illustrates that every real numbers 
corresponds to a point on the number line and every 
point on the number line corresponds to a real 
number. For this reason, we say that there is a one- 
to-one correspondence between all the real 
numbers and all points on a real number line. The 
real number corresponding to a particular point on 
the line is called the coordinate of the point. If you 
draw a point on the real number line corresponding 
to a real number, you are plotting the real number. 


5 
. 07542 «4 

_|__£_t, | J i] #4 #3241,, 

3 2 -!l (0) 1 2 3 xX 


Every real numbers corresponds to exactly 
one point on the real numbers line. 


Figure 3.12 
| 


249 2 V2 
t,t, fj | J. | | , 
—] 0 1 2 3 X 


Every point on the real number line 
corresponds to exactly one real numbers. 
Figure 3.13 


3 2 


A one-to-one correspondence between real 
numbers and points on a number line 
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Ordering the Real Numbers 


All real numbers follow the law of trichotomy 
i.c. if there are two real numbers a and b then 
either a=bora<bora>b. 

The real number line is useful in demonstrating 
the order of real numbers. We say that the real 
number a is less than real number b, written a <b, 
if a is to the left of b on the number line. 
Equivalently, b is greater than a, written b > a, ifb 


Symbols Meaning 

a<b a is less than or 
equal to b. 

b2a b is greater than 


or equal to a. 


Sets and Relations 


is to the night of a on the number line (Figure 3.14) 
The symbols < and > are sometimes 
combined with an equal sign. 


a b 
—_@—_______9 > 


a<b x 
Figure 3.14 


a is less than b : a is to the left of b 
The symbols < and > can be understood with 
the following examples : 


Examples 


3 <7 (because 3 < 7) 
7 <7 (because 7 = 7) 
7 2 3 (because 7 > 3) 
—5 > -—5 (because —5 = —5) 


Wi PRACTICE PROBLEMS [D] 


1. Indicate which numbers in the given sets are (a) Natural numbers (b) Whole numbers (c) Integers 
(d) Rational numbers (e) Irrational numbers. 


(i) {-10,- 2,-3.0, 4.v4,n,7,18 ,100| 


(ii) {-¥8.9.97, #126} 


eae oe Pee 


Prove that log, 7 is an irrational number. 


—_ 
= 


Prove that the expression ~_> 


xX" —-X+xy-y 


pm 
pmb 
e 


Deals 


+ 


Express with a rational denominator W341 v1 


_ 2-3 
12. SuNDMIE 0 als J2—J2-3 


Prove that if a natural number ends in the digit 7, it cannot be the square of an integer. 
For what natural numbers n the fraction (3n + 4)/5 is an integer. 
Determine for what natural numbers n the number n4 + 4 is a composite number 


If x and y are rational numbers such that , Ixy is irrational then what is Vx + Vy ? 


Prove that the number [nm(n — m)] is even for any integers n and m. 
Prove that the sum of four successive natural numbers cannot be a prime number. 


Find the number equal to 3.1 45 when expressed as a rational number in lowest terms. 


(2x? + 2xy)(x —-1) 


takes on even values for any integral x. 
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13. The positive integers p, q & rare all primes . If p* — q* =r then the set of all possible values 


of p, q and r. 


14, Find the integral pair(s) (x, y) whose sum is equal to their product . 
15. A printer numbers the pages of a book starting with 1 and uses 3189 digits in all. How many 


pages does the book have ? 


16. Prove that, if n > 4, then the number 1! + 2! + 3! +.... n! is never a square. 


1.5 | INTERVALS 


Intervals is an alternative way to represent a 
subset of real numbers. Real numbers is 
represented by a number line having infinite 
membership. We can think any segment of this 
number line as subset or interval. Consider an 
interval, where "a" and "b" belongs to real 
numbers anda<b: 

a<x<b 

The value of "x" falls between "a" and "b". 
For example, an interval 2<x<4 is a collection 
of all points lying between end points 2 and 4. 
The important thing is that this interval does not 
include end points and is called "open" interval. 
We can represent this collection as a set in "set 
builder form"as : 

{x:x€ Rand2<x< 4} 

Alternatively, we can use pair of small 
brackets to represent open interval as : 

(2, 4) 

The two forms of representations are 
equivalent. The later form is obviously an easier 
and convenient representation of the subset of 
real number. We use small bracket "(" or ")" to 
denote interval that excludes 

end point. Likewise, we use square bracket 
"[" or "]" to denote interval that includes end 
point. We can represent a "close" interval as 
[2,4]. This interval is equivalent to : 

[2;4,=2<x<4 

We can have combination of "open" and 

"close" brackets like : 
(2,44=2<x<4 

As areminder, we should note that interval 

corresponding to real numbers or its subset is 


an infinite set as we can have infinite points on 
the line segment corresponding to an interval. 


Graphical representation 


The graphical representation uses a segment of 
line on the number line representing real 
numbers. The line segment is demarcated by a 
pair of two small circles —a filled circle to mean 
that end point is included in the interval and an 
unfilled circle to mean that end point is excluded 
from the interval. 
Let us consider a, b € R and a < b, then 

(a,b) =a<x<b 

[a,b)=asSx<b 

(a, bJ=a<x<b 

[a,b] =a<x<b 


Set of real numbers 


The real numbers is represented graphically by 
a straight line. The question that we seek to be 
answer here is whether the set of integers is 
bounded by infinity. In other words, whether we 
can define interval of real numbers such as: 
[-<°, co 

The literal meaning of infinity is 
"unboundedness". Infinity is considered as a 
large number, which may either be positive or 
negative. It does not have a finite (fixed) value. 
Infinity, therefore, is not a part of real number 
system. It does not lie on the real number line. 
For this reason, we can not assign infinity to a 
real variable like (though we do generally): 


= co 


_| 
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Sets and Relations 


It follows, then, that appropriate interval, R ; -co < x < co or (—9, oo) 
representing real numbers, is open at both ends: 


Interval of real numbers greater than or less than a given value 


In the interval form, we can write the set of real numbers greater than a given value, "a", as: 
a<x<oo or (a, ©) 
This is equivalent to : 
x>a 
The final notation "x > a" does not require to mention about infinity. It is an interval of real 
numbers greater than the given value 'a' appearing on the right. It is implied that it can be any large 
value. Similarly, the interval of real numbers less than a given value is : 
—coo <x <a =(-*, a) 
x<a 
The following table lists the nine possible types of intervals. 
Table: Intervals on the Real Number Line 
Let a and b be real numbers such that a < b. 


Interval Notation Set-Builder Notation Graph 

(a, b) {x |a<x <b} —, 

[a, b] {x |a<x<b} rr a a 
—_————_0 

[a, b) {x |a<x<b} — a bX 
o—_—_—_—_—___—. 

(a, b] {x |a<x<b} — a BX 

a ee ad 

(a, =) {x|a>a} : . 
——_—————_> 

[a, <9) (x|a>a} —_— + 
<—__-0 

———— 

(©, b) {x |a<b} bX 
<< 

+» 

(-e, b) {x|a<b} i—* 
a 

(—e0, 00) {x|a<b} ———_- 

EXAMPLE 3.1 Express the intervals in terms SOLUTION 
of inequalities and graph: a) (C1,4]/={xl|-l<x< 4} 
(i) Cl, 4] (ii) [2.5, 4] — 

(ul) (4, ©) 10123 4X 
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(i) (2,3, 4) ={x|25<x<4 


0123 4x 
(il) (4, 0) = {x | x>— 43 
i 


—l_1_1_1__1 _» 
43.221 0 X 


Note 


1. For some particular values of x, we use 


symbol { }. 
For example if x = 1, 2 we write it as 
xe€ {1, 2} 

2. If there is no value of x, then we write 
x € @. 


Union and Intersection of Intervals 
LetA={xeE€I1:-l<x<4}= £1, 0,1, 

2 i D5gs 

= 


B={xel:ls 
tx 5 


< 7} = {2, 3, 4, 5, 6} 
Then, 
AQNB= {xe I:xe Aandxe B} 
Xx 
={xeE I:-1sxs4and1s 7 $7} = {2, 33 


Furthermore, 
AU B={x:xeAorxe B} 


a 


={xel:-lsx<4orls—z <7} 
= {-1, 0, 1, 2, 3, 4, 5, 6} 


* EXAMPLE 3.9 Express each set in interval 


notation : 
Gg) dU, 4) 0 [2, 6] (11) (-2, 2) A GB, ©) 
au) ©2,-l)0@,3) (dv) 0,4) [2, 6] 
(v) 2,%°)UG,%) (vi) C2, -1) 9 @, 3) 


| SOLUTION 

(i) To find (1, 4) > [2, 6], we graph each set 
above the number line and then locate the 
interval on the number line common to both. 
Figure illustrates that numbers common to 


No 


(11) 


(iit) 


(iv) 
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both intervals begin at 2 and extend up to 4 
but not including 4. Thus, (1, 4) ~ [2, 6] = 
[2, 4). 


o— (1, 4) 
(2, 6) 


——o 


ee ee SD 
012345 6x 
C1, 4) O[2, 6] = [2, 4) 


Figure illustrates those numbers common to 
both intervals are all real numbers greater than 
3. Thus, (-2, -) A GB, ~) = (3, ») 


o—$—$__—_—————>  (—2, 00) 
o—> (3, ao) 
o—_> 


t__1_1_t__is.. 
—22-10 12 3 xX 
(—2, 00) A (3, %) = (3, 0) 


Figure shows that there are no numbers 
common to the two intervals. Their 
intersection is a set with no elements, called 
the empty set or the null set, denoted by 9. 
Thus, (-2, -1) A (2, 3) = 9) 


o—o(—2, —1) 


o—o(2, 3) 
So 
—2 -1 0 12 3X 
(-2,-1) (2, 3) = 


To find (1, 4) U [2,6], we graph each set 
above the number line and then locate the 
interval on the number line that unites or joins 
these intervals. As shown in figure. numbers 
in either or both intervals are all real numbers 
greater than 1, extending up to and including 
6. Thus, (1, 4) U [2, 6] = C1, 6] 


o———o(-1, 4) 


(2, 6) 
012 3 4 5 6x 
(1, 4) U [2, 6] = (1, 6] 
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(v) Figure illustrates that uniting both intervals 
shown above the number line results in all 
real numbers greater than —2. Thus, (—2, ) 
U (3, ) = (2, ©). 


o> (—2, «) 


o—> (3, 0) 
ee ee 
—2 -l1 0 1 2 3 Xx 


(-2, ©) U (3, ©) = (-2, 0) 


(vi) Figure indicates that the union of the intervals 
consists of real number that are either in 


Sets and Relations 


(—2, -1) or (2, 3). We cannot express the 
answer as a Single interval. Using interval 
notation, the best we can do is to write (—2, 
—1) U @, 3) 


o—o(—2, —1) 


ee a a Re EO A 
2 -l 0 12 3 X 
(-2, -1) U (2, 3) is not a single interval 


Using set-builder notation, we could express 
this union as {x | -2 <x <-lor2<x<3}. 


Wi PRACTICE PROBLEMS [E] 


1. Express each interval in terms of an inequality and graph the interval on a number line : 


@) (1, 6] 
Git) [-3, 1] 
(vy) [-3, ») 


Gi) [-5, 2) 
(iv) (2, %) 
(vl) (=, 3) 


2. Express each English phrase in both set-builder and interval notations : 


(i) x is less than 6. 
(ii) x is greater than or equal to —1. 


(i) x lies between 5 and 12, excluding 5 and 12. 
(iv) x lies between 2 and 13, excluding 2 and including 13. 


(v) x 1s at most 6. 
(vi) x is at least 2 and at most 5. 


3. Express each set in problems in interval notation. 


@ 5) [2, 7] 
Gu) (-3, -1) 0 (=, 5) 
(v) (9, 2) U (-*, 4) 


3.6 | CARTESIAN PRODUCT 


We have seen that set operations convey the 
notion of arithmetic operations. One such similar 
operation is product of two sets called 
"Cartesian product". Since sets are collections, 
not a single quantity, the product operation here 
involves combining or pairing each of the 
elements of one set with that of another set. 
We use symbol "X" to denote product 
operation. The Cartesian product of two sets "A" 


Gy) Cl, ~) 0G, ~) 
Gv) CL, ») UG, ») 
(vi) (-3,-1 VU [2, 4] 


and "B" is symbolically represented as : 
AxB 
It is important to understand that we do not 
multiply elements as we do in arithmetic instead 
we pair elements together. This is the meaning 
of "product" for the sets. We denote one such 
pair within a pair of small brackets like : 
(a, b) 
where a€ Aand be B. 
Note that elements from two sets are 
separated by comma. 
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Ordered pair 


The order of pairing is important. The pair (a,b) 
and (b,a) are different. This ordering is required 
as there are real time situations, where order 
makes a difference. For example, we are required 
to find the integers which can be formed from 
two integer subsets like {1,2,3} and {3,4,5}. 
Clearly, "13" and "31" represent different integers. 
We need to distinguish them. All pairs formed 
from two sets should be distinct. 

Keeping this restriction in mind, let us 
work out an example to find ordered pairs 
formed from elements of two sets. 

A = set of first letter of the names of cities 
= {N,D,H} 

B = set of numbers denoting flight numbers 
= {001, 002, 003} 

All possible ordered pairs formed from two 
sets are : 

(N, 001) , (N, 002) , (N, 003) , (D, 001) , 
(D, 002) , (D, 003) , (H, 001) , (H, 002) , (H, 
003) 

There are all together 9 ordered pairs. 
From this example, we can deduce a method for 
writing ordered pairs from two sets. We begin 
with the first elements of two sets. 
Progressively, we change the elements from the 
second set till it is exhausted, while keeping the 
elements from the first set unchanged. Then, we 
switch to next element from first set and start 
with first from the second set. Again, we change 
the elements from the second set progressively 
till it is exhausted, while keeping the elements 
from the first set unchanged. We continue in this 
manner till all elements from the first set is also 
exhausted. 

From this discussion, it is also evident that 
two ordered pairs are equal if and only if the 
corresponding first and second elements are equal. 

Let (a, b) and (c, d) be ordered pairs. Then 

(a, b) = (c, d) if and onlyif a =c and b = d. 


PEXAMPLE 34 If(x?—1,y+2)=(0, 2), find 


x and y. 


Telegram @unacademyplusdiscounts 


| SOLUTION Two ordered pairs are equal. It 


means that corresponding elements of the 
ordered pairs are equal. Hence, 
x2-]=0 —>x=lor-1 and 
yr2=2 =>y=0 


Graphical representation 


The ordered pairs can be represented in the form 
of points of intersection of perpendicular lines. 
The elements of one set are represented as rows, 
whereas elements of other set are represented 
as columns. Look at the representation of 
ordered pairs by points in the figure 3.15 for the 
example given earlier. 


002 


001 


N D H 
Figure 3.15 


In the figure the elements of one set are 
represented as rows, whereas elements of other 
set are represented as columns. Note that there 
are a total of 9 intersection points, corresponding 
to 9 ordered pairs. 

Definition The Cartesian (cross) product A x 
B of two non-empty sets "A" and "B" is the set 
of all ordered pairs of the elements from two 
sets. So, the operation < pairs the elements of A 
with the elements of B in such a way that the 
elements of A appear as first components, and 
the elements of B appear as second components. 

We should emphasize the use of word "non- 

empty", The Cartesian product of a non-empty 
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set with an empty set is equal to empty set. 
Ax o=6 
On the other hand, if one of the sets is 
infinite, then resulting Cartesian product is also 
infinite. In general, if a finite set A has m elements 
and a finite set B has n elements, then A x B has m 
times n elements. If either A or B is empty, then 
A x Bis empty. Lastly, if either A or B is infinite, 
and the other is not empty, then A x B is also infinite. 
We express the Cartesian product set in set 
building form as : 
Ax B= {(x,y): xe A,y € B} 
Consider some examples : 
(i) Let A= {1, 2, 3}, and B = {a, b} then 
Ax B= {(, a), C1, b), Q, a), (2, b), 
(3, a), (G3, b)} 
Since A and B do not contain many 
elements, it is possible to represent A x B 
by a coordinate diagram as shown in the 
figure 3.16. Here the vertical lines 
through the points of A and the horizontal 
lines through the points of B meet in 6 
points which represents A < B clearly. 
The point P is the ordered pair (2, b). 


B 


I z 3A 

(ii) Let A=R and B=R; thenA x B=R x 
R is the set of all points in the 
Cartesian coordinate plane. 

(@u) LetA=B={xe R:-l1<x<1}; then 
A x Bis the set of all points in the plane 
which lie inside a square of side length 
2 with centre at the origin. 


| EXAMPLE 3.2 LetA= {a,b,c,d,e,f}andB 


= {a, e, 1, 0, u}. Determine the ordered pairs 
corresponding to the points P,, P,, P, and P, 
which appear in the coordinate diagram of A x B 
on the right. 


Sets and Relations 


a. 


SOLUTION The vertical line through P, 


crosses the A axis at b and the horizontal line 
through P, crosses the B axis ati; hence P, 
corresponds to the ordered pair (b, 1). Similarly, P, 
= (a, a), P; = (d, u) and P, = (€, e). 


P EXAMPLE 3.3 IfA={5,6, 7,2}, B= {3,5,6, 


1} and C = £4, 1, 83, then find (A AB) x (BNC). 


*SOLUTION In order to evaluate the given 


expression, we first find out the intersections 
given in the brackets. 

A OB= {5, 6} 

Thus, 

(A 1B) x (BAC) = {6, 1), G, D} 

Note that the elements in the given set are 
not ordered. It is purposely given this way to 
emphasize that order is requirement of ordered 
pair — not that of a set. 

The product of a set with itself, say A x A, is 
sometimes denoted by A2. 

We are familiar with the Cartesian plane R?2 = 
R x R (see figure ). Here each point P represents 
an ordered pair (a, b) of real numbers and vice 
versa ; the vertical line through P meets the x-axis 
at a, and the horizontal line through P meets the y- 
axis at b. 


and BoC= {lI} 
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Numbers of elements 


We have seen that ordered pairs are represented 
graphically by the points of intersection. The 
numbers of intersections equal to the product of 
numbers of rows and columns. Thus, if there 
are "p" elements in the set "A" and "q" elements 
in the set "B", then the total number of ordered 
pairs is "pq". In symbolic notation, 
n(A x B)=pq 


Multiple products 


Like other set operations, the product operation 
can also be applied to a series of sets in 
sequence. If Aj,A,, 0... A, 1s a finite 
family of sets, then their Cartesian product, one 
after another, is symbolically represented as : 

Pr GN -asgvcastersianees x A, 

This product is set of group of ordered 
elements. Each group of ordered elements 
comprises of "n" elements. This is stated as : 


Ordered triplets 


The Cartesian product A x A x Ais set of triplets. 
This product is defined as : 
AxAx A= {(x, y, z): x,y, z€ A} 
We can also represent Cartesian product of 
a given set with itself in terms of Cartesian 
power. In general, 
AP=AXA™® 0... x A 
where "n" is the Cartesian power. If n = 2, 
then 
A2=AxA 
This Cartesian product is also called 
Cartesian square. 


| EXAMPLE 3.4 If A= {-1, 1}, then find 


Cartesian cube of set A. 
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| SOLUTION Following the method of writing 

ordered sequence of numbers, the product can 
be written as : 

AxAx A= {(-l1,-1, -l), €l1,-1,. 1, C 


1, Leh), 
(-1, 1, 1), d, -1, -1), J, -1, 12, dd, 1, - 
1), J, 1, 1} 


The total numbers of elements are 2 x 2 x 
2=8. 


Cartesian Coordinate system 


The Cartesian product, consisting of ordered 
triplets of real numbers, represents Cartesian 
three dimensional space. 

Rx Rx R= {(x, y, z): x,y,z € R} 

Each of the elements in the ordered triplet 
is a coordinate along an axis and each ordered 
triplet denotes a point in the three dimensional 
coordinate space. 


Commutative property of Cartesian 
product 


The Cartesian product is a set of ordered pairs. 
Now, the order of elements in the ordered pair 
depends on the position of sets across product 
sign. If sets "A" and "B" are unequal and non- 
empty sets, then : 
AxB#BxA 
In general, any operation involving 
Cartesian product that changes the "order" in the 
"ordered pair" will yield different result. 
However, if "A" and "B" are non-empty, but 
equal sets, then the significance of the order in 
the "ordered pair" is lost. We can use this fact 
to formulate a law to verify "equality of sets". 
Hence, if sets "A" and "B" are two non-empty 
sets and 
AxB=BxA 
Then, A=B 
It can also be verified that this condition 
is true other way also. If sets "A" and "B" are 
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equal sets, then A x B=B x A. The two way 

conditional statements can be symbolically 

represented with the help of two ways arrow, 
AxB=BxASA=B 


Distributive property of product 
operator 


The distributive property of product operator 
holds for other set operators like union, 
intersection and difference operators. We write 
equations involving distribution of product 
operator for each of other operators as : 

Ax (BUC) =(A x B)U (Ax C) 

A x (BO C)=(A x B)N(A x C) 

A x (B-C) = (A x B) - (Ax C) 

Here, sets "A", "B" and "C" are non-empty 
sets. In order to ascertain distributive property 
product operator over other set operators we 
need to check validity of the equations given 
above. 

We can check these relations proceeding 
from the defining statements. For the time being, 
we reason that sequence of operation on either 
side of the equation does not affect the "order" 
in the "ordered pair". Hence, distributive 
property should hold for product operator over 
three named operators. Let us check this with 
an example: 

A = {a, b}, B= £1, 2} and C = {2, 3} 

1. For distribution over union operator 

LHS =A x (B U C) = {a, b} < £1, 2, 3} 

= {a, 1), (a, 2), (a, 3), (b, 1), (0, 2), (b, 3)} 

Similarly, 

RHS = (A x B) U(A x C) = {(a, 1), (a, 2), 

(b, 1), (b, 2)} U f(a, 2), (a, 3), (b, 2), 

(b, 3)} 

= {(a, 1),(a, 2),(a, 3), (b, 1), (6, 2), (0, 3)} 

Hence, A x (BUC) = (Ax B) U (Ax C) 

2. For distribution over intersection operator 

LHS =A~x (BUC) = {a, b} x {2} 

= {(a, 2), (b, 2)} 


Sets and Relations 


Similarly, 
RHS =(Ax B)N (Ax C) 
= {(a, 1), (a, 2), (b, 1), (b, 2)} 
OY {(a, 2), (a, 3), (b, 2), (b, 3)} 
= {(a, 2), (b, 2)} 
Hence, Ax (BMC) =(Ax B)N (Ax C) 
3. For distribution over difference operator 
LHS =A~x (B-C)= fa, b} x {1} 
= {(a, 1), (6, D} 
Similarly, 
= RHS =(A ~*~ B)-(A~< C)= {(a, 1), 
(a, 2), (b, 1), (b, 2)} _ {(a, 2), 
(a, 3), (b, 2), (b, 3)} 
= {(a, 1), (6, D} 
Hence, A x (B—C) = (A x B) - (Ax C) 


Analytical proof 


Let us consider an arbitrary ordered pair (x, y), 
which belongs to Cartesian product set "A x 
(B U C)". Then, (x, y) € Ax (BUC) 
By the definition of product of two sets, 
x € Aandy € (BUC) 
By the definition of union of two sets, 
x € Aand (y € Bory eé C) 
(x € Aandy € B) or (xe Aandyeé C) 
(x,y)€ Ax Bor(x,y)Ee AXC 
By the definition of union of two sets, 
(x,y) € (Ax B)U(A~x C) 
But, we had started with "A x (B UC)" and 
used definitions to show that ordered pair "(x, 
y)" belongs to another set. It means that the 
other set consists of the elements of the first set 
— at the least. Thus, 
Ax (BUC) C(A x B) U(A x C) 
Similarly, we can start with "(A x B) U(A 
x C)" and reach the conclusion that : 
(A x B) U(Ax C) CAx (BUC) 
It sets are subsets of each other, then they 
are qual. Hence, A x (B U C) = (Ax B) U(A~* 
C) 


Y J 


Proceeding in the same manner, we can 
also prove distribution of product operator over 
intersection and difference operators, 
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A x (BO C)=(A x B) ON (A x C) 
A x (B-C) =(A x B)- (Ax C) 


| EXAMPLE 3.5 A Cartesian product "A x B" 


consists of 6 elements. If three of these are (1, 
2), (2, 3) and (3, 3), then find Cartesian product 
set"B x A", 


| SOLUTION We need to know the two sets 


"A" and "B" in order to evaluate "B < A". First 
elements of ordered pairs of " A x B " are 
elements of set "A". Hence, "1", "2" and "3" are 
the elements of set "A". On the other hand, 
second elements of ordered pairs of A x B are 
elements of set "B". Hence, "2" and "3" are 
elements of set "B". 

Now, it is given that there are total 6 
elements in the Cartesian product, which is equal 
to the product of numbers of elements in two 
sets 1.e. 3 x 2. It means that we have identified 
all elements of sets "A" and "B". 

A = 1, 2, 3} 
B = {2, 3} 

Following the rule for writing Cartesian 
product in terms of ordered pairs, we have : 

Bx A= {(1, 2), (1, 3), (2, 2), 2, 3), G, 2), 
(3, 3)$. 


| EXAMPLE 3.6 Twosetsare givenas:A= {1, 


2} and B = £3, 4}. Find the total numbers of 
subsets of "A x B". Also write power set of A x B 
in roaster form. 


, SOLUTION The total numbers of elements in 


the Cartesian product "A x B" is "pq", where "p 
and "q" are the numbers of elements in the 
individual sets "A" and "B" respectively. Then the 
number of all possible subsets that can be formed 
including empty set and the product "A x B} itself 
is : 

n = 2Pa = 222 = 24 = 16 

Now, the Cartesian product is : 
Ax B= {(1, 3), (, 4), @, 3) 2, 4} 
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The corresponding power set comprises of 

empty set, 4 sets with elements comprising of 
one element plus 6 sets with elements comprising 
of two elements taken at a time plus 4 sets with 
elements comprising of three elements taken at 
a time plus set itself. There are total of 16 
subsets. The power set is set of all subsets as 
its elements : 
P(A x B) = {6, {C, 3)$, 10. DS. (2, DF. (2, D} 
{(1, 3), A, 9}. tC. 3), 2, 3)3, {C, 3), 2, Hs. 
£(1, 4), (2, 3)}, £0, 4), (2, )}, (2, 3), (2, 9}, 
{(, 3), C4), @, 3)}. tC, 3), d. ®,. @. DS. 
{(1, 3), 2, 3), 2, HF. {CL 4), @, 3). 2. DS. 
tC, 3), C. 4), @, 3), 2. D553 

It is easy to follow a scheme to write 
combination in which order is not relevant. We 
can denote each of the ordered pair with a 
symbol like : 

A x B= {a, b, c, d} 

As pointed out for generating combination 
for ordered pair, we can start with the left 
element and keep changing the last element of 
the combination till all combinations are 
exhausted. Here, power set in terms of symbols 
is: 

P(A x B} = {, {a}, {b}. {co}, {d}, 

{(a, b), {(a, c)}, ta, d)}, {(b, c), {(b, df, 

{(c, d)}, 

{(a, b, c)}, {(a, b, d}), {(a, c, d)}, {@, ¢, 

d)}. 
{(a, b, c, d)}} 


| EXAMPLE 3.7 LetS= {a,b}, W= {1, 2, 3,4, 


5,6} and V= {3, 5, 7,9}. Find (S x W) A(S* V). 


| SOLUTION The product set (S x W) NG «x 


V) can be found by first computing S x W and S x 
V, and then computing the intersection of these sets. 
On the other hand, by the preceding problem, 
(Sx WAGSx VY=S*x (WoaY). 
Now W n V = {3, 5}, and so 
(Sx W) AGS * V)=S* WoO V) 
= {(a, 3), (a, 5), (b, 3), (b, 5)} 
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| EXAMPLE 3.8 If"ACB"and"C" is any non- 


empty set, then prove that : 
AxCcBxC 


| SOLUTION Let us first discuss the logic of 


the relation here. The elements of set "A" are 
common to set "B". Now Cartesian product of 
set "A" with set "C" will yield ordered pairs, 
which are common with the ordered pairs of the 
Cartesian product "B" with "C". However, as set 
"B" is either larger than or equal to, but not 
smaller than "A", it follows that above relation 
should hold. 

Now, we prove the relation analytically. Let 
an arbitrary ordered pair (x,y) belongs to 
Cartesian product "A x C". 

(x,y)E AxC 

According to definition of Cartesian 

product, 
x€ Aandye C 

But "A" is subset of "B". Hence, x € B. 

=> xeé€BandyeC 

Again, applying definition of Cartesian 
product, 

(x,y)E BxC 

This means that : 

=> AxCcBxC 


| EXAMPLE 3.9 IfACBandC CD, then prove 


that 
AxBcBxD 


| SOLUTION Let an arbitrary ordered pair 


(x, y) belongs to Cartesian product "A x C". 
(x,y)E AXxC 
According to definition of Cartesian 
product, 
x€ Aandye C 
But "A" is subset of "B". Hence, x € B. 
Also, "C" is subset of "D". Hence, y € D. 
=> xé€Bandye D 
Again, applying definition of Cartesian 
product, 


Sets and Relations 


(x,y)E€ Cx D 
This means that : 
AxCcBxD 


| EXAMPLE 3.10 Forany given four sets "A", 


"B","C" and "D", prove that : 
(A x B)A(C x D)=(ANC) x (BOD) 


SOLUTION Let an arbitrary ordered pair (x, y) 
belongs to intersection set "(A x B) 4 (C x D)". Then, 
(x, y) € (A x B) A (C x D) 
Applying definition of intersection, 

(x,y) € Ax Band (x,y) e€ Cx D 
Applying definition of Cartesian product, 
(x € Aandy € B) and (x € Candy e D) 
= (xe Aandxe C)and(y € Bandy e D) 
Applying definition of intersection, 
(x € ANC) and (y € BND) 
Again, applying definition of Cartesian 
product, 
(x,y) € (A NC)*x (BOD) 
This means that : 
(A x B) A (C x D) C(A NC) x (BAD) 
Similarly, starting from RHS, we can prove 
that: 
=> (ANC) x (BOD) c(A x B)n(C x D) 
If sets are subsets of each other, then they 
are equal. Hence, 
(A x B) N(C x D)=(A NC) x (BOD) 


PEXAMPLE 3.11. LetA={a,b},B={2,3} and 


C = {3,4}. Find 

(i) Ax(BUC) 

(ii) (Ax B)U(AxC) 
(iii) Ax (BOC) 
(iv) (Ax B)A(AxO). 


| SOLUTION 


(i) First we compute B U C = £2, 3, 4}. Then 
A x (BUC) = {{@, 2), (a, 3), (a, 4), (b, 2), 
(b, 3), (b, 4)} 

(ii) First we find A x Band Ax C; 
A x B= {(a, 2), (a, 3), (b, 2), (b, 3)} 
A x C= {(a, 3), (a, 4), (b, 3), (b, 4)} 
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Then we compute the union of the two sets: 
(A x B) U (Ax © = fa, 2), (a, 3), (b, 2), 
(b, 3), (a, 4), (b, 4)} 

We observe, from (i) and (ii), that 

Ax (BUC) =(A x B)U (Ax C) 

(ii) First we compute B ™ C = {3}. Then 
Ax (BOC) = {@, 3), (b, 3)} 

(iv) NowAx Band Ax C were computed above. 
The intersection of A x B and A x C consists 
of those ordered pairs which belong to both 
sets : 

(A x B) MN (A x ©) = f(a, 3), (6, 3)} 
Observe from (iii) and (iv) that 
Ax (BNC) =(A x B)N (Ax C) 


| EXAMPLE 3.12 Let"A"and"B" be two non- 


empty sets. If the numbers of common elements 
be "n" between sets "A" and "B", then find the 
common elements between Cartesian products "A 
x B"and"Bx A". 


, SOLUTION The common elements between 


sets "A" and "B" is "n". This means : 
n(AOB)=n 
We are required to evaluate the expression, 
n[(A x B) N(C x D) = (ANC) x (BOD) 
If we put C = B and D = Ain this equation, 
then expression on the left hand side of the 
equation becomes what is required. 
(A x B) 4 (B « A) = (AN B) x (BNA) 
=> n{(A x B)a (Bx A)] =n[(A DN B)] 
x n[(B 0 A)] 
=> n{(A x B)O(B~ A)] =n x n =n? 


| EXAMPLE 3.13 Let"A","B" and"C" bethree 


sets. Then prove that : 
Ax (B’ UC’ = (A x B) A (A x C) 


tSOLUTION From De-Morgan's law, we 


know that : 
(BACY=B UC’ 
Now, component of complement set is set 
itself. Applying to the LHS, we have : 
Ax (BY UCY =Ax (BNC) 
Hence, A x (B’ UC’)’ = (Ax B) N (Ax C) 
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Applying distributive property of product 
operator over intersection operator, we have : 
A x (B’ oY C’Y = (A x B) N (A x C) 


3.7 | RELATIONS 


We encounter different types of relationship in our 
daily life. Besides human relationship that we are so 
familiar with, there are numerous other relationships. 

In essence, any two elements which are 
paired have potential to possess relationship 
between them. Now think of the Cartesian 
product that we have defined for two sets. It 
consists of ordered pairs of elements — one each 
from the two sets. The total numbers of ordered 
pairs in a Cartesian product is equal to the 
product of numbers of elements in each set. A 
particular relation, however, may not comprise 
all ordered pairs. 

Here, we shall limit our discussion to binary 
relations only. A binary relation is a relation as 
defined between two elements either from the 
same set or from two different sets. Consider a 
"get together". Divide the people in two groups 
comprising of males and females. A certain 
numbers of ordered pairs will qualify for a relation 
say "classmate of", not all. Similarly, a relation 
such as "brother of" may include some of the 
ordered pairs of the Cartesian product of two sets. 

M = {A, B, C, D, E} 
F = {G,H, I, J, K} 

We can represent the relationship of 

"classmate of ' as shown in figure 3.7: 


Figure 3.7 
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From the figure, we can write the collection 
of relationship "classmate of" as a set of ordered 
pairs of two sets, 

R (classmate of) = {(A, G) , (A, K) , 
(D, G) , (D, D} 

In a nutshell, we can think of relation as a 
collection (set), which comprises of ordered 
pairs (instances of relation). Note that it is a 
specific relation. This is a relation between 
elements of two sets. Clearly, this relation set 
cannot exceed the Cartesian product of two sets 
under consideration. Thus, a relation set is a 
subset of Cartesian product set. 

Definition A relation "R" from a non-empty 
set "A" to non-empty set "B" is a subset of the 
Cartesian product "A x B". 

We need to note that a relation is defined 
in a particular order "from" to "to". It is for this 
reason, we denoted relation pictorially by an 
arrow which is directed from the elements of 
"from" set "A" to "to" set "B". 

We shall be using the symbol, "xRy" to 
denote an instance of relation (ordered pair). The 
symbol conveys that the instance of relation 
denoted by the symbol is an ordered pair (x,y), 
which follows relation "R". 

A relation R from a set A to a set B assigns to 
each pair (a, b) in A x Bexactly one of the following 
statements : 

(i) “ais related to b", written a R b. 
(ii) "ais not related to b", written ak b. 

For example, perpendicularity is a relation in 
the set of lines in the plane. For, given any pair of 
lines a and b, either a is perpendicular to b or a is 
not perpendicular to b. 

Let R be the following relation from 

A = {1, 2, 3} to B= {a, b} : 
R = {(1, a), (1, b), G, a} 

Then 1 Ra, 2Rb, 3 Ra, and 3R b. The 
relation R is shown on the coordinate diagram of 
A x B below. 


Sets and Relations 


1 2 Ook 
Consider some more examples : 
(i) Let A= {2, 4, 6, 8}. and define the relation 
R on A by (x, y) € Riff x divides y. Then, 
R = {Q2, 2), (2, 4), (2, 6), (2, 8), , 4), 
(4, 8), (6, 6), (8, 8)}. 
Observe that each number is divisor of 
itself. 

(ii) Let A=N, and define R CA x A by 

xRy iff x and y have the same remainder 
when divided by 3. 

Since Ais infinite, we cannot explicitly list 
all elements of R; but, for example 

(1, 4), (1, 7), C1, 10),....., (2, 5), (2, 8), 
5 (0, 0), C1, 1),.... € R. 

(iii) Let A=R, and define the relation R on A 
by x Ry iff y = x’. Then R consists of all 
points on the parabola y = x?. 

(iv) Let A= {1, 2, 3}, and define R on A by 
xRy iff x + y = 7. Since the sum of two 
elements of Ais atmost 6, we see that xRy 
for no two elements of A; hence, R = 9. 

(vy) R={@y):x=yi,xeQye Hh 

(vi) R={(K,y):x=yt+l,xeEeN,ye W} 
For small sets we can use a pictorial 

representation of a relation R on A. Sketch two 
copies of A and, if xRy then draw an arrow from 
the x in the left sketch to the y in the right sketch. 
Let A = {a, b, c, d, e}, and consider the 
relation 
R = {(a, a), (a, c), (c, a), (d, b), (d, c)} 


Relation onA 


A relation "R" from set "A" to "A" is called a 
"relation on A". 

In certain circumstances, we are required 
to work with relation among the elements of the 
same set. For example, consider the male set 
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defined earlier. Some of the male members may 
as well be classmates and hence related to each 
other. Such relation is relation on one set only 
and is called "relation on A" or "relation on B" 
etc. For example: 

R= {(x, y): y=x+landx,ye I} 

An atrow representation of R is given in 
figure 3.18: 


Figure 3.18 


We observe that e does not appear at all in 
the elements of R, and that, for example, b is 
not the first component of any pair in R. 


| EXAMPLE 3.1 Let A= {1, 2, ...., 10}. Write 


down the relation set in roaster form, which is 
defined as: 
R = {(x, y) : y = 3x and x, y € A} 


| SOLUTION We begin with the first element 
of "A" 1.e. x = 1. Since other element also belongs 


to set "A", it is required that the value of "y" be 
one of the elements in the set "A". 

For x=l,y=3x1=3 

For x=2.y =3x=3x2=6 

Por x=3,y =3x=3*3=9 

Thus "x" can assume values "1", "2" and 
"3" for which "y" can assume values "3", "6" and 
"9" respectively in accordance with the given 
relation. The relation, therefore, is a set of 
ordered pairs : 

R= {(1, 3), @, 6), G, 9)$ 

We can visualize the relation pictorially as 
shown in the figure. 
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| EXAMPLE 3.2 Let A= {-2, -1, 1, 3, 4} 
B = {-7, —4, 1, 4, 9} and f(x) = x’. Draw the 
mapping of the relation f from A to B. Find the 
image of —1 and the pre-images of —4 and 9. 


| SOLUTION The relation f : A— B is shown 


below. 


The image of —1 is equal to 1. 
There is no pre-image of — 4. 
The pre-image of 9 is equal to 3. 


Domain of the relation 


The domain represents the valid values of the 
first element of the ordered pairs in the relation. 
Clearly, the elements of domain of a relation 
belong to "from" set "A". But, elements in the 
domain are only those which are valid for the 
relation. It means that domain does not consist 
of all elements of "from" set "A". Thus, domain 
set is a subset of "from" set "A". 

Definition The set of first elements of all 
ordered pairs in the relation "R" from set "A" to 
"B" is called the domain of relation "R". 
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We can write the domain set of relation "R" 
from set "A" to set "B" in set builder form as : 

Domain (R) = {x : (x, y) € R} 

Consider the example given earlier. The 
relation set is R = {(1, 3), (2, 6), (3, 9)} 

The domain according to definition is : 

Domain (R) = {1, 2, 3} 
= Domain(R)CA 


Co-domain 


In arelation "R" from set "A" to "B", the set "B" 
is called co-domain. 


Range of the relation 


The range represents the valid values of the 
second element of the ordered pairs in the 
relation. 

Definition The set of second elements of all 
ordered pairs in the relation "R" from set "A" to 
"B" is called the range of relation "R". 

We can write the range set of relation "R" 

from set "A" to set "B" in set builder form as : 
Range (R) = ty : (&, y) € R} 
Consider the relation given earlier : 
R = {(1, 3), @, 6), G, 9} 
The range according to definition is : 
Range (R) = {3, 6, 9} 

Clearly, the elements of range of a relation 
belong to "to" set "B". But, elements in the range 
are only those which are valid for the relation. 
It means that range does not consist of all 
elements of "to" set "B". Thus, range set is a 
subset of "to" set "B". 

Range (R) CB 


fEXAMPLE 33 LetA={1,2,3,4,5} and B= 


{1, 4,5}. Letarelation from "A" to "B" is: 
R= {(% y): x<y, ( y) € Ax B} 
Find R, Domain (R) and Range (R). 


SOLUTION Let us find "y" for each value 


X 


Sets and Relations 


For x=l, y=4,5 

For x=2, y=4,5 

For x=3, y=4,5 

For x=4, ys=5 
For x = 5, There is no value of "y" in set "B" 
Hence, 
R= (1, 4), C5), 2, 4), @, 5), G. 9, G, 5), 
(4, 5)$ 


Domain (R) = {1, 2, 3, 4} 
Range (R) = {4, 5} 


Void relation 


Relation is a subset of Cartesian product of two 
sets. We have seen that power set of Cartesian 
product "A x B" isa set of all possible relations 
among the elements of sets "A" and "B". In the 
case of "relation on A", the power set of 
Cartesian product "A x A" is a set of all possible 
relations among the elements of set "A". 

One of the subsets of the power set is the 
empty set or void set. This subset without any 
element is called the void relation. 


R=O=% 


Universal relation 


Universal relation is the widest possible relation. 
This relation consists of all ordered pairs of the 
Cartesian product "A x A". 

R=AxA 

Consider a set A = {1, 2, 3}. Then, 

universal relation set is : 

R= {0,),(, 2), 0, 3).@, 1). 

(2,2), 2, 3). G, 1), G, 2). G, 3)} 


2D Both the empty relation and the universal 
relation are sometimes called trivial 
relations. 


| EXAMPLE 3.4 LetAbe the set ofall students 


of a boys school. Show that the relation R in A 
given by R = {(a, b) : ais sister of b} is the empty 
relation and R’ = {(a, b) : the difference between 
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heights of a and b is less than 3 metres} is the 
universal relation. 


| SOLUTION Since the school is boys school, 


no student of the school can be sister of any student 
of the school. Hence, R = 6, showing that R is the 
empty relation. It is also obvious that the difference 
between heights of any two students of the school 
has to be less than 3 metres. This shows that 
R’ =A * Ais the universal relation. 


Numbers of relations 


Between two sets, the Cartesian product set 
consists of all possible instances of relation as 
ordered pair. Here, we need to find the total 
possible relations that can be generated from 
these ordered pairs. We have seen that total 
numbers of ordered pairs in the Cartesian 
product of sets "A" and "B" is "pq", where "p" 
and "q" are the numbers of elements in two sets 
respectively. 

Now, relation is nothing but a subset of the 
Cartesian product. It means that total numbers 
of relation is equal to total numbers of possible 
subsets of the Cartesian product. Recall that the 
set formed from all possible subsets is called 
power set. The numbers of subsets in the power 
set is given by 

n = 2P4 

Clearly, this number "n" denotes all possible 
relations (subsets) that can be generated from 
two finite sets. We should, however, be careful 
in interpreting this number as it also contains the 
mandatory empty set, which is not a meaningful 
set from the point of view of relation. 

Let A {1, 2,3) and B = (4, 5) then the number 
of different relations from A to B is 23 ** = 2° = 64 

because A has 3 elements and B has 2 
elements. 


Identity relation 


In an identity relation "R", every element of the 
set "A" is related to itself only. 
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Note that the conditions conveyed through 
words "every" and "only". The word "every" 
conveys that identity relation consists of ordered 
pairs of element with itself — all of them. The 
word "only" conveys that this relation does not 
consist of any other combination. 

Consider a set A= {1, 2, 3}. Then, its 
identity relation is : 

R= td. 1). @, 2). G, 3)} 

It is evident that a set has only one such 
relation. This relation, as we can see, identifies 
the set - as it identifies each elements of the set, 
which are related to itself. By looking at the 
relation, we can identify the set itself. For this 
reason, the name of this relation is identity 
relation. In set builder form, we express an 
identity relation as 

R = {(x, x): for all x € A} 

The qualification of the relation is that first 
and second element of the ordered pair is the 
same element, which belongs to set A. 

The followings are not an identity relation: 

R,={0, 1), 2,2} 

R,= {C, 1). @, 2). G, 3). Cd, 2). A, 3)3 

First one is not an identity relation as it does 
not include the pairing of remaining element "3". 
Second is not an identity relation, because there 
are other combinations of pairs in the relation. 


Composition of Relations 


Let R and S be relations on A; then Ro S = {(x, 
z): there is ay € A such that xRy and ySz}. 
The operation o is called the composition of 
R and S. 
Let A= N and R defined by xRy iffx + 1 =y, 
S defined by ySz iff z = 2y. 
Then (x, z) € Ro S iff z= 2(x + 1): 
(x,z)E RoS 
<> There is some y € A with xRySz 
= y =x+t+1 and z= 2y, 
& z= 2(x + 1). 
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Inverse relation 


Inverse relation of a given relation "R" from set 
"A" to set "B" is set of ordered pairs in which 
first and second elements exchanges their 
positions. The inverse set is defined in reference 
to a given relation. The inverse relation of a 
given relation "R" from "A" to "B" is denoted as 
"Rol", Clearly, 
RT= {(y, x): & y) € R$ 
where, 
R= {(x, y): (& y) € Ax B} 
We should be careful to understand that "— 
1" is not a power, but a part of symbol to 
represent inverse relation with respect to a given 
relation. It is also clear that : 
If (xyeRegu, x)eE R! 
It is also clear that : 
Domain (R-!) = Range (R) 
Range (R-!) = Domain (R) 


tEXAMPLE 3.5 LetA= {1, 2,..... , LO}. A 


relation on "A" is defined as 
R = {(x, y) : y = 3x, where x, y € A} 
Find R-!, Domain (R-') and Range (R-!). 


| SOLUTION In one of the earlier examples, 


we determined the relation "R" as : 
R = {C1 3), (2, 6), (G3, 9)$ 
According to the definition of inverse set, 
the elements of the ordered pair in the relation 
set are exchanged 
RT = {(, 1), ©, 2), (9, 3)} 
Clearly, inverse relation can be represented 
in the set builder form as : 
= R'!={G, x): y =x, 
where x, y € A} 
Now, the domain and range of R~! are : 
Domain (R-!) = {3, 6, 2} 
Range (R-!) = (1, 2, 3) 
Consider the relation 
R = {(1, 2), 1, 3), (2, 3)} in A = £1, 2, 
3}. Then 
R™ = {(Q2, 1), G, 1), G, 2)} 


Sets and Relations 


Observe that R and R™! are identical, 
respectively, to the relations < and > in A, 1.e. 
(a, b) € Riffa<b and (a, b) € R" iffa> b. 


f EXAMPLE 3.6 Let R be the relation from E 
= {2,3, 4, 5} to F = {3, 6, 7, 10} defined by "x 
dividesy". 

(i) Write R as a set of ordered pairs. 
(ii) Plot R on a coordinate diagram of E = F. 
(1) Find the inverse relation R-!. 


10 


2 3 4 «5x 


| SOLUTION 


(1) Choose from the sixteen ordered pairs in E 
x F those in which the first element divides 
the second ; then 
R = {(2, 6), (2, 10), G, 3), (3, 6), (5, 10)} 

(11) Ris sketched on the coordinate diagram of 
E x F as shown in the figure. 

(ui) To find the inverse of R, write the elements 
of R but in reverse order : 
R-! = £(2, 6), (10, 2), 3, 3), (6, 3), (10, 5)}. 


| EXAMPLE 3.7 Let M= {a,b, c,d} and letR 


be the relation in M consisting of those points 
which are displayed on the coordinate diagram of 
M x M on the right. Find the inverse relation R-!. 


d 
c 


b 
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| SOLUTION First write R as a set of ordered 


pairs, and then write the pairs in reverse order : 
R = {(a, b), (b, a), (b, b), (b, d), (, ¢), (d, a), 
(d, b)} 

RT = {(b, a), (a, b), (6, b), (d, b), (, c), (a, d), 
(b, d)} 


3.8 | TYPES OF RELATION 


1. One-one (injective) 


Arelation f : A— B is said to be one-one or injective 
if for every element in A there is not more than one 
corresponding element in B, and for every element 
in B there is not more than one corresponding 
elementinA. 

In other words, distinct elements of A either 
have distinct images in B or do not have any image 
at all, i.e. 

f(x,) = f(x.) <> x, = x, for every x,, x, € A. 

For example, the relation f : A— B shown in 
the figure 3.19 is one-one. 


Figure 3.19 


Every element in A has a distinct image in B 
or has no image at all and every element in B has a 
distinct pre-image in A or has no pre-image at all. 


2. Many-One 


A relation f : A > B is said to be many-one if for 
every element in A there is not more than one 
corresponding element in B but there is atleast one 
element in B for which there are more than one 
corresponding elements in A. 
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For example, the relation f: A— B shown in 
the figure 3.20 is many-one. 


Figure 3.20 


Every element in A has a unique image in B or 
has no image at all, but there is an element in B which 
has more than one corresponding pre-image in A. 


3. One-Many 


A relation f : A— B is said to be one-many if for 
every element in B there is not more than one 
corresponding element in A but there is atleast one 
element in A for which there are more than one 
corresponding elements in B. 

For example, the relation f: A— B shown in 
the figure 3.21 is one-many. 


Figure 3.21 


Every element in B has a distinct pre-image 
in A or has no pre-image at all, but there is an 
element in A which has more than one 
corresponding image in B. 


4. Many-Many 


A relation f : A— B is said be many-many if there 
is atleast one element in A for which there are more 
than one corresponding elements in B, and there is 
atleast one element in B for which there are more 
one corresponding elements in A. 

For example, the relation f: A— B shown in 
the figure 3.22 is many-many. 
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Figure 3.22 


There is one element in A which has more than 
one corresponding image in B, and there is an 
element in B which has more than one 
corresponding pre-image in A. 


Graphical Representation 


From the illustrations given below, we can see that 
from the graph of y = f(x), we can easily categorize 
the kind of mapping. 


1. One-one (Injective) 


Note that none of the lines drawn parallel to the X- 
axis or parallel to the Y-axis intersect the curve at 
more than one point. 


Figure 3.23 


2. Many-One 


Note that none of the lines drawn parallel to the Y-axis 
intersect the curve at more than one point but there are 
lines (even one line is sufficient) parallel to the X-axis 
which intersect the curve at more than one point. 


YA you 


Figure 3.24 


Sets and Relations 


3. One-Many 


Note that none of the lines drawn parallel to the X- 
axis intersect the curve at more than one point but 
there are lines (even one line is sufficient) parallel 
to the Y-axis which intersect the curve at more than 
one point. 


Y y=tivk 


Figure 3.25 


4. Many-Many 


Note that there are lines (even one line is sufficient) 
parallel to the X-axis which intersect the curve at 
more than one point and there are lines parallel to 
the Y-axis (even one line is sufficient) which 
intersect the curve at more than one point. 


Figure 3.26 


3.9 | EQUIVALENCE RELATION 


Reflexive relation 


In reflexive relation, "R", every element of the 
set "A" is related to itself. 

The definition of reflexive relation is 
exactly same as that of identity relation except 
that it misses the word "only" in the end of the 
sentence. The implication is that this relation 
includes identity relation and permits other 
combination of paired elements as well. 

Consider a set A= {1, 2, 3}. Then, one of 
the possible reflexive relations can be : 
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R= itd, 1). @, 2). G, 3). C, 2), Cd, 3) 

However, following is not a reflexive 
relation : 

R, = td, ),@, 2), d, 2), d, 3)3 

It is not a reflexive relation as one instance 
of identity relation (3,3) is absent and violates 
the condition that every element of the set is 
related to itself. 

We state the condition for reflexive relation 
as: 

R is reflexive if (x, x)€ R,forallxe A 

It is clear that identity relation is a reflexive 
relation. Further, universal relation consists of all 
combinations of ordered pairs in the Cartesian 
product. It means it consists of all elements of the 
identity relation apart from other ordered pairs. 
Hence, universal relation is also areflexive relation. 

Consider some examples : 

(i) Let R be the relation of similarity in the 
set of triangles in the plane. Then R is 
reflexive since every triangle is similar 
to itself. 

(ii) Let R be the relation < in any set of real 
numbers, i.e. (a, b) € R iffa<b. Then 
R is not reflexive since a ¢ a for any 
real number a. 

Following relations are reflexive : 
(i) "is equal to" 
(ii) “is less than or equal to" 
(iii) "is greater than or equal to" 
(iv) "divides" 
(v) "is subset of" 
The relation "is less than" or "greater than", 
however, are not reflexive. 


| EXAMPLE 3.1 Determine whether "greater 


than or equal to" is areflexive relation for natural 
number. 


rSOLUTION A relation, "R", representing 


"greater than or equal to" is defined as relation 
on natural number (N) as: 
(x,y)€ R@&x2y where x,y EN 
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We construct data for "x" and "y" in 
accordance with the given relation for few initial 
natural numbers, say 1, 2 and 3, as under : 

For x=1, y=1,2,3 

For x=2, y=2,3 

Forx=3, y=3 

Thus, the relation set is : 

R= id, 1). C, 2), d, 3), @, 2). @, 3), 
(3, 3)} 

Evidently, this set consists of relation of all 
elements of the set, which are related to itself 1.e.. 
(1,1), (2,2) and (3,3). Thus, we conclude that "is 
greater than or equal to" is a reflexive relation. 


| EXAMPLE 3.2 Determine whether "is not 


equal to" is a reflexive relation for natural number? 


| SOLUTION A relation, "R", representing "is 


not equal to" is defined as relation on natural 
number (N) as : 

(x,y)€ R@#x#y where x,yeN 

We construct data for "x" and "y" in 
accordance with the given relation for few initial 
natural numbers, say 1,2 and 3, as under : 

For x=1, y=2,3 

For x=2, y=1,3 

For x=3, y=l,2 

Thus, the relation set is : 

R= {(, 2), 0, 3),@2, ).@, 3). G, D, 
(3, 2)3 

Evidently, this set does consists of all 
ordered pair representing relation of an element 
with itself. The instances (1,1), (2,2) and (3,3) 
are missing. Thus, we conclude that "is not equal 
to" is an irreflexive relation. 


Symmetric relation 


In symmetric relation, the instance of relation 
has a mirror image. It means that if (1,3) is an 
instance, then (3,1) is also an instance in the 
relation. Clearly, an ordered pair of element with 
itself like (1,1) or (2,2) are themselves their 
mirror images. Consider some of the examples 
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of the symmetric relation, 

R, = t0, 2),@,)D, 0, 3), G6, D3 

R,= {01, 2), 0. 3).@2, 1.6. ).G, 3)} 

We have purposely jumbled up ordered 
pairs to emphasize that order of elements in 
relation is not important. In order to decide 
symmetry of arelation, we need to identify mirror 
pairs. We state the condition of symmetric 
relation as : 

If (x,y) € R= (y, x) € Rforallx,yeA 

The condition of symmetric relation can 
also be stated as : 

xRy => yRx forallx,yeA 

In words, we say that if (x,y) be an 
instance of relation, then (y, x) will also be the 
instance of a symmetric relation "R". 

It is clear that identity relation is a 
symmetric relation. Also, universal set consists 
of the Cartesian product of a set with itself. It 
means that the relation consists of instances with 
mirror instances. Therefore, universal relation is 
also symmetric relation. 

Consider some examples : 

(i) The relation R of similarity of triangles 
is symmetric. For if triangle a is similar 
to triangle B, then £ is similar to a. 

(ii) The relation R = {(1, 3), (2, 3), (2, 2), 
(3, 1)} mA= {1, 2, 3} is not symmetric 
since (2, 3) € R but (3, 2) g R. 


Symmetric and inverse relation 


An inverse relation (R~-!) consists of ordered 
pairs with exchange of positions of the elements 
in a given relation (R). Now let us consider a 
symmetric relation, 

R= id, 2), 0, 3),@2, D.G6, ).G, 3)3 

By definition, its inverse relation is : 

R= {2 1), G, 1)... 2), 0, 3), G, 3)} 

Using the fact that order does not change 
a set, we conclude that : 

=> R=R°™! 

We use this fact to identify symmetric 
relation. The given set is a symmetric relation, 
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if it equals its inverse set. 

Proof: Let"R" be asymmetric relation on set 

"A". In order to prove that R = R-!, we consider 

an arbitrary instance of relation "R" : 
(x,y)ER 

According to definition of symmetric 

relation, 
(y,.x)ER 
According to definition of inverse relation, 
(y,x)€ R! 

But, we had started with "R" and used 
definitions to show that "(x, y)" belongs to 
another set " R-!". It 

means that the "R-!" set consists of the 
elements of set "R" at the least. Thus, 

Rc R! 

Similarly, we can start with "R-!" set and 

reach the conclusion that : 
RICR 

If sets are subsets of each other, then they 

are equal. Hence, 
R=R1 


Transitive relation 


If "R" be the relation on set A, then we state the 
condition of transitive relation as : 

If f (x, y) € R and (y, z) € R ) then (x, z) 
€ Rforalla,b,ce A 

Alternatively, 

xRy and yRz => xRz forall x;y; zEA 

In words, we say that if (x, y) and (y, z) 
be the instances of a relation R such that (x, z) 
is also the instance of the relation, then that 
relation is transitive. 

The identity and universal relations are 
transitive. 

Consider some examples : 

(i) The relation R of similarity of triangles 
is transitive since if triangle o is similar 
to B and B is similar to y, then & is similar 
to ¥. 

(i) The relation R of perpendicularity of 
lines in the plane is not transitive. Since 
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if line ais perpendicular to line b and line 

b is perpendicular to line c, then a is 

parallel and not perpendicular to c. 
Some other important transitive relations 


are: 


(i) “is equal to" 
(11) "is greater than" 
(iii) "is at least as great as" 
(iv) "is a subset of" 
(v) "divides" 


, EXAMPLE 3.3 Determine whether "divides" 


is a transitive relation for natural number? 


*SOLUTION Let us consider three elements 


x","y" and "z" of set N of natural numbers such 
that a relation "R" on N is: 
(x, y) € R, (y, z) € R, "divides" , x, y,zE N 
This means that : 
"x divides y" and "y divides z" 
Let us now consider two natural numbers 
"a" and "b" such that : 
y=ax and z=by 
Z = abx 
This means that "x divides z". Hence, we 
conclude that the relation "divides" is a transitive 
relation. 


TEXAMPLE34 Let W = 61, 2, 3, 4}. 


Consider the following relations in W : 
R, = tC, 2), 4, 3), 2, 2), 2. D. GB. DS 
R, = (2, 2), (2, 3), G, 2)5 
R; = {C, 3)$ 
Determine whether each relation is 
(i) symmetric (ii) transitive. 


| SOLUTION 


(i) Now a relation R is not symmetric if there 
exists an ordered pair (a, b) € R such that 
(b, a) € R. Hence, 
R, is not symmetric since (4, 3) € R, but 
(3,4) ¢ R. 
R, is not symmetric since (1, 3) € R, but 
(3,  € R;. 
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On the other hand, R, is symmetric. 

(ui) A relation R is not transitive if there exist 
elements a, b and c not necessarily distinct, 
such that 
(a, b) € R and (b, c) € R but (a,c) R 
Hence R, is not transitive since 
(4, 3) € R, and G, 1) € R, but 4, 1) ¢ R, 
Furthermore, R, is not transitive since 
(3, 2) € R, and (2, 3) € R, but G, 3) ¢ R, 
On the other hand, R, is transitive. 


Equivalence relation 


A relation is equivalence relation if it is reflexive, 
symmetric and transitive at the same time. In 
order to check whether a relation is equivalent 
or not, we need to check all three characteri- 
zations. 

By the preceding examples, the relation R of 
similarity of triangles is an equivalence relation since 
it is reflexive, symmetric and transitive. 

Parallelism between lines is an equivalence 
relation if we agree that a line is parallel to itself. 


? EXAMPLE 3.5 Consider the relation R= {(1, 
1), (2, 3), (3, 2)} in X = {1, 2, 3}. Determine 
whether or not R is (1) reflexive, (11) symmetric, 
(111) transitive 
| SOLUTION 
(i) Ris not reflexive since 2 € X but (2, 2)¢ R. 
(ii) Ris symmetric since R-'!={(1, 1), G, 2), (2, 
3)3=R. 
(ui) R is not transitive since (3, 2) € R and (2, 3) 
ER but G, 3) ¢ R. 


| EXAMPLE 3.6 LetT be the set ofall triangles 


ina plane with R arelationin T given by R= {(T,, 
T,) : T, is congruent to T,}. Show that R is an 
equivalence relation. 


‘SOLUTION R is reflexive, since every triangle 
is congruent to itself. Further, {(T,, T,) €¢ R 

=  T, is congruent to T, 

=  T, is congruent to T, 
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= {(T,, T,) € R. Hence, R is symmetric. 
Moreover, (T,, T,), (T,, T,) © R 

=  T, 1s congruent to T, and T, is 
congruent to T, 

=  T, is congruent to T, 

= (T,, T;) € R. Hence, R is transitive. 

Therefore, R is an equivalence relation. 


| EXAMPLE 3.7 LetL be the set of all lines in 


a plane and R be the relation in L defined as 
R= {(L,, L,): L, 1s perpendicular to L,}. Show that 
R is symmetric but neither reflexive nor transitive. 


| SOLUTION R is not reflexive, as a line L, 


cannot be perpendicular to itself, 1.e., (L,, L,) € 
R. 

R is symmetric as (L,, L,) € R. 

= L, is perpendicular to L, 

=> L, is perpendicular to L, 

= (L,, L,) € R. 

R is not transitive. Indeed, if L, is 
perpendicular to L, and L, is perpendicular to L,, 
then L, can never be perpendicular to L,. In fact, 
L, is parallel to L,, 1.e., (L,, L,) € R, (L,, Le R 
but (L,, L,) € R. 


| EXAMPLE 3.8 LetN={1,2,3,.....}, and let 
R be the relation = in N x N defined by (a, b) = 
(c, d) iff ad = bc. Prove that R is an equivalence 


relation. 


SOLUTION For every (a, b) € N x N, (a, b) = 
(a, b) since ab = ba; hence R is reflexive. 

Suppose (a, b) = (c, d). Then ad = be, 
which implies that cb = da. Hence (c, d)= (a, b) 
and so R is symmetric. 

Now suppose (a, b) = (c, d) and (c, d)= (e, 
f). Then, ad = be and ef = dc. Thus, 

(ad) (cf) = (bc) (de) 

and, by cancelling from both sides, af = be. 
Accordingly, (a, b)= (e, f) and so R is transitive. 
Since R is reflexive, symmetric and transitive, R is 
an equivalence relation. 

Observe that if the ordered pair (a, b) is 


a 
written as a fraction b , then the above relation R 
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is, in fact, the usual definition of equality between 
fractions, 1.e. 


a_c, _ 
b d iff ad = be. 


tEXAMPLE 3.9 Show that the number of 


equivalence relations in the set {1,2,3} containing 
(1,2) and (2,1) is two. 


SOLUTION The smallest equivalence relation 
R, containing (1,2) and (2,1) is £(1,1), (2,2), G,3), 
(1,2), (2,1)}. Now we are left with only 4 pairs 
namely (2,3), 3,2), (1,3) and (3,1). If we add any 
one, say (2,3) to R,, then for symmetry we must 
add (3,2) also and now for transitivity we are forced 
to add (1,3) and (3,1). Thus, the only equivalence 
relation bigger than R, is the universal relation. This 
shows that the total number of equivalence 
relations containing (1,2) and (2,1) is two. 


| EXAMPLE 3.10 LetA={1,2,3}. Thenshow 


that the number of relations containing (1, 2) and 
(2, 3) which are reflexive and transitive but not 
symmetric is three. 


PSOLUTION The smallest relation R, 


containing (1,2) and (2,3) which is reflexive and 
transitive but not symmetric is {(1, 1), (2,2), (3,3), 
(1,2), (2,3), (1,3)}. Now, if we add the pair (2,1) 
to R, to get R,, then the relation R, will be reflexive, 
transitive but not symmetric. 

Similarly, we can obtain R, by adding (3,2) 
to R, to get the desired relation. However, we can 
not add two pairs (2,1), (3,2) or single pair (3,1) 
to R, at a time, as by doing so, we will be forced 
to add the remaining pair in order to maintain 
transitivity and in the process, the relation will 
become symmetric also which is not required. 
Thus, the total number of desired relations is three. 


| EXAMPLE 3.11 Show that the relation R in 


the set {1, 2, 3} given by R = {(1, 1), (2, 2), G, 
3), (1, 2), (2, 3)} is reflexive but neither 
symmetric nor transitive. 
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| SOLUTION BR is reflexive, since (1,1), (2,2) 


and (3,3) lie in R. Also, R is not symmetric, as (1, 
2) € Rbut (2, 1) ¢ R. Similarly, R is not transitive, 
as (1, 2) € R and (2, 3) € R but (1, 3) € R. 


| EXAMPLE 3.12 Show that the relation R in 


the set of integers given by R= {(a, b) : 2 divides 
a—b} isan equivalence relation. 


SOLUTION Ris reflexive, as 2 divides (a — a) 


for all a € I. Further, if (a, b) € R, then 2 divides a 
—b. Therefore, 2 divides b — a. Hence (b, a) € R, 
which show that R is symmetric. Similarly, if (a, b) 
€ Rand (b,c) € R, then a— b and b—c are divisible 
by 2. Now, a-—c = (a— b) + (b —-c) is even. So, 
(a — c) is divisible by 2. This shows that R is 
transitive. Thus, R is an equivalence relation in I. 

In the above example, note that all even 
integers are related to zero, as (0, + 2), (0, + 4), 
etc., lie in R and no odd integer is related to 0, as 
(0, + 1), (0, + 3) etc., do not lie in R. Similarly, all 
odd integers are related to one and no even integer 
is related to one. Therefore, the set E of all even 
integers and the set O of all odd integers are subsets 
of I satisfying the following conditions : 

(i) All elements of E are related to each 
other and all elements of O are related 
to each other. 

(ii) No element of E is related to any element 
of O and vice-versa. 

(iu) E and O are disjoint and I= E UO. 

The subset E is called the equivalence class 
containing zero and is denoted by [0]. Similarly, O 
is the equivalence class containing | and is denoted 
by [1]. Note that [0] # [1], [0] = [2r] and [1] = [2r 
+ 1], r€ I. In fact, what we have seen above is a 
true relation R in an arbitrary set X, R divides X 
into mutually disjoint subsets A, called partitions or 
subdivisions of X satisfying : 

(i) All elements of A, are related to cach 
other, for all 1. 

(ii) No element of A, is related to any element 
of Aj, 1 #). 

(ui) UA; = X and A; NA; = 6,14). 
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The subsets A, are called equivalence classes. 

The interesting part of the situation is that we can 
go reverse also. For example, consider a 
subdivision of the set I given by three mutually 
disjoint subsets A,, A, and A, whose union is I with 

A, = {x € I: xisa multiple of 3} 

= {..., -6, — 3, 0, 3, 6,...} 

A, = {x € 1: x-—1 isa multiple of 3} 

= {..., -5, -2, 1, 4, 7,...} 

A, = {x€ 1: x-2 isa multiple of 3} 

= {..., 4, -1, 2, 5, 8,...} 

Define a relation R in I given by R = {(a, b) 

: 3 divides a—b}. Following the arguments similar 
to those used in the previous example, we can show 
that R is an equivalence relation. Also, A, coincides 
with the set of all integers in I which are related to 
zero, A, coincides with the set of all integers which 
are related to 1 and A, coincides with the set of all 
integers in I which are related to 2. Thus, A, = [0], 
A, = [1] and A, = [2]. In fact, A, = [3r], A, = [3r 
+ 1] and A, = [3r + 2], for all re I. 


Equivalence Classes or Equivalence 
Sets 


Let A be a non-empty set and let R be an 
equivalence relation in A. Further, let a be an 
arbitrary element of A. The elements x € A 
satisfying xRa constitute a subset A, of A, called 
an equivalence class of a with respect to R. We 
shall denote this equivalence class by A, or by 
[a] or by a. Thus symbolically, 

A, or [a] ora = {x : xe Aand(x,a)e R 
1.e., xRa} 

Let A be the set of all triangles in a plane 
and let R be an equivalence relation in A defined 
by "x is congruent to y", x € A, y € A. Whena 
€ Awe shall mean by the equivalence class [a] 
the set of all triangles of A congruent to the 
triangle a. Similarly, when b € A we shall mean 
by the equivalence class [b] the set of all triangles 
of A congruent to the triangle b. 
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Properties of Equivalence Classes (ii) If b € [a], then [b] = [a]. 


(iii) [a] = [b] iff (a, b) € Riie., iff aRb. 


Let A be a non-empty set and let R be an (iv) Either [a] = [b] or [a] 7 [b] = die., two 


equivalence relation in A. Let a and b be arbitrary equivalence classes are either disjoint or 
elements in A. Then i aealacl 
(i) aé fa]. 


Wi PRACTICE PROBLEMS [F] 


pod 
eo 


10. 


Suppose (x + y, 1) = (3, x —y). Find x and y. 
Let A= {2, 4, 6} and B= {4, 8, 12}; find A x Band Bx A. 
Let A= BOC. Determine if either statement is true : 
ag) AxA=(Bx B)N(CxC) 
a) AxA=(BxC)n(CxB). 
Given A= £1, 2, 3}, B= {3, 43, C= £4, 5, 6}, find A U (B U C) and (A x B) M(B x C). 
Let n be a fixed positive integer. Define a relation R on I as follows :a Rb ifn|(a—b) i.e. (a- 
b) is divisible by n. Show that R is an equivalence relation on I. 
The following three relations are defined on the set of natural numbers N : 
R= {(xy): x<y,xeE Nye N} 
S= {(x.y):xt+ty=10,xe N,ye€ N} 
T= {(xXy):x=yorx-y=1,xeEe N,ye N} 
Explain clearly which of the above relations are 
(A) Reflexive (B) Symmetric 
(C) Transitive (D) None of these 
Let R be the relation defined on the set of natural number N as 
R= {(x,y): xe N,ye N, 2x+y=41} 
Find the domain and range of this relation R. Also verify whether R is 
(i) Reflexive (i) Symmetric 
(iii) Transitive 
Let S = {1,2,3,4,5} and let A= S x S define the relation R on A as follows "(a,b)R(c,d) if and 
only if ad = cb". Show that R is an equivalence relation. Compute the collection of all equivalence 
classes. 
Determine whether each of the following relations are reflexive, symmetric and transitive : 
(i) Relation R in the set A= {1, 2, 3, ..., 13, 14} defined as R = {(x, y) : 3x —y = 0} 
(ii) Relation R in the set N of natural numbers defined as R = {(x,y) : y =x +5 and x < 4} 
(iii) Relation R in the set A= £1, 2, 3, 4, 5, 6} as 
R= {(x,y) : y 1s divisible by x} 
(iv) Relation R in the set I of all integers defined as 
R= {(x,y) : x —y 1s an integer} 
Determine whether each of the following relations are reflexive, symmetric and transitive : Relation 
R in the set A of human beings in a town at a particular time given by 
(a) R = {(x,y) : x and y work at the same place} 
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(b) R= {(x,y) : x and y live in the same locality} 
(c) R= {(x,y) : x is exactly 7 cm taller than y} 
(d) R= {(xy) : x is wife of y} 
(ec) R= {(x,y) : x is father of y} 
(a) Reflexive, symmetric and transitive 
(b) Reflexive, symmetric and transitive 
(c) Neither reflexive nor symmetric nor transitive. 
(d) Neither reflexive nor symmetric but transitive 
(ec) Neither reflexive nor symmetric nor transitive. 
11. Show that the relation R in the set R of real numbers, defined as R = {(a, b) : a < b?} is neither 
reflexive nor symmetric nor transitive. 
12. Check whether the relation R defined in the set {1, 2, 3, 4, 5, 6} as R = {(a, b) : b=a+ 1} is 
reflexive , symmetric or transitive. 
13. Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2,1)} is symmetric but 
neither reflexive nor transitive. 
14. Show that the relation R in the set A= £1, 2, 3, 4, 5} given by 
R = {(a,b) : |a — b] is even}, is an equivalence relation. Show that all the elements of {1, 3, 5} 
are related to each other and all the elements of {2, 4} are related to each other. But no element 
of {1, 3, 5} is related to any element of {2, 4}. 
15. Show that each of the relation R in the set 
A={xe1:0<x< 12}, given by 
Gi) R= {(a, b): |a—b] is a multiple of 4} 
(ii) R= {(a, b):a=b} 
is an equivalence relation. Find the set of all elements related to 1 in each case. 


In order to illustrate function relation, let 
us consider an example. Let "A" and "B" be two 
sets as given here 

A = {-1, 0, 1, 2, 3} 

B = {-1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 

The two sets are related by the relation : 

R= {(x, y): y =x?-1,xe A,y € B} 

The values of "y" for given values of "x" 


3.10 | FUNCTIONS 


Function is a special relation. It is also conceived 
as a "rule", because function is a relation 
between elements of two sets, following certain 
rule. Every element of a set (say A) is related to 
exactly one element of other set (say B). This 
relationship is described as mapping of all 
elements of one set to elements of another set. are: 


In order to emphasise, we need to enumerate the For x =-l, y=1-1=0 
way "function" relation is special : For x = 0, y=0-1=-1 
1. Every element of set "A" is related to For x = 1, y=1-1=0 

elements in set "B". For x = 2, y =4-1=2=3 
2. Anelement of set "A" is related to exactly For x = 3, y=9-1=8 


one element of "B". The relation between two sets is pictorially 


It can be deduced from the above 
characterisation of a function that the element 
of set "B" may be paired with none or one or 
more elements of set "A". 


shown with arrow diagram in figure 3.27. We 
note that all elements of "A" are mapped. Further, 
elements in "A" are uniquely mapped 1.e. they are 
paired to exactly one element of set "B". It is, 
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however, possible that few of the elements in set 
"A" are related to same element in "B" like "—1" 
and "1" in set "A" are related to "0" in set "B". 
In the nutshell, we see that this relation 
meets both properties as enumerated for a 
function relation and hence is a function relation. 


0 
] 
2 
a 
4 
5 
6 


= Ooo ~] 
=) 


Figure 3.27 


Looking in reverse direction, we see that 
elements in "B" may be paired with no element 
(1,2,4,5,6,7,9,10) or with one element (—1,3,8) 
or with more than one element (0) in "A". 

We generally drop word "relation" from 
"function relation" and call it simply as "function". 

The function is denoted by a small letter 
like "f". To elaborate the direction of function, 
we expand the symbol as : 

f:A->B 

This means that function is mapped from 
"A" to "B". Now, in order to define the function, 
we need to understand the concept of "image" 
and "pre-image" elements. We call first element 
"x" of set "A" in the ordered pair (x,y) of the 
function as the "pre-image" of second element 
"y" of set "B". 

The second element "y" of set "B" is called 
the "image" of the first element "x" of set "A". 

The image is also denoted as "f(x)". We 
read "f(x)" as image of "x" under rule "f". 

For a particular value of x = a, "f(a)" is a 
particular instance of image : f (a) = b 
Definition A relation "f" is a function, if every 
element in set "A" has one and only one image 
in set "B". 


Sets and Relations 


Consider the following relations in 
A= (1, 2, 3): 
f= <(1, 3), (2, 3), B. D} 
g = {, 2), G, I} 
h = {(1, 3), @, 1), (1. 2), G, D} 

f is a function from A into A since each 
member of A appears as the first coordinate in 
exactly one ordered pair in f ; here f(1) = 3, f(2) = 
3 and f(3) = 1. 

g is not a function from A into A since 2 € A 
is not the first coordinate of any pair in g and so g 
does not assign any image to 2. 

Also h is not a function from A into A since 1 
€ A appears as the first coordinate of two distinct 
ordered pairs in h, (1, 3) and (1, 2). Ifh is to be a 
function it cannot assign both 3 and 2 to the element 
LEA. 

It must be emphasised that the exhaustion of 
the elements of the domain is crucial in the 
definition of a function. For example, the first 
diagram in figure below does not represent a 
function, as some elements of the domain are not 
assigned. Also important in the definition of a 
function is the fact that the output must be unique. 
For example, the second diagram below does not 
represent a function, since the last element of the 
domain is assigned to two outputs (Figure 3.28). 


A 2 B = 
Not a function Not a function 
Figurre 3.28 


tEXAMPLE 3.1 Let A = {1, 2, 3, 4}. 


Determine whether or not each relation is a 
function from X into X. 
a) f= {Q, 3), 2, 4, @ D, G, 2), 4 YO} 
@) g = {G, LD, , 2), d, D} 
Gi) h= £{(2, 1), (3, 4), d. 4, 2. 2D. 4. 4} 
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| SOLUTION Recall that a subset f of X x X is 


a function f : X — X if and only if eachae X 
appears as the first coordinate in exactly one 
ordered pair in f. 

(i) No. Two different ordered pairs (2, 3) and 
(2, 1) in f have the same number 2 as their 
first coordinate. 

(ii) No. The element 2 € X does not appear as 
the first coordinate in any ordered pair in g. 

(i) Yes. Although 2 € X appears as the first 
coordinate in two ordered pairs in h, these 
two ordered pairs are equal. 

Sometimes the assignment rule of a function 
varies through various subsets of its domain. We 
call any such function a piecewise-defined 
function. 

For example, consider the function f : [—5, 
4] — R defined by 


1 if 2x e[-S, 1) 
2 if x=1 
x+l1 if xefl, 4) 


f(x) = 


Determine f(-3), f(1), f(4) and f(5). 
f(-3) = 2(-3) = -6, f(1) = 2, f(4) =4+1= 
5, and f(5) is undefined. 


Domain, range and co-domain of 
function 


As all the elements of set "A" are involved, it 
emerges that the set of first elements in the 
ordered pairs i.e. domain set is same as set "A". 
We can not say the same for set "B". The set "B" 
may have other elements than those, which have 
been mapped with the elements of "A". The 
range is simply the set of images of the function. 
However, as defined earlier, the set "B" is co- 
domain of the relation and hence that of function 
in this special case. It is clear that range is a 
subset of co-domain "B". 
Domain of "f" =A 
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Co-domain of "f" = B 
Range of "f" = Set of images = {f (x): x € A} 


Real function 


If the range of a function is a set of real 
numbers, then the function is called "real valued 
function". In other words, if the range of a 
function is either the set "R" or its subset, then 
itis areal valued function. We should emphasize 
here that "R" denotes set of real number and it 
is not the symbol for relation, which is also 
denoted as "R". 

Further, we distinguish "real valued 
function" from "real function". The very 
terminology is indicative of the difference. The 
term "real valued function" means that the value 
of function i.e. image is real. It does not say 
anything about "pre-image". Now, there can be 
a function, which accepts non-real complex 
numbers, but maps to a real value. 

On the other hand, a real function has both 
image and pre-image as real numbers. It follows 
then that the domain of a "real function" is also 
either a set or subset of real numbers. 
Definition A function is a real function, if its 
domain and range are either "R" or subset of "R". 


Our discussion from this point onwards 
in the course relates to real function only 
unless otherwise stated. 


Interpretation of function 


It is intuitive to find similarity of an algebraic 
equation to the "rule" of a function. Consider an 
equation, 

y=x?+1 

This equation is valid for all real values of 
"x". The set of real values of "x", belongs to set 
"R". The set of values of "y" also belongs to set 
of "R". On the other hand, the equation itself is 
the rule that maps two sets comprising of values 
of "x" and "y". 
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Alternatively, we can write the rule also as: 


f (x) = x?+ 1 
In terms of rule, we define function, 
saying that : 


f:R—-R by f (x) = x?+ 1 

We read it as: "f" is a function from "R" 
to "R" by the rule given by f (x) = x? + 1. 

From this description, we think a function 
as a relation, which is governed by a specified 
rule. The rule relates two sets known as domain 
and co-domain, which are sets of real numbers. 
One of the quantities "x" is independent of the 
other quantity "y". The other quantity "y" is 
dependent on the quantity "x". In plain words, 
one of the interpretations is that function relates 
dependent and independent variables. As a matter 
of fact, we would attach additional meanings to 
the concept of function as we proceed to study 
it in details. 


| EXAMPLE 3.2 Let"A" be the set of first three 


natural numbers. Areal function is defined as : 
f: AON by f (x) =x?+ 1 
Find (1) domain of "f" (11) range of "f" (111) 
co-domain of "f" (iv) f(3) and (v) pre-images of 
2 and 4. 


| SOLUTION Here set "A" is the domain of 


"f". Hence, 
Domain of "f" = A= £1, 2, 3} 
For determining the range, we need to find 
images for the each element of the domain as : 
For x =1,f (x) =x?+1=12+1=2 
For x = 2, f (x) = x?+1=22+1=5 
For x = 3, f (x) = x?+ 1=324+1=10 
Hence, range of function is given as : 
Range of "f" = A= {2, 5, 10} 
Co-domain of the function is the second 
set on which the elements of first set are 
mapped. It is given that "f" is a function from 
set "A" to set N. Hence, co-domain of "f" = N 
The image of set for x = 3 has been already 
calculated. It is : 
f(3) =x?+1=32+1=10 


Sets and Relations 


For pre-image of f(x) = 2, we have : 
f(x) =2=x?+1 =>x?=1]1 >x=1.-l 
But, only "1" is an element of domain set 
"A" —not "—1". Hence, "pre-image" of "2" is "1". 
For pre-image of f(x) = 4, we have : 
f(x) =4=x?+1 5x?=3 


x= /3.- V3 
But it is given that domain is first three 
natural numbers only. Thus, we conclude that 
"4" has no pre-image. 


| EXAMPLE 3.3 LetA= {1, 2,3, 4,5} and let 


f: A— Abe the function defined in the diagram 


(i) Find the range of f. 
(ii) Write f as a set of ordered pairs. 


| SOLUTION 


(i) The range f[A] of the function f consists of 


all the image points. Now only 2, 3 and 5 
appear as the image of any elements of A ; 
hence f[A] = {2, 3, 5}. 

(ii) Now f(1) = 3, f(2) = 5, f(3) = 5, f(4) = 2 
and f(5) = 3 ; hence f = {(1, 3), (2, 5), G, 
5), (4, 2), 5, 3)}. 


Numbers of functions 


We can find out maximum numbers or total 
possible numbers of functions that can be 
generated by the rule from given domain and co- 
domain sets, provided these sets are finite sets. 
We have noted that the total numbers of relations 
generated from Cartesian product of two sets 
"A" and "B" is given by : 
N = 2p4 

where "p" and "q" are the finite numbers 

of elements in sets "A" and "B". 
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However, function is a special relation, in 
which each element of set "A" is related to 
exactly one element of set "B" - unlike in the 
case of power set in which we count all possible 
combinations. Hence, number of possible 
relations is not same as the numbers of possible 
functions. 

For determining total numbers of functions 
from two given sets, let us consider that "p" and 
"q" denote the numbers of elements in domain 
"A" and co-domain "B", respectively. Then, an 
element of domain can combine with one of the 
"n" elements in "B". Another element of domain 
can also combine with one of the "n" elements 
in "B". Hence, the total number of functions is : 

Ny Tl. Th asses, n=n", 


Finite and infinite functions 


The numbers of ordered pairs in the function set 
is equal to the numbers of elements in the domain 
set. This follows from the fact that every 
element of domain set "A" is related to an unique 
element in "B". Thus, if domain is a finite set, 
then the resulting function is finite. Consider the 
earlier example, when A = {1,2,3} and function 
is defined as : 

f: AON by f(x) = x?+1 

The function set is a finite set : 

f= {, 2), 2, 5), G, 10)} 

On the other hand, if we expand this 
function by defining the relation from the infinite 
set of natural numbers, "N" to "N", then the 
resulting set of ordered pair is an infinite set and 
so is the function : 

g: NON by f (x) =x?+1 

The resulting function set, in the set builder 
form, is given as : 

g = {(x, y): y = x? + 1, where x, y € N} 


Graphs of functions 


Here, we shall introduce an alternative way to 
represent a function. We should be aware that 
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we can define a function even with a graph. 
Graphical representation of function is intuitive 
and revealing about their characteristics. 

Function is a set of ordered pairs between 
"x" and "y" from domain and co-domain sets 
respectively in accordance with certain rule. If 
we look closely at the function set, then it is 
easy to realise that the elements of ordered pair 
(x,y) can be considered to be coordinates "x" and 
"y" of a planar coordinate system. 

We represent independent variable, "x" i.e. 
the element of domain set "A" as abscissa along 
x-axis and dependent variable, "y", i.e. the 
element of co-domain "B" as ordinate along y- 
axis. A point on the plot represented by 
coordinate (x,y) is an instance of or value of the 
function for a given value of "x". Compositely, 
the graph itself is the collection of all such points, 
which form part of the function set. 

For example, we draw a graph, which is 
defined as : 

f:N—-N by f (x) =x, where x E N 

In order to plot the function, we evaluate 
function values for values of "x" : 


9 1 2 3 4 5 X 
Figure 3.29 
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Note that plot of the function is a collection 
of discrete points only. 

For the plot to be continuous, it is clear that 
the domain and co-domain of the function should 
be set of real numbers. In that case, we can 
define the function as : 

g:R—-R by f(x) = x, where x € R. 

The corresponding plot is a continuous 
straight line bisecting the first quadrant and 
passing through the origin, as shown in the 
figure here : 


Y 


Figure 3.30 


Testing a graph for function 


The graph of y = f(x) where f is a function is such 
that lines drawn parallel to the Y-axis do not 
intersect the curve at more than one point. This is 
called the vertical line test for f to be a function. 


tEXAMPLE 3.4 Which of the following 


graphs represents a function. 


Yi bi 


(a) (b) O X 
O x 


Sets and Relations 


raean 


SOLUTION Using the vertical line test, we can 
see that only (c) represents a function. 


| EXAMPLE 3.5 LetW={a,b,c,d}. Determine 


whether the set of points in each coordinate diagram 
of W x W isa function from W into W. 


oT QO kK 
Ss of 6 aX 


» oF oO Ark 


a b cdyx 
(iii) 


| SOLUTION 


(i) No. The vertical line through b contains two points 
of the set, i.e. two different ordered pairs (b, b) 
and (b, d) contain the same first element b. 

(ii) No. The vertical line through c contains no 
point of the set, i.e. c € W does not appear 
as the first element in any ordered pair. 

(uit) Yes. Each vertical line contains exactly one 
point of the set. 
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Wi PRACTICE PROBLEMS [G] 


1. State whether or not each diagram defines a function from A = {a, b, c} into B = (x, y, z). 


2. Let W = {a, b, c, d}. Determine whether each set of ordered pairs is a function from W into W. 
(i) {(b, a), (c, d), Cd, a), (C, d), (a, d)} 
Gi) {(d, d), (c, a), (a, b), (d, b)} 
(ii) {(a, b), (b, b), (, b), (d, b)} 
(iv) {(a, a), (b, a), (a, b), (c, d)} 
3. Let V = £1, 2, 3, 4}. Determine whether the set of points in each coordinate diagram of V x V 
is a function from V into V. 


Y Y 
4 4 
3 3 
2 2 
l 1 
lt 2 3 4x 12 3 4y 
(i) (1i) 
Y Y 
4 4 
3 3 
2 2 
l 1 
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Let g: R—R be defined by 


x’ — 3x if x>2 
g(x) = 
x+2ifx<2 


Find (1) g(5), (1) g(0), (ail) g(-2). 


Sets and Relations 


Is g = {(1, 1), (2, 3), G, 5), (4, 7)} a function? If this is described by the formula g(x) = ax + 8, 


then what values should be assigned to « and B? 


Given A= {—1, 0, 2, 5, 6, 11} and B = {-2, —1, 0, 18, 108}, define f : A> B as f(x) = x?--x—-2. 


Find f(A). Is f(A) = B? 


Let A= {-1, 0, 1, 2}, B= {M4, -2, 0, 2} and f, g : A— B be functions defined by f(x) = x? — x, 


x € Aand g(x) =2 


Things to 
REMEMBER 


1. 


2. 


10. 


Identity law 


ANU=A 
Commutative law 
ANB=BoOA 


Associative law 

(ANB) ANC=AN(BOC) 

Distributive law 
AN(BUC)=(ANB)U(ANC) 
AU(BOC)=(AUB)N(A LC) 
Difference of sets 

A- B= {x: xe Aandx ¢ B} 

Symmetric Difference of two sets 
AAB=(A-B)v (B—A)=(AUB)-(ANB) 
Complement of a set 


A’ or A= {x:x€ Uandx¢ A} 
De-Morgan's laws 

A’ OB’=(A UBY 

A’ UB’ =(A BY 

Number of elements in the union of two 
sets 

n (A U B) = n(A) + n(B) —- n(A OB) 
n(AUBUC)=n(A)+n(B)+n(C)-n 
(ANB)-n(ANC)-n(BOC)+n(AN 
BOC) 

Distributive property of product operator 


11. 


12. 


13. 


14. 


15. 


x-1- 1,x € A. Are f and g equal? 


Ax (BUC)=(A x B) U(A x C) 

A x (BQN C)=(A x B) N(A x C) 

A x (B-C)=(A x B)- (Ax C) 

Numbers of relations 

Between two sets A and B, where p and q 
are the numbers of elements in two sets 
respectively, the number of possible 
relations that can be generated is given by 
2°45, 

Reflexive relation 

In reflexive relation, "R", every element of 

the set "A" is related to itself. 

R is reflexive if (x, x)€ R, forallxe A 
Symmetric relation 

The condition of symmetric relation is: 
xRy => yRx forallx,ye A 

If (x,y) be an instance of relation, then (y, 
x) will also be the instance of a symmetric 

relation "R". 

Transitive relation 

The condition of transitive relation is : 
xRy and yRz => xRz forall x;y;zEA 

We say that if (x, y) and (y, z) be the 
instances of a relation R such that (x, z) 
is also the instance of the relation, then 

that relation is transitive. 

Equivalence relation 

A relation is equivalence relation if it is 

reflexive, symmetric and transitive at the 
same time. 


Telegram @unacademyplusdiscounts 


Functions and Graphs for JEE Main & Advanced 


OBJECTIVE EXERCISES 


SINGLE CORRECT ANSWER TYPE 


Let R = {(1,3), (2,2), (3, 2)} and S = {(2, 1), GB, 2), (2, 3)} be two relations on set A= £1, 2, 
3}. Then RoS is equal to 


(A) {(1,3), (2,2), (3, 2)} (B) {,3), 2.2), G, 2), 2. D. 2. 3} 
(C) {G, 2), CL, 3)} (D) {@, 3), G, 2)} 
. If X and Y are two sets, then X ™ (Y J XY’ equals 
(A) X (B) Y 
(C) (D) None 


A survey shows that 63% of the Americans like cheese whereas 76% like applies. If x% of the 
Americans like both cheese and apples, then 


(A) x= 39 (B) x=63 
(C) 39<x< 63 (D) None of these 
For real numbers x and y, we write x Ry <> x-—y+./2 is an irrational number. Then the 
relation Ris 
(A) Reflexive (B) Symmetric 
(C) Transitive (D) Equivalence 
~ Which one of the following is not true? 
(A) A-BcA (B) B’-A’cA 
(C) ACA-B (D) ANB’cA 


Let R be the relation in the set {1, 2,3, 4,} given by R = {(1,2), (2,2), (1,1), (4.4), (1.3), G.3), 
(3,2)}. Choose the correct answer : 

(A) Ris reflexive and symmetric but not transitive. 

(B) Ris reflexive and transitive but not symmetric 

(C) Ris symmetric and transitive but not reflexive 

(D) Ris an equivalence relation. 

Let R and S be two non-void relations on a set A. Which of the following statements is false? 
(A) R and S are transitive > R U S is transitive 

(B) R and S are transitive > R 1 S is transitive 

(C) Rand S are symmetric > R U S is symmetric 

(D) Rand S are reflexive => R U S is reflexive 

If A= {1, 2, 3} and B {3, 8}, then (A U B) x (AN B)is: 


| (A) tG.D, G.2), G.3), G.8)5 


(B) {(1,3), 2.3), G.3), (83)5 
(C) {C.2), 2,2), 3,3), (8.8)3 
(D) ((8,3), (8,2), (8D, (8,8)5 


Let A= {p, q, r}, which of the following is not an equivalence relation on A? 


(A) R, = {(p.q), (q.r), (p.r), (p.p)} 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Sets and Relations 


(B) R, = {@,.q), Gp), GN), (4.03 
(C) R, — {(p.P), (q,q), (1,1), (p.q)} 
(D) None of these 


Which of the following is the empty set? 

(A) {x :x1is areal number and x? — 1 = 0} 

(B) {x: xis areal number and x* + 1 = 0} 

(C) {x :x1is areal number and x?—- 9 = 0} 

(D) {x: xis areal number and x*= x + 2} 

Let A= {p, q, r, s} and B= {1, 2, 3}. Which of the following relations from A to B is not a 
function? 

(A) R, = {@.1), (4.2), OD, (8.2)} 

(B) R, = {@.), (4.2), GD), (s.D$ 

(C) R; = {@.1), (4,2), (2)} 

(D) Ry = t@.2), (4.3), (2), (8,2)$ 

Two finite sets A and B are having m and n elements. The total number of subsets of the first 
set is 56 more than the total number of subsets of the second set. The value of m and n are 
(A) 7, 6 (B) 6,3 

(C) 5,1 (D) 8,7 

Let A be a set containing 10 distinct elements, then the total number of distinct function from 
AtoAis: 


(A) 10! (B) 10!° 
(C) 21° (D) 210] 
Let S be a set containing n elements. Then the total number of binary operations on S is 
2 
(A) n" (B) 2" 
2 
(C) n°” (D) n? 


If sets A and B are defined as 

A= {(%y) :y=e%*,xe R} 

A= {(%y): y =x, xe R} 

(A) BCA (B) ACB 

(C) ANB=0 (D) AUB 

Let R be the relation in the set N given by R = {(a, b) : a= b— 2, b > 6}. Choose the correct 
answer. 

(A) 2,5)¢E€R (B) B,83ER 

(C) (6,8)ER (D) 8, 7AER 

Let A= {1, 2,3}. Then number of relations containing (1,2) and (1,3) which are reflexive and 
symmetric but not transitive is. 


(A) 1 (B) 2 
(C) 3 (D) 4 
Let A= {1, 2, 3}. Then number of equivalence relations containing (1,2) is 
(A) 1 (B) 2 
(C) 3 (D) 4 


f and h are functions from A — B where A = {a,b,c,d}, B = {s, t, u} defined as follows : 
f(a) = t, f(b) = s, f(c) =s 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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f(d) = u, h(a) = s, h(b) = t 

h(c) = s, h(a) = u, h(d) =u 

which one of the following statement is true 

(A) f and h are function (B) fis a function and h is not a function 

(C) f and h are not function (D) None of these 

Let A= {x : xis a multiple of 3} and 

B= {x: xis a multiple of 5} then AX B is given by 

(A) {3, 6, 9...} (B) £5, 10, 15, 20.....} 

(C) {15, 30, 45,.....} (D) None of these 

If A= £2, 4} and B= £3, 4, 5}, then (A B) x (AUB) is 

(A) {(2,2), (3,4), (4.2), 6.4) 

(B) (2,3), (4,3), (4.5) 

(C) {(2.4), (3.4), (4.4), (4.5) 

(D) (4,2), (4,3), (4.4), (4.5) 

In the set X = {a,b,c,d}, which of the following is a function in X? 

(A) R, = {(b,a), (a,b), (¢.d), (a.c)} 

(B) R, = {(a.d), (d.c), (b,b), (c.c)} 

(C) R; = {(a.b), (b,c), (c,d), (b,d)} 

(D) Ry = {(@,a), (b,b), (c.c), (a,d)} 

If R is the relation "less than" from 

A= {1, 2, 3, 4, 5} to B= {1, 4, 5}, then the inverse of R is 

(A) R*= {4 DG, 1) @, 3) G, 333 

(B) R'= {4, 1) G, 1) G, 2) G, 2) G, 3) G, 3) G, 3} 

(C) R'= {G, 5) 6, 4) G, 5) 

(D) None of these 

In a town of 10,000 families it was found that 40% families buy newspaper A, 20% buy 
newspaper B and 10% families buy newspaper C, 5% families buy A and B, 3% buy B and C, 
4% buy A and C. If 2% families buy all the three newspapers, then number of families which 


buy A only is 

(A) 3100 (B) 3300 

(C) 2900 (D) 1400 

Let U be the universal set and AU BUC =U, then {(A-— B) U (B-C) UB (C-A)}' is 
(A) AUBUC (B) AU(BNC) 

(C) ANBNC (D) AN(BUC) 

For real numbers x and y, we write x R y @ x —y +./2 is an irrational number. Then the 
relation R is 

(A) Reflexive (B) Symmetric 

(C) Transitive (D) None of these 

Let A= {(x,y) : y =e*%, x € R}. B= {(xy) : y =e%, x € R}. Then 

(A) ANB=0 (B) ANB#o 

(C) AUB=R? (D) None of these 
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If A= {1, 2, 4}, B= {2, 4, 53, C = £2, 5}, then (A— B) x (B-C) is 
(A) {(1, 2), C5), 2, 5D} (B) {C1, 4)3 

(C) {(1, 4} (D) None of these 

The shaded region in the given figure is 


A 


Cc 
B 

(A) AN(BUC) (B) AU(BUC) 

(C) AN(B-C) (D) A-(BUC) 

If A and B are two sets (A— B) U (B— A) U (An B) is equal to 

(A) AUB (B) ANB 

(C) A (D) B 


The number of elements in the set 

{(a,b) : 2a? + 3b? = 35, a, b € I}, where I is the set of all integers, is 

(A) 2 (B) 4 

(C) 8 (D) 12 

A set contains 2n + 1 elements. The number of subsets of this set containing more than n 
elements is equal to 

(A) 22! (B) 2° 

(C) 201 (D) 227 

A relation R is defined from {2, 3, 4, 5} to {3, 6, 7, 10} by x Ry —& x is relatively prime to y. 
Then domain of R is 

(A) {2, 3, 5} (B) {3,53 

(C) {2, 3, 4} (D) {2, 3, 4, 5} 

The relation R = {(1, 1), (2, 2), 3,3), (1.2), (2,3), (1,3)} on set A= £1, 2, 3} is 

(A) Reflexive buy not symmetric 

(B) Reflexive but not transitive 

(C) Symmetric and transitive 

(D) Neither symmetric nor transitive 

If Ais the set of even natural numbers less than 8 and B is the set of prime numbers less than 
7, then the number of relations from A to B is 

(A) 2° (B) 92 

(C) 32 (D) 29! 

Let p be the relation on the set R of all real numbers defined by setting a p b iff | a— bj] < * 
Then, ¢ is 

(A) Reflexive and symmetric but not transitive 

(B) Symmetric and transitive but not reflexive 

(C) Transitive but neither reflexive not symmetric 

(D) None of these 

If A= {1, 3, 5, 7, 9, 11, 13, 15, 17}, B= £2, 4...., 18} and N is the universal set, then A’ U (A 
U B) 7 B’ is 
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(A) A (B) N 

(C) B (D) None 

If X = {8"°— 7n — 1/n € N} and Y = {49(n — 1)/n € N} then 
(A) X CY (B) YcX 

(C) X=Y (D) None 


Let n be a fixed positive integer. Let a relation R be defined on I (the set of all integers) as 
follows : a R b iff n/(a — b), that is iff a — b is divisible by n. Then, the relation R is 
(A) Reflexive only (B) Symmetric only 
(C) Transitive only (D) An equivalence relation 
Consider the set of all determinants of order 3 with entries 0 or 1 only. Let B be subset of A 
consisting of all determinants with value 1. Set C be the subset of the set of all determinants 
with value — 1. Then 
(A) C is empty (B) Bhas as many elements as C 
(C) A=BUC (D) Bhas twice as many elements as C. 
In a certain town 25% families own a phone and 15 % own a car, 65% families own neither a 
phone nor a car. 2000 families own both a car and a phone. Consider the following statements 
is this regard : 

1. 10% families own both a car and a phone. 

2. 35% families own either a car or a phone. 

3. 40,000 families live in the town. 
Which of the above statements are correct? 


(A) 1 and 2 (B) 1land3 

(C) 2 and 3 (D) 1,2 and 3 

Let A= {1, 2, 3, 4}, and let R = {(2, 2), (3, 3), (4, 4), (1, 2)} be a relation on A. Then R is 
(A) Reflexive (B) Symmetric 

(C) Transitive (D) None of these 

The void relation on a set A is 

(A) Reflexive (B) Symmetric and transitive 

(C) Reflexive and symmetric (D) Reflexive and transitive 


Let R be a relation on the set N of natural numbers defined by nRm © n 1s a factor of m (1c. 
n|m). Then R is 


(A) Reflexive and symmetric (B) Transitive and symmetric 

(C) Equivalence (D) Reflexive, transitive but not symmetric 

For real numbers x and y, we write x R y & x —y +./2 is an irrational number. Then the 
relation R is 

(A) Reflexive (B) Symmetric 

(C) Transitive (D) None of these 


Let X = {1, 2, 3, 4, 5} and Y = £1, 3, 5, 7, 9}. Which of the following is not a relation from 
X to Y 

(A) R= {@Q yly=2+x,xe X ye Y} 

(B) R, = td, 1), @. D, G, 3), 4, 3), ©, 5)5 

(C) R, = tC, LD, C1, 3), G, 5). GB. 7), G6. 7} 

(D) R,= td, 3), 2, 5), 2 4. 7, 3 
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Let R be a relation defined in the set of real numbers by a R b & 1+ ab> 0. Then R is 


(A) Equivalence relation (B) Transitive 

(C) Symmetric (D) Anti-symmetric 
Which one of the following relations on R is equivalence relation 
(A) x Ry © |x| = ly| (B) xRyoxzy 
(C) xRyoxly (D) xRyoex<y 


Let R be a relation in N defined by R = {(1+x, 1+x?) : x <5, x € N}. Which of the following 
is false 

(A) R= £(2, 2), 3, 5), (4, 10), (5, 17), (6, 25)} 

(B) Domain of R = {2, 3, 4, 5, 6} 

(C) Range of R = £2, 5, 10, 17, 26} 

(D) None of these 

The relation R defined in A= {1, 2, 3} by aRb if |a2 — b?| < 5. Which of the following is false 
(A) R= {(1, 1), @, 2), GB, 3), 2. D, C. 2).@, 3), G. 23 

(B) RI=R 

(C) Domain of R = {1, 2, 3} 

(D) Range of R = {5} 

The relation R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)} on the set A= {1, 2, 3} is 

(A) Reflexive but not symmetric (B) Reflexive but not transitive 

(C) Symmetric and transitive (D) Neither symmetric nor transitive 

Let a relation R in the set N of natural numbers be defined as (x, y) € R if and only if x? — 4xy 
+ 3y2= 0 for all x, y € N. The relation R is 

(A) Reflexive (B) Symmetric 

(C) Transitive (D) An equivalence relation 

Let A= {2, 3, 4, 5} and let R= {(2, 2), G, 3), 4, 4), (5, 5), (2, 3), GB, 2), 3, 5), (5, 3)} be 
a relation in A. Then R is 

(A) Reflexive and transitive (B) Reflexive and symmetric 

(C) Reflexive and antisymmetric (D) None of these 

If A= {2, 3} and B = {1, 2}, then A = B is equal to 

(A) {@, 1), 2, 2), GB, 1), G, 2)} (B) {d, 2), C, 3), @, 2), 2, 3)5 

(C) {@, 1), G, 2)} (D) td, 2), (2, 3)3 

Let R {(3, 3), (6, 6), (9, 9), (12, 12) (6, 12) (3, 9) (3, 12), (3, 6)} be a relation on the set A = 
{3, 6, 9, 12}. The relation is 

(A) Anequivalence relation (B) Reflexive and symmetric only 

(C) Reflexive and transitive only (D) Reflexive only 

Let R = {(1, 3), (4, 2), (2, 4), (2, 3), (3, 1)} be a relation on the set A= {1, 2, 3, 4}. The 
relation R is 

(A) Reflexive (B) Transitive 

(C) Not symmetric (D) A function 

Let N denote the set of all natural numbers and R be the relation on NxN defined by 
(a, b) R (c, d) if ad (b + c) = be (a + d), then R is- 

(A) Symmetric only (B) Reflexive only 

(C) Transitive only (D) Anequivalence relation 
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IfA= {1, 2,3}, B= £1, 4, 6, 9} and R is a relation from A to B defined by ‘x is greater than y’. 
The range of R is 


(A) {1, 4, 6, 9} (B) {4, 6, 9} 

(C) {1} (D) None of these 

Let R= {(1, 3), (4, 2), 2, 4), (2, 3), 3, 1} be a releation on the set A= {1, 2, 3, 4}. The 
relation R is [AIEEE-2004] 
(A) transitive (B) not symmetric 

(C) reflexive (D) a function 

Let R = {(3, 3), (6, 6), (9, 9), (12, 12), (6, 12), (3, 9), (3, 12), (3, 6)}, be relation on the set 
A = {3, 6, 9, 12} . The relation is [ATEEE-2005] 


(A) reflexive and transitive only 

(B) reflexive only 

(C) an equilvalence relation 

(D) reflexive and symmetric only 

Let W denote the words in the English dictionary. Define the relation R by R = {(x, y) € W ~« 
W | the words x and y have at least one letter in common}. Then R is [ATEEE-2006] 
(A) reflexive, symmetric and not transitive 

(B) reflexive, symmetric and transitive 

(C) reflexive, not symmetric and transitive 

(D) not reflexive, symmetric and transitive 

Let R be the real line. Consider the following subsets of the plane R x R: 

S= {(, yy): y=x+1and0<x<2} 

T = {(x, y) : x—y is an integer}. 

Which one of the following is true ? [ATEEE-2008] 
(A) Both S and T are equivalence relations on R 

(B) Sis an equivalence relation on R but T is not 

(C) Tis an equivalence relation on R but S is not 

(D) Neither S nor T is an equivalence relation on R 


If A, B and C are three sets such that ATM B=AMC andAUB=A UC, then [ATEEE-2009] 
(A) A=B (B) A=C 

(C) B=C (D) ANB=¢6 

Let S be a non-empty subset of R. Consider the following statement [AIEEE 2010] 


P : There is a rational number x € S such that x > 0. 

Which of the following statements is the negation of the statement P ? 

(A) There is no rational number x € S such than x < 0 

(B) Every rational number x € S satisfies x < 0 

(C) xe Sand x<0= xis not rational 

(D) There is a rational number x € S such that x < 0 

Consider the following relations [ATEEE-2010] 
R = {(x,y) | x.y are real numbers and x = wy for some rational number w} 


mm p : 
S -(22) | m,n,p and q are integers such that n, q # 0 and qm = pm}. Then 


(A) Neither R nor S is an equivalence relation 
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(B) Sis an equivalence relation but R is not an equivalence relation 
(C) Rand S both are equivalence relations 
(D) Ris an equivalence relation but S is not an equivalene relation 


REVIEW EXERCISES 


1. 


11. 


12. 


13. 
14. 


— 


—xX 


Write the set {x € R: x?-x-6<0} 9 ‘x ER: a i in interval notation. 


List the elements of the set ‘x EZ: min{ x +2,4- x 2 i 


Find the largest integer in the set {1, 2, 3,....., 2008} that does not belong to S. 
Write the infinitely repeating decimal 9 123 = 0.123123123.... as the quotient of two positive 
integers. 


Find a rational number between the irrational numbers /2 and 3 


Find an irrational number between the irrational numbers ./2 and ./3 , There are infinitely many 


aceas 
a 


answers, One may take the average 


A : 1 1 
Find an irrational number between the rational number; and — 


10 9 
Find all real solutions to the equation 


(x+yP=«-Dy +t D. 


Write the infinite repeating decimal 0.10101010...=0.10 as a quotient of two integers. 
Consider the decimal 

0.10100100001000000001..... 

where between successive 1’s there are 2°, 2!, 27, 23, etc. 0’s. Argue why this number must 
be irrational. 

Express the set {x € R : x?— x —6 < 0} as an interval, or as a union of intervals. Draw a graph 
of the set on the line. 


IfA=\x:cosx >—1 and o<x<a 


B= {xisinx > 1 and Rexsal 
2 3 


FindA OM BandA UB. 

Let A= {a, b, c, d, e, f} and B = {a, e, 1, 0, u}. Find AUB, ANB, A-— B and B-A. 

A survey of 500 television watchers produced the following information : 285 watch football, 
195 watch hockey, 115 watch basketball, 45 watch football and basketball, 70 watch football 
and hockey, 50 watch hockey and basketball, 50 do not watch any of the three games. How 
many watch all the three games? How many watch exactly one of the three games? 
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15. Inasurvey of 100 students, the numbers studying various languages were found to be : Spanish, 
28 ; German, 30 ; French, 42 ; Spanish and German, 8; Spanish and French, 10 ; German and 
French, 5; all three languages, 3. 

(A) How many students were studying no language? 
(B) How many students had French as their only language ? 
(C) How many students studied German if and only if they studied French ? 

16. Derive the following results : 

(A) A=(ANB)U(AN B). 

(B) AUB=(ANB)U(AN B)U(A OB) 
(C) AN(AUB)=A 

(D) AU(A OB)=AUVB. 

17. In achemistry class there are 20 students, and in a psychology class there are 30 students. 
Find the number in either the psychology class or the chemistry class if 
(a) The two classes meet at the same hour. 

(b) The two classes meet at different hours and 10 students are enrolled in both courses. 

18. Assume that the incidence of lung cancer is 16 per 100,000, and that it is estimated that 75 
percent of those with lung cancer smoke and 60 percent of those without lung cancer smoke. 
Estimate the fraction of smokers with lung cancer, and the fraction of nonsmokers with lung 
cancer. 

19, Let N denote the set of all natureal numbers and R be the relation on N x N defined by (a,b) R 
(c,d) if ad(b+c) = be (a+d) Show that R is an equivalence relation . 

20. Let R be a relation in the set of natural numbers N, defined by, 

R= {(x,y),xe N,y € N and 5x? — 6xy + y? = 0} 
Show that the relation R is reflexive, not symmetric and not transitive . 

21. If Risa relation in N x N defined by (a, b) R (c, d) if an only ifa + d=b +c, then show that 
R is an equivalence relation . 


Zi — 


22. Arelation R on the set of non-zero complex numbers is defined by z, R z, if an only if ag 
1 2 

is real . Show that R is an equivalence relation . 

23. In the set of real numbers, a relation is defined by a R b if an only if 1 + ab > 0. Show that R 
is reflexive and symmetric but not transitive . 

24. Let R be a relation in N x N defined by, R= {(x, y): x € N, y€ N,x-—y is divisible by 3} 
Prove that R is an equivalence relation . 

25. Given arelation R = {(1, 2), (2, 3)} on the set of natural numbers, write the minimum number 
of ordered pairs so that the enlarged relation is symmetric, transitive & reflexive. 


TARGET EXERCISES 


1. The report of one survey of 100 students stated that the numbers studing the various languages 
were : Sanskrit, hindi and tamil, 5 ; hindi and sanskrit , 10 ; tamil and sanskrit, 8 ; hindi and 
tamil ,20 ; sanskrit, 30 ; hindi, 23 ; tamil, 50. The surveyor who prepared this report was fired. 
Why ? 
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A class has 175 students. The following table shows the number of students studying one or 
more of the following subjects in this class : 


Maths 100 
Maths & Physics 30 
Maths Physics Chemistry 18 
Physics 70 
Maths & Chemistry 28 
Chemistry 46 
Physics & Chemistry 23 


How many students are enrolled in Maths alone, Physics alone and Chemistry alone ? Are there 
students who have not offered any of these three subjects . 
In a certain city only two news papers A & B are published. It is known that 25% of the city 
population read A and 20% read B while 8% read both A & B. It is also known that 30% of 
those who read A but not B look into advertisement & 40% of those who read B but not A look 
into advertisements while 50% of those who read both A & B look into advertisement. What 
percentage of the population read an advertisement . 
The following three relations are defined on the set of natural numbers N . 
R= {(xXy)//x<y,xe N,ye N} 
S= {(xy)//x+y=10,xE N,ye N} 
T ={(x,y)/ x =y or x-y=l,x Ee N,ye N}. 
Explain clearly which of the above relations are 

(i) Reflexive 

Gi) Symmetric 
(ui) Transitive 
In a pollution study of 1500 Indian rivers the following data were reported . 520 were polluted 
by Sulphur compounds, 335 were polluted by phosphates, 425 were polluted by crude oil, 100 
were polluted by both crude oil and sulphur compounds, 180 were polluted by both sulphur 
compounds and phosphates, 150 were polluted by both phosphates and crude oil and 28 were 
polluted by sulphur compounds, phosphates and crude oil. How many of the rivers were polluted 
by at least one of the three impurities ? How many of the rivers were polluted by exactly one 
of the three impurities ? 
Let R be the relation defined on the set of natural numbers N as ; 
R={(xy)| xe Ny EN, 2xt+y=41}. 
Find the domain & range of this relation R . Also verify whether R is : 

(i) Reflexive 

Gi) Symmetric 
(iii) Transitive 
Let S= {1,2,3,4,5} and let A=S x8. Define the relation R on A as follows : “(a,b) R (c,d) if 
and only if ad = cb ". Show that R is an equivalence relation. Compute the collection of all 
equivalence classes . 
A survey of 500 TV watches produced the following informations : 285 watch football, 195 
watch hockey, 115 watch basket ball, 45 watch football and basket ball, 70 watch football and 
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11. 
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hockey, 50 watch hockey and basketball , 50 do not watch any of the three games . How 

many watch all the three games ? How many watch exactly one of the three games . 

Suppose that in a survey concerning the reading habits of students it is found that : 

60 Percent read magazine A ; 50 percent read magazine B ; 50 percent read magazine C ; 30 

percent read magazines A and B ; 20 percent read magazines B and C ; 30 percent read magazines 

A and C ; 10 percent read all three magazines. 

(a) What percent read exactly two magazines ? 

(b) What percent do not read any of the magazines? 

(c) The survey has been enlarged to include a fourth magazine D. It was found that no one 
who reads either magazine A or magazine B reads magazine D. However, 10 percent of 
the people read magazine D and 5 per cent read both C and D. What per cent of the people 
do not read any magazine ? 

In a survey of population of 450 people, it is found that 205 can speak English, 210 can speak 

Hindi and 120 people can speak Urdu. If 100 people can speak both Hindi and English; 80 

people can speak both English and Urdu, 35 people can speak Hindi and Urdu and 20 people 

can speak all the three languages, find the number of people who can speak English but not 

Hindi or Urdu. Find also the number of people who can speak neither English nor Hindi nor 

Urdu. 

On a transcontinental airliner, there are 9 boys, 5 American children, 9 men, 7 foreign boys, 14 

Americans, 6 American males, and 7 foreign females. What is the number of people on the 

plane? 

A college awarded 38 varsity letters in football, 15 in basketball, and 20 in baseball. If these 

letters went to a total of 58 men and only three of these men lettered in all three sports, how 

many men received letters in exactly two of the three sports? 

Let U be a finite set. For any two sets A and B define the "distance" from A to B to be d (A, B) 


=n(An B) +n(A -) B). 

(a) Show that d(A, B) = 0. When is d(A, B) = 0? 

(b) If A, B and C are nonintersecting sets, show that d(A, C) < d(A, B) + d(B, C) 

(c) Show that for any three sets A, B and C d(A, C) < d(A, B) + d(B, C) 

Let the symbol n,(k) stand for "the number of elements that are in k or more of the r sets A,, 

Pigs ss05:-2an0g Phy = 

(i) Show that n,“) = n(A, U A, U A,). 

(i) Show that 
n3 = n((A; 1 A.) U (A, 1 A3) U (A, 9 A3)) 
=n(A, NA,) + n(A, 0 A,) + n(A, 9 A,) — 2n(A, MN A, 9 Az) 
by using the inclusion-exclusion formula. Also develop an independent argument for the 
last formula. 

(iit) Find the number of letters that appear two or more times in the three words TABLE, BASIN, 
and CLASP. 


(iv) Give an interpretation for n — n??. 


(v) Find the number of letters that occur exactly once in the three words of (ii1). 
(vi) Develop a general argument like that in (1) to show that 
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n,? = n(A, 7 A,) + n(A, 0 A) + n(A, 7 A,) + n(A, M A,) + n(A, M A,) + n(A, OM Ay) 
— 2[n(A, NA, OA,) + n(A, 7 A, Aytn(A, 0 A, A,) + (A, 0 AZO A,)] 
+ 3n(A, NA, OA; A,) 

(vil) Find the number of letters used two or more times in the four words of (111) 

Let W = {1, 2, 3, 4}. Consider the following relations in W : 

R, — {, 1), (1, 2)} 

R, = {C, 1), @, 3), 4 D3 

R, — {, 3), (2, 4)} 

R,= td, 1), @, 2). G, 3)$ 

R;=Wx W 

R,=@ 

(i) Determine whether or not each relation is reflexive. 

(ii) Determine whether or not each relation is symmetric. 

(iit) Determine whether or not each relation in is transitive. 

Let N = £1, 2, 3, ....} and let= be the relation in N x N defined by (a, b)= (c, d) iffa+d= 
b+c 

(i) Prove that= is an equivalence relation. 

(11) Find the equivalence class of (2, 5), i.e. [(2, 5)]. 

Prove : if Rand S are equivalence relations in a set X, then R J S is also an equivalence relation 
in X. 


(i) Show that if relations R and S are each reflexive and symmetric, then R U S is also reflexive 
and symmetric. 

(ii) Give an example of transitive relations R and S for which R U S is not transitive. 
The set S is formed according to the following rules : 

(i) 2 belongs to S; 

Gi) ifnisin S thenn + 5 is also in S; 
(i) If nis in S then 3n is also in S. 
Let N denote the set of all natural numbers and R be the relation on N x N defined by 
(a,b)R(c,d) << ad(b + c) = be (a+ d). Check whether R is an equivalence relation. 
Let R = {(a,a,), (b,c), (a,b)} be a relation on a set A= {a,b,c}. Then find the minimum number 
of ordered pairs which when added to R makes it transitive. 
Define a relation '= (mod 5)' on I by m = n (mod 5) if m — n is divisible by 5. 
Prove that this is an equivalence relation. 
Let A= N x N. Define ~ on A by 
(m,n) ~ (m’,n’) ifmt+n’ =m’ +n 
Prove that this is an equivalence relation. 
Define (m, n) ~ (m’, n’) on N < N if mn’ = m’n. Show that ~ is an equivalence relation. 
Prove that this is not an equivalence relation on I x I. 
If R be a relation < from A = {1, 2, 3, 4} toB = {1, 3, 5} Le, (a, b) € R iffa <b. Then find 
RoR-!, 

Show that the relation R defined in the set A of all triangles as R = {(T,, T,) : T, is similar to 
T,}, is equivalence relation. Consider three right angle triangles T, with sides 3, 4, 5, T, with 
sides 5, 12, 13 and T, with sides 6, 8, 10. Which triangles among T,, T, and T; are related? 
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27. The relation R is defined on N * N as follows: 
(a, b) R (c, d)= ad =be 
Prove that R is an equivalence relation. 


ANSWERS 


| Practice Problems [A] 


ites Ol 
1, X-X= nae? where n is a natural number and 1 <n < 6. 


2. (i) A= {17, 26, 35, 44, 53, 62, 71, 80} Gi) B= {2, 3,5} 
(ii) C= {T,R,1.GO,N,M,E,Y} 


3. @ {x:x=2", ne Nand l<n<35} (ii) {x:x=n?,ne Nand l<n< 10} 
4. {-9, -6, -3, 0, 3, 6, 9} 
5. x € {13, 14, 15, 16, 17} 
6. A= {..., -2,-1, 0, 1, 2, 3, 4}.B = £1, 2, 3, 4, 6, 8, 12, 24} 
7. A= {x*?:xEN,1<x <4}. 
B= {2x:xeEw,0<x<4}. 
C= {2x+1:xe W}. 
D= {xe N: 1<x<15 and x is prime}. 
These descriptions are not unique; here are other possibilities: 
A= {x?: xe Z,1<x< 4}. 
X 
B= iF) x € {0, 4, 8, 16, 32}}. 
C= {2x-1l1:xeN} 
D= {xe N:2<x < 13 and x is prime}. 
8. (ai) 
9. (i) infinite (ii) finite 
(iii) infinite 
10. (i) finite, (ii) finite, 
(iii) infinite 
11. @) finite, (ii) finite, 


(iii) infinite 


ii Practice Problems [B] 
1. G@) CandE (ii) DandE 
(mm) A,BandD (iv) None 


= 


6. 
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Ga) ¢ ii) ¢ 

(a) No (ui) Yes 

{, {a}, {b}, tc}, td}, {a, b}, fa, cf, fa, d}, {b, c}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, 
{b, c, d}, , {a, c, d}, {a, b, c, d}}. 

It has 16 elements. 

sets {2, 3}, {2} and {5, 6}. 


a Practice Problems [C] 


1, A’={x:xe Randx2>2} 
B’ = {x :x € Rand x> 3} 
AU B= {x:xe Rand0<x <3} 
AOB={x:xe€ Rand1<x <2} 
A-B={x:xe Rand0O<x<l} 
2. G@) {1, 2, 3, 4, 5, 6} (ii) {1, 2, 3, 4,5, 6, 7, 8} 
(iii) {3, 4, 5, 6, 7, 8, 9, 10} 
3. Gi) {7,9, 11} (ii) 
(ui) {7,9, 11} (iv) {7, 9, 11} 
4. (i) {a,c} Gi) {f, g} 
(i) {b, d} 
5. 
=== 
(i) —S—= 
(iii) 
Vaw VW 
6. (i) {d,e, f, g, h} (ii) {a, b, c, h} 
8. A’ is the set of all equilateral triangles. 
9. False 
12 @ SUW Gi) T’ UW’ 
ai) (MUTUSY 
13. 25, 35 
14. qa) 52 (ii) 30 
15. 48,1 
16. 5, 2, 12, 60 


12. 
15. 
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| Practice Problems [D] 
1. 
2. 


x=2,y=1. 

A x B= £(2, 4), (2, 8), (2, 12), (4. 4), (4, 8), (4,12), (6.4 ), (6, 8), (6, 12)} 

B x A= { (, 2), (4, 4), (4. 6), (8, 2), (8, 4, (8, 6), (12, 2), (12, 4), (12, 6)} 

Both are true 

{1, 2, 3, 4, 5, 6}, {3, 43 

R is not reflexive, not symmetric, transitive 

S is not reflexive, symmetric, not transitive 

T is reflexive, not symmetric, not transitive 

Domain of R = £1, 2, 3, 4,....20} and Range of R = {39, 37, 35, 33, ..., 5, 3, 1}. 

All equivalence classes are as follows : 

{C1,1), 2.2), 3.3), (4.4.), GF (01.2), ZH (2D, (4.2)5540L3), UDF (ASDF (2.35: 
{GD}, {6.23 {GDF {6.535 t4D, 4D (4S). (OT (6.2)3, LO.3)3; tO.) F- 
(i) Neither reflexive nor symmetric nor transitive 

(ii) Neither reflexive nor symmetric but transitive 

(iii) Reflexive and transitive but not symmetric 

(iv) Reflexive, symmetric and transitive 

Neither reflexive nor symmetric nor transitive 


G@)  {1, 5, 93, Gi) {15 


a Practice Problems [E] 


1. 


(i) No. There is nothing assigned to the element b € A. (ii) No. Two elements, x and z, are 
assigned toc € A. (iil) Yes. 


(i) Yes, (ii) No, 

(iu) Yes (iv) No. 

Ga) No (ii) No 

(iu) Yes (iv) No 

G@)  g(5) = 10, Gi) gO) = 2, 
Gu) g(-2) = 0. 

g(x) = 2x - 1 

f (A) = {-2, 0, 18, 28, 108} 4 B. 

Yes 


_| 
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fi Ossective ExeRcIsES 


1. A 2x 3. C 4. A 5, C 
6. B 7. A 8. B 9. D 10. B 
11. C 12. B 13. B 14. C 15. B 
16. C 17. A 18. B 19. B 20. C 
21. B 22. B 23. B 24. B 25. C 
26. A 27. B 28. B 29. D 30. A 
31. C 32. D 33. D 34. A 35. A 
36. A 37. B 38. A 39. D 40. B 
41. C 42. C 43. B 44. D 45. A 
46. D 47. C 48. A 49. A 50. D 
51. A 52. A 53. B 54. A 55. C 
56. C 57. D 58. C 59. D 60. A 
61. A 62. C 63. C 64. B 65. B 
| Review Exercises 
1. [-2,-1] 2. {-1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 
41 
3. 2005. 4. 333 


5. There are infinitely many answers. Since ./2 < 1.5 and 1.7 < ./3 . We may take , say 1.6 of 
course, using the mentioned inequalities we may take also 1.61, 1.601, 1.52 etc. 


7. Since rT =0.1 and 0.111 < = we may take say 0.110100100001000000001... where there 


are 2k,k = 1, 2,....0's between consecutive 1's. Another approach can be taking ./2 — 1.314, 


since /2 — 1.314 < 0.1003. 


10 

99 

10. Ifthis number were rational, then eventually, it would be a repeating decimal, say, with period 
p. But we can then take a sufficiently large power of 2, larger than p, and so eventually, there 
would be more than p 0’s between 1’s, a contradiction. 


11, xe [2,3], 75) 3 


8. No solution 9, 


12. 


13. 


14. 
15. 


17. 
18. 
25. 
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AUB = {a, b, c, d, e, f, 1, 0, u}, A A B= fa, e}. 
A-B= {b, c, d, f}, B—A= {i, 0, u} 


20, 325 
(a) 20 (b) 30 
(c) 38 

(a) 50 (b) 40 


20 and 10 per 100,000 
[d.)D50.23°520;:239:56.9;50,5956, D0; 2, 2); G6, 3)] 


| TARGET EXERCISES 


2. 


4. 
= 
6 


60 ; 35 ; 13 and 22 3. 13.9% 
R is only reflexive ; S is only symmetric and T is only transitive . 
878,504 


R is neither reflexive nor symmetric nor transitive . 
D={x| xe N,x <20} 
R= 41.3.5) -unu , 39} 


20, 325 

(a) 50 (b) 10 
(c) 5 per cent 

45, 110 11. 33 
9 


(i) R,1s the only reflexive relation. 
(1) Ry, R; and R, are the only symmetric relations. 
(ii) All the relations are transitive. 
(11) [(2, 5)] = {(a, b): a+ 5 =b+2,a,be N} 
= {(a,a+3):ae N} = {1 4), (2, 5), G, 6), G4, 7)....} 
(11) R = {(1, 2)} and S = {Q, 3)}. 
{(b,b), (c,c), (c,b), (b,a)} 
RoR! = {(3, 3) G,5). (5,3), 6,5)}. 
T, is related to T3. 
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FUNCTIONS 


4.1 | INTRODUCTION 


LetAand B be twonon-empty sets. Then a function 
‘f ’ from set A to set B denoted as 
f:A>B 

y = f(x), xe A,yeB 
is arule which associates each element of set A to 
a unique (single) element of set B. 

Note that f : A > B is read as f is a function 
from A to B or f maps A to B. 

The symbol x, which represents an element 
in set A is called the independent variable, and 
the symbol y which represents the element 
corresponding to x is called the dependent 
variable. This nomenclature is based on the fact 
that the value of x can be arbitrarily chosen. Then 
y has a value, which depends upon the chosen 
value of x. y is called the value of the function at 
x or the image of x under f, and is denoted by f(x), 
read as ‘f of x’. 

The value f(x) of a function f at x is also called 
the output and x is called the input or argument. 


CHAPTER 


If a member ‘a’ of set A is associated to the 
member ‘b’ of set B, then *b’ is called the image 
of ‘a’ and we write b = f(a). Further ‘a’ is called a 
pre-image of ‘b’. 

Mathematically, the function is a_ special 
relation with two conditions: 

(i) For every x € A there is some y € B such 

that (x, y) € f. 


(ii) If (x, y,) € fand (x, y,) € f, theny, =y>. 
Thus, every function is a relation but every 
relation is not a function. Terms such as “map” 
(or mapping), “correspondence” are also used for 
functions. ‘ 

The symbol A ——  B can also be used to 
denote the function. 
Consider A = {—1, 0, 1} and B = {0, 1, 2}. 
Then A x B= {--1, 0), C1, 1, C1, 2), (0, 9), 

(0, 1), (, 2), C1, 9), C.D, CL. 2)5 

Now, “f : A > B defined by f(x) = x2” is the 
function such that f = {(-1, 1), (0, 0), (1, 1}. 
f can also be represented diagrammatically as 
follows: 
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We represent the two sets A and B by the interiors 
of two circles. The function f : A > B is repre- 
sented by means of a collection of arrows joining 
the points which represent the elements of A to 
points representing the corresponding elements 
of B. 


Consider another example: 

Let A= {a, b, c, d} and B = {t, x, y, z}. 

Let f: A— B be defined by the correspondence 
f(a) = y, f(b) = x, f(c) = z and f(d) =y. 


> 


By the definition of function, it is obvious that 
(i) every point in A is joined to some point in 
B by an arrow; 
(11) a point in A cannot be joined to two or more 
distinct points in B; 
(iii) two or more points in A may be joined to 
the same point in B; 


f 
< 
aa 
ra 


(iv) there may be some points in B which are 
not joined to any point in A. 


(v) f: A— Bis nota function if any element of 
A is associated with more than one element 
of B, or any element of A is not associated 
with any of the elements of B. 

For example, the following relations are not func- 
tions: 
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PEXAMPLE 4.1 If X = {a, b, c, d, e} and 


Y = {p. q, r, s, t} then which of the following 
subset(s) of X x Y is/are a function from X to Y. 


G) {@,1n (b, 1) ©, s) Gd, t) (, @ ©. a5 
Gi) {ar 0, p) C,H dg} 
(ili) {(a, p) &, t) ©, 1) d,s) ©, q)5 
Gv) (anNOnenGdnen} 


| SOLUTION We check for the two conditions 
of the function. 


(1) Since b has two outputs (images) namely r 
and s, it is not a function. 


(ii) Since e, an element of X, does not have any 
image, it is also not a function. 


(iii) Since every element of X has one and only 
one output, it is a function. 


(iv) Even if every element’s output is r, it is a 
function. 
In a relation from A to B an element of A may 
be related to more than one element in B. Also 
there may be some elements of A which may not 
be related to any element in B. But in a function 
from A to B each element of A must be associated 
to one and only one element of B. 
Let A= {1, 2, 3, 4}, B = {a, b, c}. 
Let R= {(1, a), (2, a), (G3, b), 4, b)}. 
Then R is a function from A to B. Obviously R 
is also a relation from A to B. But consider the 
subset S of A x B given by 
S = (1, a), (2, b), G, b), (4, b)}. 

Here S is a relation from A to B. But S is not a 
function from A to B. The obvious reason is that 
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the element 1 € A is associated to two different 
elements a andc ¢€ B. 

Here, set ‘A’ is called domain of f and set “B’ 
is called co-domain of f. If R is a relation from A 
to B then domain of R may be a subset of A. But 
if f is a function from A to B, then domain of f is 
equal to A. 

Domain of a function y = f(x) is the set of all 
values of x for which the function f is defined. 

If both the inputs and outputs of a function are 
real numbers, we shall call the function, a real 
function of a real variable or simply a real valued 
function. 

The domain of a real function is a subset of R 
such that f(x) is real. 

The domain of f is denoted as D; or Dom(f). 

Co-domain is a set of values of y which are 
likely to be the output values of the function 
y = f(x) under the given domain. 

It covers all output values of the function, 
though it may also contain some elements which 
are not involved in the mapping. 

Range is the set of all values of y which are the 
actual output values of the function y = f(x) under 
the given domain. It is denoted by f(A) or Ran(f), 
where A is the domain of the function. 

Mathematically, the set {f(a) : Va e A}, which 
is the set of all images of the function, is called 
the range of f. 

Note that range is a subset of co-domain 1.e. 
f(A) cB. 


Note 


Let f: X > Y be a function and let Ac X, 
Bc X. Then 


1. ACB= f(A) cf) 
2. f(AU B) = f(A) U f) 
3. (AB) f(A) 0 f(B) 
4. f(A) -£(B) c f(A-B) 


tEXAMPLE 4.2 Which of the following 


diagrams represents a function? 


Functions 


| SOLUTION 


(ii) and (iv). In (4) one element of domain has no 
image, while in (111) one element of domain has 
two images in co-domain. 


| EXAMPLE 4.3 Which of the following cor- 


respondences can be called a function ? 
(i) f: {-1,0,1} > {0, 1, 2,3}, f() =x° 
(ii) £: £0, 1,2} > {-2,-1, 0, 1, 2}, f(x) =+ Vx 
(iii) f : {0, 1, 4} > {-2, -1, 0, 1, 2}, f(x) = Vx 
(iv) f: {0,1,4} > {-2,-1,0, 1,2}, f@) =-VX. 


SOLUTION (x) in (iii) and (iv) are functions 
as definition of function is satisfied. 

In case of (i) the given correspondence is not a 
function, as f(—1) ¢ co-domain. Hence definition 
of function is not satisfied. 

In case of (ii), the given relation is not a 
function, as f(1) = + 1 and f(4) =+ 2 1.e. element 
1 as well as 4 in domain are related with two 
elements of co-domain. Hence, the definition of 
function is not satisfied. 


-EXAMPLE 44 Decide whether or not 


the following are functions from A to B where 
A= {1, 2, 3, 4, 5} and B = {a, b, c, d, e}. If they 
are functions, give the range of each. If they are 
not, explain why ? 
Gi) f= {C1 a), Q, b), G, b), G, e)}. 
Gi) g={(1,e), (5, d), G,a), (2, b), (1, d), (4, a)}. 
(ii) h= {(5, a), (1, e), (4, b), G, c), (2, df. 
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PSOLUTION (i) Since the element 4 € A is 


not associated to any element € B, therefore f is 
not a function from A to B. 
(ii) The element t € A is associated to two dif- 


ferent elements e and d € B. Therefore g is 
not a function from A to B. 


(111) Each element of A is associated to a unique 
element of B. Therefore h is a function 
from A — B. The range of h is the set of 
the h-images of all elements of A. So range 
of h is h(A) = {a, e, b, c, d} = B. 


*EXAMPLE 4.5 LetA={1,2,4}andB= {1,3}. 


Let yw = {(x, y): x + y 1s an even number, x € A, y 
€ B}. Does w represent a function ? 


PSOLUTION We find all possible ordered 


pairs such that the sum of abscissa and ordinate 
is even. 


y= td, D, C, 3)5 


< - 
Ss 


ae 


From the mapping it is clear that y is a relation 
but not a function. 


&> 


Any complete description of a function must in- 
clude a description of its domain. Sometimes, a 
function is stated compactly as “y = f (x)” without 
stating its domain and co-domain. 

In such a case, the domain of f is the set of all 
real values of x for which the expression f (x) 
produces a finite real number ; and the co-domain 
is considered as R. 

For example, the domain of the function f 
defined by 


aye ee 
a GeO) 
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is assumed to be the entire set of real numbers 
with the exception of — 1 and 2. 

The domain of a function should be sought 
for using the basic properties of the elementary 
functions. 


(1) Expressions like 1/0 and 0/0 are inadmis- 
sible. These have no meaning. 


If a function has the rational form p(x)/q(x), 


then denominator q(x) # 0. 
2 


or ~ fails to 
x—1 X — 
give a definite value when x = 1. 
(ii) An even root 2a (n = 1, 2, ....) is only de- 
fined for non-negative values of x. Hence, 
an expression under even root should be 


non-negative. For example, the function 


/(x* + 3x — 2) isreal when x?+3x—2>0. 


(111) The expression under even root in the de- 
nominator of a function should be a posi- 
tive number. For example the function 


] 
(x? + 3x — 2) 


0. Note that zero value of expression is not 
permitted in the denominator. 


An expression like 


is real when x” + 3x —2> 


(iv) Logarithm log,x is only defined for posi- 
tive values of x and for bases a> 0,a # 1. 
(v) The inverse trigonometric functions sin ‘x 


and cos ‘x are only defined for -1 <x <1. 
sec x and cosec ‘x are defined for x <—1 


and x > 1. 
| EXAMPLE 4.6 Find the domain and range of 
f(x) =2+ V¥x-l. 


SOLUTION For 2 + Vx—1 to be meaning- 


ful, the square root of x — 1 must make sense; that 
is, x — 1 must not be negative. Thus the domain 
consists of all numbers x such that x — 1 > 0 
or, equivalently, x > 1. 

That is, the domain is the interval [1, °°). 

As x varies from 1 to larger numbers, f(x) 
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increases from f(1)=2+ V1-—1 to arbitrarily large 
values. Thus the range of f consists of all numbers 
greater than or equal to 2, that is, the interval [2, ©). 


Graph of Function 


In the case of function whose domain is a subset 
of the set of real numbers and the range is the set 
of real numbers, we can represent it by a graph in 
R’, the Cartesian product of R with itself, which 
is often called the Euclidean plane. Indeed, as the 
function is a collection of ordered pairs, the col- 
lection of {(x, y) € f: x, y € R} is a set of points 
in the plane R”. 

We recall that once we fix the coordinate axes, a 
point in the plane can be represented by an ordered 
pair of real numbers and conversely, every ordered 
pair of real numbers represents a point on the 
plane. Thus, if we have a function with domain 
and range as subsets of the set of real numbers, 
then the function corresponds to a set of points 
in the plane, the domain of the function being a 
subset of the abscissa and the range a subset of 
the ordinate. This collection of points {(x, y) € f: 
x, y € R}, which is simply the relation defining f, 
is called the graph of the function f. 

By the definition of the graph of a function, the x- 
axis contains the set of inputs and y-axis has the 
set of outputs. The domain of a functional curve is 
the “shadow” of the graph on the x-axis, and the 
range is the “shadow” of the graph on the y-axis. 
IC AUTION One should notice that the two 
[—— different functions: 

f:ROR, f(x) =x’ and g: R > [0, ©), g(x) = 
x’ possess the same graph. It is then difficult to 
recover all the information about a function from 
its graph, in particular, it is impossible to recover 
its co-domain. 

Not every curve is the graph of a function. For 
instance, the curve in Figure 1 is not the graph of a 
function. The reason is that a function assigns to a 
given input, a single number as the output. A line 


Functions 


parallel to the y axis therefore meets the graph of 
a function in atmost one point. This observation 
provides a visual test for deciding whether a curve 
in a plane is the graph of a function y = f(x). 

If some line parallel to the y axis meets the 
curve more than once, then the curve is not the 
graph of a function. Otherwise it is the graph of 
a function. We will call this the vertical line test 
for a function. The curve in Figure 2 is the graph 
of a function. 


Not the graph of a function 


Graph of a function 


Figure 1 Figure 2 


| EXAMPLE 4.7 Graph the function 


f(x) = 1/(1 + x’). 


| SOLUTION Since 1 + x” is never 0, the do- 


main of the function consists of the entire x axis. Let 
us pick a few convenient inputs x and calculate the 
corresponding outputs, as shown in the table : 


For any x, x? >0,so1+x?>1 and sak 
1+x 


Since x appears only to an even power, the graph 
is symmetric with respect to the y axis; there is 
no need to evaluate the function for negative x. 
Plotting the four calculated points suggests the 
general shape of the graph. (See Fig.). When |x| is 
large, y= 1/1 + x’) is small. This means that for 
large |x| the graph approaches the x axis. 


Note that the range of the function consists of all 
positive numbers less than or equal to 1. 


| EXAMPLE 4.8 The function f(x) is defined 


as follows : on each of the intervalsn <x <n+1, 
where n is a positive integer, f(x) varies linearly 
and f(n) = -1, 


1 
f [1 =F >| = 0. Draw the graph of the function. 


| SOLUTION f(x) =ax+b,1<x<2 


f(n) =an+b 
f)=2x1+b 
-l=an+b 
-l1=2+b 
=-3 
f(n + 1/2) = a(n + 1/2) +b 
0=a(1+1/2)+b 
0 = a(3/2) —3 
a= 2. 
Hence, f(x) = 2x -3,1<x<2 
Similarly, we can define fin other intervals. 
The graph of f is shown below: 


mre) 
(2) 


[using (1)] 


—] 
PEXAMPLE 49 Letf:R>R,f(x)= - ~ Find 
£(0) + f(1) + (2) andf00+14+2)? ~*~ 
Is there a real solution to the equation f(x) = — ? 
xX 


Is there a real soluttion to the equation f(x) = x ? 


Functions and Graphs for JEE Main & Advanced 


Telegram @unacademyplusdiscounts 


| SOLUTION We have 


0-1 1-1 

f(0) + £1) + £2) = ——+ 
eee a 0741 41 
ae eee 
x > 


Also, f(0+1+2) 


3-1 1 
£3) = =— 
oe 3741 5 
Clearly then f(0) + fC) + £2) # £0 + 1+ 2) 


Now, 
Also, 


1 
f(x) = — > x’-x=x*+1>x=-l 
xX 


f(x) =x—>x-l=x°+x>x=-l. 


1+ 
PEXAMPLE 4.40 If f(x) = aa show that 
—xX 


f(x)f£(x*) 1 
I+[f(x)P 2 


1+x? 1+x? 
PSOLUTION (x)= 


1x2 (1+x)(1—x) 
Therefore, 


1+x (1+x*) 
f(x)£(x*) | t 7 (1+ x)(l—x) 
1+[f(x)] (l+xy’ 
(1— x)’ 


l= 


1+x? 

(1- x)? 
(l—x)?+(1+xy’ 

(l- x)? 


1+x? 
__ (=x 
(l— x)? +(1+ x)’ 
(1- x)’ 


l+x? 1 


242x2 2 


EXAMPLE 4.11 If f(x) = cos{log(x)}, then 


prove that 
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f(xy) +f (=| = 2£(x)f(y). 
y 


* SOLUTION Here, we evaluate each term of 


the left hand side of the equation separately and 
then combine the result. 


f(xy) =cos{log.(xy)} = cos(log.x + log.y) 

f (= =cos {log, (=| } = cos (log.x — log.y) 
y y 

Substituting in the LHS expression, we have : 


(f(xy) + (=) }= cos(log,x + log.y) 
+ cos (log.x — log.y) 


F) 


= log, :) 


We know that : 


cos C + cos D=2 cos (<<) cos 


Now, {f(xy) + (=) i 


= 2cos (“es xX + log. bd + log, x 
2 
oe [ ABest ee ye Ate) 
2 
= 2cos (log,x) cos (log.y) 


Hence, {f(xy) + (=) ’ 


= 2cos(log.x) cos (log.y) = 2f(x) f(y). 


? EXAMPLE 4.12 Letf: Dom (ff) > Rbea 


function f is said to have a fixed point at te Dom 


(f) if f(t) = t. 
Let f : [0, 0) > R, f(x) = x° — 2x° + 2x. Find all 
fixed points of f. 


| SOLUTION We must look for all x € Dom 


(f) such that f(x) = x. Thus 
f(x)=x = x°?-2x°+2x=x 
=> x°-2x?+x=0 
= x(x’ — 2x” + 1)=0 
= x(x*- 1)’=0 
= x(x + 1)°(x- 1)? =0 


Functions 


The solutions to this last equation are {—1, 0, 1}. 
Since —1 ¢ Dom (f), the only fixed points of x are 
x =Oandx =1. 


-EXAMPLE 413 f:R -—- Ris a function 


satisfying 
f(3) = 2 and f(x + 3) = f(3)f(x). Find fC3). 


| SOLUTION Since we are interested in f(-3), 


we first put x = —3 in the relation, obtaining f(0) 
= {(3)f(-3). 


Thus we must also know f(0) in order to find 
f(-3). 
Letting x = 0 in the relation, 


£(3) = £(3)f(0) 
= £(3) = f(3)£(3)f(-3) 
= 2=4f(-3) > f(-3) = — 


A estan error is to assume that 
IK CAUTION f(2 + 3) is somehow related to 
{(2) + f(3). For most functions there is no relation 
between the two numbers. In the case of the func- 
tion f(x) = x’, f(2) + £) = 27+ 3° =4+9 = 13, but, 
f(2 + 3) = f(5) = 25. 


EXAMPLE 4.14 Find f(x), iff(x—1)=(x?-1). 


| SOLUTION We have to evaluate the function 
for “x”, 
We need to replace “x — 1” in the given equa- 
tion to find “f(x)”. The right hand side expres- 
sion, however, does not contain the term “x — 1”. 
We, therefore, need to find the term, which will 
replace “x”. Clearly if “x” replaces “x — 1”, then 
“x + 1” will replace “x —1+ 1 =x” 
Thus, we need to replace “x” by “x + 1” 
=> f(x+1—-1l)=(k+1)?-1=x?+2x+1-1 
* f(x) =x’ + 2x. 


| EXAMPLE 4.15 [Let f bea function such that 


=x for allx> 0. Find the value of f (4). 


( : 
l+vx 
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SOLUTION Weare looking for x such that 


8 
4= . Then f (4) =x. 
Vit vx 
8 


4 = => Vit¢vx =2 
V1+ Vx 
=>1lt+tvx=4 = Vvx=3 = x=9 


Therefore f (4) = 9. 


| EXAMPLE 4.16 Consider the function g(x) 


defined as 
g(x)-(x"- -1) = @& + DO? + Dat +D 
2 (2 4) -1 
Find the value of g (2). 


| SOLUTION R.HS. 


(x-I 
_ PDO? HD(R HD eeee(2? $1 ; 
(x-I) 
(x? — 1x? $1)... (27D ; 
(x —]) 

: _ 1) ; 

(x-]) 
Hence a(x)-(xXn == 1 = (x? -) = | 

(x -1) 


- (2): (20 _ 1 a oe _ 1) _ 1 


| Qe _2) : 
2 ae 


=> g(2)=2. 


| EXAMPLE 4.17 A function f is defined for 


all positive integers and satisfies 
f(1) = 2005 and f(1) + f(2) + .... + f(n) = n’f(n) 
for all n> 1. Find the value of f(2004) . 
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| SOLUTION We have 4f(2) = f(1) + f(2) 


=> f(2) = 1) = 2) 
3 1+2 

Now, 9f(3) = f(1) + f(2)+ fG) 

8f(3) = a) 

3 

= {(3) = 1D = PW) and so on 
6 14+2+3 

f(2004) = 2 


14.24+3+...4+2004 
(2005)x2 1 


~ 3005x2004 1002. 


| EXAMPLE 4.18 Let f satisfy f(n + 1) 


= (-1)"*! n — 2f(m), n > 1. If £(1) = £(1001) find 
f(1) + f(2) + £3) + ... + £1000). 


| SOLUTION We have 


f(2) = (-1)?1 — 2£(1) = 1 — 2£(1) 
f(3) = (-1)°2 — 2£(2) = -2 — 2£(2) 
f(4) = (-1)43 — 2£(3) = 3 — 2£(3) 
f(5) = (-1)°4 — 2£(4) = 4 — 2£(4) 


£1999) =(-1)?7998 —2£(998) = -998 — 2£(998) 
£(1000) = -1)'°°999 -2£(999) = 999 — 2£(999) 
£(1001) = -1)'°°!1000 —2£(1000) 
= —1000 — 2£(1000) 
Adding columnwise, 
f(2) + £(3) + ...+ £1001) = 1-2 +3-...+.999 
— 1000 — 2[(f(1) + f(2) + ... + £(1000)]. 
This gives 
2f(1) + 3[(f(2) + £G) +.... + £11000) + £11001)] 
= 500 
Since f(1) = f(1001) we have 2f(1) + f(1001) 
= 3f(1), therefore 


f(1) + £(2) + ... + £(1000) = = | 
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a CONCEPT PROBLEMS [A] 


1. 


If A= {1, 2, 3} and B = {a, b, c}, then does 
(i) {CU a), Q, b), @, c), G, c)} and (ii) {(2, b), G, b)} 


represent a function from A to B ? 


Which curves are the graphs of functions and which are not ? 


paNa 


. Which curves are the graphs of functions and which are not ? 


Represent all possible functions defined from {a, B} to £1, 2}. 


5. Find functions from the following function(s) whose domain and range are same ? 


() = Vi-x?, Gi) a= —, 
(iii) h(x) = Vx, (iv) j(x) = V4-x 
If f(x) = V1+x? then show that f(xy) < f(x). f(y). 
Consider the function f : R-{0} > R, f(x) = - . Which of the following statements are always true? 


(i) (2) = Ao (ii) f(a +b) = f(a) + f(b) 


(iii) f(a’) = £@)’. 


. Which of the following are functions : 


G) f={(K,y):y=x+lxeN,ye W} 
Gi) f= {(,y):y=x-2,xe N,ye W} 
Gii) f={(x,y):y°=xt+lxeN,ye R} 
Let A= {x:1<x<4} and B= {y: l1<y <3} 
Define y = {(x,y) :y=x+1,xe A,ye B}. 


Plot y on the x-y plane and determine whether it represent a function ? 
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PRACTICE PROBLEMS [A] 


10. Iff: RR satisfying the conditions 
£(0) = 1, f(1) = 2 and f(x + 2) = 2f (x) + f(x + 1), then find f(6). 

11. fis a function for which f(1)=1 and f(n)=n + f(n— 1) for each natural number n > 2. Find the value 
of (100). 


12. The function f(x) defined on the real numbers has the property that 
f(f(x)) . 1 + f(x) —f (x) = 0 for all x in the domain of f. If the number 2 is in the domain and range 
of f, then find the value of f (2). 
13. For which of the following functions is f(a + b) equal to f(a) + f(b) for all positive numbers a and b ? 
(a) f(x) =x? (b) f(x) =3x 
(c) f(x) =—4x (d) f(x) = vx 
(e) f(x)=2x+1 
14. For which of the following functions is f(ab) equal to f(a)f(b) for all positive numbers a and b ? 
(a) f(x) =3x (b) f(x)= x? 
(c) f(x) = 1/x (d) f(x) = Vx 
(ec) f(x)=xt+1 
15. Let f have as its domain the set of all integers. Assume that f(x + y) = f(x) + f(y) for all integers x 
and y, and f(1) =3. 
(a) Show that f(2) = 6 (b) Show that f(0) =0 
(c) What can you say about f(—1) ? (d) Find a possible formula for f. 
16. In each of these give three examples of numerical functions f that meet the given condition. 
(i) f(—x) = 1/f(x) for all numbers x 
(ii) f(x + 1) = 2f(x) for all numbers x 
(iii) f(xy) = f(x) f(y) for all numbers x and y 
(iv) f(xy) = f(x) + f(y) for all positive numbers x and y. 


17. A is a point on the circumference of a circle. AB and AC divide the area of the circle 
into three equal parts. If the angle BAC is the root of the equation, f (x) = 0 then find f (x). 


4.2 | REPRESENTATION OF For example, the following table represents y as 
FUNCTIONS a function of x. 
x 1 2 3 4 
y 1 0 4 6 


1. Tabular representation 


A function can also be thought of asatablecon- 2. Ordered pair representation 
sisting of two rows. one row for inputs and one 
row for outputs There may be repetitions in the 
outputs but not in the inputs. 


A function from A to B can be represented as a 
collection of ordered pairs. 
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For example, let A = {1, 3, 5} and B = {2, 4, 8} 
and f= {(1, 4), (3, 2), (5, 8)}. 


3. Mapping 


We are already familiar with the diagrammatic 
representation of functions. For example, the fol- 
lowing diagram represents a function. 


4. Analytical representation 


If a function can be represented by a formula, we 
call it an analytical representation. 

f:A—>B, y = f(x) 

For example, f: R > R, f(x) = x + sin x. 
The advantage of analytical representation is the 
compactness and the possibility of evaluating f(x) 
for any value of x in the domain. This is the most 
effective way of representation ofa function which 
allows application of techniques of calculus. 

Most of the functions encountered at a basic 
level are defined by means of a single equation. 

For example, h(x) = x +3. 

It is a mistake, however, to assume that this is 
always true. The function f given by f(x) 


x7 +] if x 20, 
_~ if x<0, 
4 


requires two equations for its definition. 
Hence, the analytical representation may use 
a single (uniform) definition or piece-wise 
definition. 
For example, f(x) = 


x? +] 

has a single formula for the complete domain. 

A piece-wise defined function has different ana- 
lytical expressions (formulae) on different parts 
of its domain. 


Functions 


For example, f : (0,5) ~ R 


2 
f(x) = x°-1, O< x<l 
x+l, 1<x<5 


is a piece-wise defined function. 
In a piece-wise defined function, the domain 
is union of the subintervals. To evaluate the 
function at a particular value of x, we choose the 
appropriate formula. 
For instance, in the above function 

f(0) = 0?-1=-1 

f{(2)=2+7=3 
The variable used in an analytical representation 
may be continuous or discrete. The previous 
example use a continuous variable. 

Now consider the factorial function whose 
variable is discrete. For every positive integer n, 
we define 

f(n) =n! = 1.2.3 .....n and forn = 0, n! = 1. 

Here, the domain of f is the set of whole 
numbers. 

Analytical representation may use either 

explicit form of representation or implicit form of 
representation. 
Generally we deal with functions in which the 
dependent variable y is explicitly related to 
independent variable x. Such functions are called 
explicit function. 

A function is an explicit function, if its depen- 
dent variable is expressed in terms of the indepen- 
dent variable only. For example, 

y=x' +1, y =x’ +cosx. 
Here, y is expressed directly in terms of x. 
On the other hand, there are functions in which y 
is not explicitly related to x. Such functions are 
called implicit functions. 

A function is an implicit function, if it is de- 
fined by an equation not solved for the dependent 
variable. For example, 

x+y> =x’, xy =sin (x+y). 
Here, y is not directly expressed in terms of x. 
However, in some cases, an implicit function can 
be converted into an explicit function. 
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For example, x + y° = x” can be expressed as 


y= Vx? —x, 
Sometimes, the conversion can change the 
domain. But we must consider the domain of the 
original expression. 
For example, when we change 


log, x + log, y = 1 as follows . () 
= log, xy =1 
=> xy=2 => y= =, ... (2) 
xX 


we perceive that the domain is x € R — {0}. 
But from (1), we notice that x must be positive. 
Hence, when we use (2) we consider the domain as 

x € (0, 9). 
Some of the implicit equations donot represent 
functions. For example, the equation x” + y” = 1 
represents a circle, since when it is solved for y, 
we get 

y=+ vl- x? : 
which gives two values of y for a given value of x. 
Now consider, X = {x: x>0}, Y= {y :y © R} and 
the rule y” = x. Here also, the rule gives two val- 
ues of y for each x > 0,1e. y = Vx andy =—- vx 
However, we can define two functions here : 

f, = {(xy):y = Vx,x>0,} 
and = f, = {(x,y) :y =-Vx, x>0,} 
The union of these two sets, 1.e. 

{(xy) :y =#Vx, x2 0,} 
is not a function but a relation since it gives more 
than one value of y corresponding to any x. Such 


a relation is sometimes called a multi-valued 
function. 


| EXAMPLE 4.1 Represent e* — e ” = 2x as an 


explicit function of x. 


1 
SOLUTION e’-e Y=2x or e- = = 2x 


or e?Y —2xeY -1=0 “ 
Je 2x+V4x?4+4 
2 


or e=x+ vVx?-1 
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e* is a positive quantity, 


e=x+ vx741 
y Ine=In (x +vx? +1} 


y=In (x +x? +1), 
| EXAMPLE 4.2 An open-top box is made 


from a 6 x 8 rectangular piece of cardboard by 
cutting out a square of side x from each of the 
four corners, and then folding the sides up. Find a 
formula for the volume V of the box as a function 
of x, and find the domain of this function. 


| SOLUTION Here the box we get will have 


height x and rectangular base of dimensions 

6 — 2x by 8 — 2x. Thus, 

V = f(x) = x(6 — 2x) (8 — 2x). 
Here V is the variable that depends on x, 1.e., V is 
playing the role of y. 
This formula makes mathematical sense for any 
x, but in the story problem the domain is much 
less. In the first place, x must be positive. In the 
second place, it must be less than half the length 
of either of the sides of the cardboard. Thus, the 
domain is 


0O<x< ° (minimum of 6 and 8). 


Ininterval notation, the domain is the interval (0,3). 


5. Graphical representation 


A function y = f(x) can be represented in the form 
of a graph, where each point (x, y) on the graph 
represents an input x and the corresponding out- 
put y of the function. The use of graph gives a 
visual representation and shows the character of 
variation of the function. 
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x°+1 ifx> 0, 
The graph of f(x) = x is shown 
—-— if x<0, 
in the figure. 2 


Consider the prime-number function. For any 
x > 0, let =(x) be the number of primes less than 
or equal to x. The domain of 7 is the set of posi- 
tive real numbers. Its range is the set of nonega- 
tive integers {0, 1, 2, ....}. 

We do not have an analytical form of representa- 
tion for this function. A portion of the graph of 
7(x) is Shown below. It helps us in understanding 
the function. 


As x increases, the function 1(x) remains constant 
until x reaches a prime, at which point the function 
value jumps by 1. Therefore the graph of 1 consists 
of horizontal line segments. This is an example of 
a Class of functions called step functions. 
Another function, which is so wild that it is 
impossible to draw its graph, is the following : 


xX 
g(x) = 


1 if x is irrational 


if x is rational, 


6. Parametric representation 


If a functional relationship between two variables 
is specified so that each variable is determined 


Functions 


separately as a function of one auxiliary variable 
we say that this functional relationship is 
represented parametrically, and call the auxiliary 
variable a parameter. 
Given two equations : 

x = O(t) 

y= w(t) 
where t assumes values that lie in the interval [T,, 
T,]. To each value of t there correspond values 
of x and y (the functions @ and yw are assumed 
to be single-valued). If one regards the values of 
x and y as coordinates of a point in a coordinate 
xy-plane, then to each value of t there will cor- 
respond a definite point in the plane. And when t 
varies from T, to T,, this will describe a certain 
curve. 

Equations (1) are called parametric equations 
of this curve, t is the parameter, and the curve is 
represented parametrically by equations (1). 

The determination of the direct relationship 
between the variables x and y (not involving the 
parameter t) from the equations (1), is referred 
to as the elimination of the parameter. This re- 
sults in an equation connecting x and y which 
specifies one of the variables as a function of the 
other. 

Let us assume that the function x = g(t) has an 
inverse, t = o(x). Then, obviously, y is a function 
of x, 


() 


y = y[(o(x)] ...(2) 
Thus, equations (1) define y as a function of x, 
and we say that the function y of x is represented 
parametrically. 


x=t-l 

For example, ; teR 
y=2t+l 

represents the straight line y = 2(x + 1) + 1, 


Le. y =2x +3. 

Let us plot the function y = f(x) where 
x = cos8, 
y = cos20, 0 <0 < 2m. 

We have y = 2cos’0- 1 

=> y=2x’-1, -l<x<l 
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A parametric specification of a function (or of 
a curve) is sometimes more convenient than 
other ways of representing the function because 
parametric equations expressing a complicated 
relationship between x and y may be considerably 
simpler than the original equation. 
It should be noted that if at least one of the 
functions in system is constant it is impossible 
to eliminate the parameter t to obtain a function 
y = f(x). For instance, the equations x = 1, 
y = sin t donot provide a functional relationship 
between x and y. Here the points with coordinates 
x and y corresponding to different values of t 
lie on the line segment x = 1 joining the points 
(1, — 1) and (1, 1). 
Let us check that the equations 
2t 1-t? 

i ee 
specify parametrically the circle x? + y? =a”. 
Squaring both equations and adding them together 
we receive x* ty” =a’. 
The geometric significance of the parameter t in 
the above equations is as follows. 
When the parameter t ranges from 0 to © the 
variable point traverses the upper semicircle from 
the point (a, 0) to the point (—a, 0), and if t varies 
from 0 to — co it describes the lower semicircle. 
Hence, if t continuously varies from — 9 to © the 
moving point makes one circuit over the circle 
traversing it counterclockwise, the initial point 
being (a, 0). 
Parametric representation of curves is widely 
used in mechanics. If in the xy-plane there is a 
certain object in motion and if we know the laws 
of motion of the projections of this point on the 
coordinate axes, then 


y~a 
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x = O(t) 3) 
y= W(t) - 
where the parameter t is the time. Then equations 
(3) are parametric equations of the trajectory of 
the moving object. Eliminating from these equa- 
tions the parameter t, we get the equation of the 

trajectory in the form y = f(x) or F(x, y) = 0. 
Consider some examples of curves in parametric 
form. 


(i) Given a circle with centre at the origin and 
radius r. 
Denote by t the angle formed by the x—axis and 
the radius at some point M (x,y) of the circle. 


Then the coordinates of point M on the circle is 
expressed in terms of the parameter t as follows : 


x =rcost 
re as es: 

y=rsint 

These are the parametric equations of the circle. 
If we eliminate the parameter t from these equa- 
tions, we will have an equation of the circle con- 
taining only x and y. Squaring the parametric 
equations and adding, we get 


; ee: 
x? + y’ = r’(cos’t 5 sin*t) or x’+ y =r’. 


(11) Given the equation of the ellipse 
> 2 

X 

~+5=1 A) 

a” ob 
Set x =a cost 
Putting this expression into equation (1) and 
performing the necessary manipulations, we get 

y = b sint 

x =acost 


The equations 


: }ostsan 
y = bsint 


are the parametric equations of the ellipse. 
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(iii) The equations 


x =a(t-—sint) 
,O<t<2n 
y = a(1-cost) 
Y 
O 2ma X 


are the parametric equations of the cycloid. As t 
varies between 0 and 27, the point will describe 
one arch of the cycloid. 
Eliminating the parameter t from the latter equa- 
tions, we get x as a function of y directly. 
In the interval 0 <t <7, the function y = a(1 - 
cost) has an inverse: 

t=cos! cae 
Substituting the expression for t into the first of 
equations, we get 


_4yan- . _jan- 
a a 


a- 
or x=cos! Pf /2ay — y” when 0 <x < fa. 
a 


Examining the figure we note that when ma < x 
<2ta 


Functions 


It is noted that the function 

x = a(t — sint) 
has an inverse, but it is not expressible in terms 
of elementary functions. And so the function y 
= f(x) is not expressible in terms of elementary 
functions either. 


& 


The cycloid clearly shows that in certain cases it 
is more convenient to use the parametric equa- 
tions for studying functions and curves than the 
direct relationship of y and x (y as a function of x 
or x as a function of y). 

(iv) The astroid is a curve represented by the 


following parametric equations : 
x =acos’t 
3 ~:OSts2n 
y =asin’ t 
Raising the terms of both equations to the power 


2/3 and adding, we get the following relationship 
a @ 8 


between x andy : x3 +y3 =a3(cos*t+sin’ t) 


x= 2na-( aces! =—¥— sfoay—y? J. S = -£ 
a or x3 +y%=a?. 


a PRACTICE PROBLEMS [B} 


1. Which of the following represent functions? 


@) y= Vx (ii) x? + 4y?=4 
2x+3 x20 

(iii) x°+y*=landy>0 (iv) y=4 x? A 
3° x <0 


2. In the figure, BC = b and AH = h where AH Ll BC. If 
EF = x where EF 1 BC then express the area and pe- 
rimeter of the rectangle DEFG as _ functions of x. 


3. Give an algebraic formula for the following function For 0 < x < 4, 
f(x) is the length of the path from A to B to C. B GH F o 
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A 


f(x) = length of 
path ABC 


/<«———___——_ 4 —__—___ > 


4. Draw the graph of the following functions: 


a roy | if |x > 0, i anf rey 
2 if x =0, —-x°-1 if x<0, 
5. Draw the graph of the following functions: 
-x-l x<-l x*-] , x<-l 
(i) f(x)=4x?-1 -1<x<l (ii) f(xy=4x? , -1Sx<1 
2x-1 x>l 2-x*, 1<x<2 


6. Define the following functions analytically: 


7. Which of the following equations represent a function ? 
(a) |x| +ly|=1 (b) [xty|=l 
(c) ly|=x° +sinx dd) y=|x[?-x 
8. Find the explicit form of the following functions : 
(a) log) xt logy, (y+ 1) =4 
(by) 2**¥ (x?-2)=x?-8 
(c) y*=16x—8y. Also find their domains. 
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9. Consider the functions defined by the following equations. In each case obtain y as an explicit 
function of x, and state for what values of x it is defined. 


(a) y?-2y-x’=0,y>1 


(b) y?-2y+x?=0,y <1. 


10. Give an example of an algebraic function which cannot be expressed in an explicit algebraical 


form. 


4.3 | ALGEBRA OF FUNCTIONS 


Equal/ Identical functions 


Two functions are equal, if each ordered pair in 
one of the two functions is present in the other 
function. 

The very concept of “equal” or “identical” 
functions indicates that there is more than one 
way to represent a function. In other words, the 
question of equality of two functions arises when 
two function forms yield same values. There 
are few such occurrences in mathematics. This 
arises primarily because we have alternate ways 
to represent a mathematical entity. Consider, 
for example, modulus function. There are two 
equivalent expressions : 

f(x) = |x| 


g(x) = Vx? 


These two function forms yield the same values 
for all real values of x. As such, these two func- 
tions f(x) and g(x) are equal functions. On the 
other hand, there are equivalent forms, which 
represent equal values but not for all values of x 
in the domains. Consider, for example, 

f(x) = 2log.x 

g(x) = log,x’ 
The logarithmic function f(x) is defined for x > 0. 
This means its domain is (0, c°). For logarithmic 
function, g(x), x’> 0. 
This inequality is true for all values of x except 
x = 0. It means domain of g(x) is R-{0}. Clearly, 
the domains of two the functions are not equal. 
For a value x = -l, g(x) yields a value while 
f(x) is not defined for this value of x. The two 
equations, therefore, are not equal. However, the 


two fnctions are equal if we limit our consideration 
for domain, limited to the intersection of two 
domains. Hence, 
f(x) = g(x) when x € (0, ©) 

There is yet another possibility. Two equivalents 
forms have same domains, but yield different set 
of values. In such case also, the two functions are 
not equal. Consider the example given below. 


| EXAMPLE 4.1 Determine whether f(x) and 


g(x) are identical functions ? 


f(x)=x, g(x)= Vx? 


| SOLUTION Here, f(x) is defined for all val- 


ues of x and its domain is R. On the other hand, 
domain of g(x) is also R as square of x is always 
non-negative. However, square root of a number 
is non-negative. Therefore, two function forms are 
not equivalent as f(x) is any real number, whereas 
is g(x) iS non-negative and is a subset of R. Thus, 
range of f(x) is R and range of g(x) is (0, °°). Clear- 
ly, the two given functions are not equal. In the 
nutshell, two equivalent function forms are equal 
if their domain and function values are equal. 


Definition 
Two functions f(x) and g(x) are equal functions, if: 
(i) Domain of f (x) = Domain of g(x) = X. 
(ii) f(x) = g(x) for all x € X. 
Since the second condition means that values of 
functions are equal for every x in the domain, it 
is guaranteed that the range of the two functions 
are equal. 
Range of f (x) = Range of g(x) = Y. 
The graphs of f and g are found to be completely 
overlapping each other. 
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For example, f(x) = In x* and g(x) = 2 In |x| are 
identical functions. 

Further, we can visualize equality of two func- 
tions in a negative context. If there exists some x 
such that f(x) # g(x), then the two functions are 
not equal. We state this symbolically as : 

If f(x) # g(x); thenf# g. 

It is clear that equality of functions, however, do 
not require that co-domains be equal. 


| EXAMPLE 4.2 Determine whether f(x) and 


g(x) are identical functions. 
X l 
f=. a=. 
».¢ XxX 
| SOLUTION The two functions are identical 
as f(x) is reduced to g(x) on simplification. Now, 
the expression of f(x) is defined for all values of 
x except x = 0. Thus, domain of f(x) is R-{0}. On 
the other hand, domain of reciprocal function g(x) is 
also R-{0}. Clearly, two given functions are equal. 


tEXAMPLE 4.3 Determine whether f(x) and 


g(x) are identical functions. 
f(x) = log.x — log. (x’ + 1) 


xX 
st) = 08 (=) 


| SOLUTION The two functions are identical 


as f(x) is changed to g(x) and vice versa on 

simplifi-cation. Now, f(x) is defined for 
x>Oandx*+1>0 

But x’ is always positive. Hence, the domain of f(x) 

is (0, cc). On the other hand, g(x) is defined for : 


>O0>x>0 


1+x? 


Thus, domain of g(x) is also (0, °°). Hence, the 
two functions are identical. 


| EXAMPLE 4.4 Examine whether the 


following pair of functions are identical or not : 
2 
' Xv, 
(i) f(x) = — (sin’x + cos’x) and 
X 


g(x) = x(sec”x — tan’x). 
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(Gi) A= {1,2}, B= {10, 13}, f: A> B, 
f(x) =x’ +9 and g: A—B, g(x) =3x+ 7. 


| SOLUTION 


(i) No, as domains are not same. 


Domain of f(x) is R— {0} while that of g(x) 
is 


R- {(20+)=snel] 


(ii) f = g because domains of both f and g are 
same and f(1) = 10 = g(1) and f(2) = 13 = 
g(2). 


| EXAMPLE 4.5 Over what domain 


f(x) = sin ‘x and 


g(x) =-cos’ V1—x’ are identical ? 


| SOLUTION Note that the domain of both the 
functions are -1 <x <1 
— cos! 1-x?, 0<x<1 
Wehavef(x)=sin x= 
—~cos !V1-x? ,-1<x <0 
Hence, f and g are not identical in general. 
but they are identical when the domain is [-1, 0]. 


Function operations 


Each arithmetic operation provides a method of 
constructing a new function from the two given 
functions f and g. If f and g are two real valued 
functions, we can perform the usual arithmetic 
operations of addition, subtraction, multiplica- 


tion, and division. 

+] 
Thus, forthe functions f(x)= x*—land g(x)= — , 
we have . 


+1 
f(x) + g(x) = x] + rial , 
x—-l 

f(x) - g(x) = 8-1-2, 
x-1 

x+] 


fix)g(x) = (I) 
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=(x?+x+1(x+D,ifx4l, 

x°-1) (x?-1)(x-1) 

f(x)/g(x) = er er 
x—l 


sit x 1, 


Function operations are defined for real functions. The 
result of function operation is itself a real function. 
The new function resulting from function operation 
is defined in new interval(s) of real numbers as 
determined by the nature of operation involved. 


Domain of resulting function 


The function operations, like addition, involve 
more than one function. Each function has its 
domain in which it yields real values. The resulting 
domain will depend on the way the domain 
intervals of two or more functions interact. In 
order to understand the process, let us consider 
two functions y, and y, as given below. 


yi- (x? —3x+2) 


_ | 


ue V(x? — 3x -4) 


Let “D,” and “D,” be their respective domains. 
Now, the expressions in the square roots need to 
be non-negative. For the first function : 

x’? -3x+2>0 
= (x-1) (k-2)2>=0 
> x<l1,x2>2 
=> D,:xe C=, lle [2, ~) 
In the case of second function, square root expression 
is in the denominator. So, we exclude end points 
corresponding to roots of the equation. Thus, 

x’? 3x-4>0 
=> (xt+1l(«K-4>0 
= D?:xe (,-le (4, ~) 
For a new function defined by addition operation, 
values of x should be such that they simultaneously 
be in the domains of the two functions. Consider 
for example, x = 0.75. This falls in the domain 
of first function but not in the domain of second 


Functions 


function. It is, therefore, clear that domain of 
new function is intersection of the domains of 
individual functions. 

=> D=D,ND,:xe (-~,-) UG, ©). 

We, now, define valid operations for real functions 
along with the domain. 

Let us consider two real functions “f” and “g” with 
domains “D,” and“D,” respectively. Clearly, these 
domains are real number set R or subsets of R. 


Addition 


The addition of two real functions is denoted as 
"f+ g". It is defined as: 
f+g:D,AD, —R such that: 

(f + g) (x) = f(x) + g(x) for all x e D, MD. 


EXAMPLE 4.6 Let f(x) = InVx2— 4 and g(x) 


=cos Vx . Define (f + g)(x) and write its domain. 


| SOLUTION Domain off: 
Vx? -4 >Oandx?-4>0 


D,:x€ (—~»,-2)€ (2, %). 
Domain of g : 

D,:x20 

D, 0D, = (2, ©). 


Hence, (f+ g)(x)=In Vx’ — 4 +cos Vx ,xe (2, 0). 


Subtraction 


The subtraction of two real functions is denoted as 
“f—g”. It is defined as : 


f—g:D,D,—- R such that : 
(f — g) (x) = f(x) — g(x) for all x e D, 4 Ds. 


Scalar Multiplication 


66 99 


Scalar, here, means a real number constant, say “a 
The scalar multiplication of a real function with a 
constant is denoted as “af”. It is defined as : 

af: D, — R such that: 

(af) (x) = af(x) for all x © Dy. 
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Note that Supp (f) means points in the domain of 
f where f # 0. 


Multiplication 


The product of two real functions is denoted as 
“fe”. It is defined as : 

fg: D, 1D, > R such that : 

(fg) (x) = f(x) g(x) for all x e D, MN Dy. 


Quotient 


The quotient of two real functions is denoted as 
“f/g”, which is not defined for g(x) = 0. We need 


to exclude value of “x” for which g(x) is zero. 
Hence, it is defined as : 


f 
— :D, AD, - {x| g(x) #0} — R such that : 
g 


=) (x)= a for allx e D, N D,-{x|g(x) 4 0}. 


2 
4 
PEXAMPLE 4.7 Let f(x) = ~~ and 
xX 


+2 f — 
g(x) = = . Define — and write its domain. 
g 


| SOLUTION The domain of f is x + 0. 


The domain of fis x 43. 
g(x) #0 for x #-2 
Hence, 


f 2_ tx 
(Je = a xe R- {-2, 0, 3}. 


P EXAMPLE 4.8 Letf:[-2,3] ~R, 


f(x) = x* —x and 
g: [0,5] >R, 


(i) Supp(f) 


(iii) Dom (=) 
g 


(v) =) 2) 
g 


g(x) = x° — 2x”. Find 
(ii) Supp (g) 


, g 
Gv) Dom (2) 


i | 8 
(v1) ele 


Telegram @unacademyplusdiscounts 


(vii) =) (1/3) (viii) () (1/3) 
g f 


SOLUTION 
(i) Asx?—-x=x(x-1\(x+ J), 
Supp(f) = [-2, -1) u (-1, 0) U ©, 3] 


(ii) As x° — 2x? = x(x — 2), Supp(g) = [0, 2) U 
(2, 5] 


(iii) Dom (=| = Dom(f) ~ Supp(g) 
g 
= [-2, 3] A ((0,2) U (2, 5]) = (0, 2) U Q, 3] 


(iv) Dom () = Dom(g) > Supp (f) 
=[0, 5] a ((-2,-1) UC1, 0) U (0, 3]) =(0, 3] 


(v) ‘) (2) is undefined, as 2 ¢ (0, 2) U (2, 3] 


{8 AC 
(vi) (2)@-88 6 
aa 
(vii) (= Ja/3)= 27 8 
g 2 5 
2] 
a2 
uw. {2g .. OF 9 
(viii) (Far = =F 
27 


| EXAMPLE 4.9 Find domain of the function : 
f(x) =2 J(x—l) + J—x) + V(x? 4x41) 
| SOLUTION The given function can be con- 


sidered to be addition of three separate functions. 
We know that scalar multiplication of a function 
does not change the domain. As such, domain 


of 2./(x—-1) is same as that of /(x-—1). For 
V(x-1) and /(1— x) to be defined, 


x-1>0 => x> 1, 
1-x>0 => x<1 
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Now, we use sign rule for the third function : 
xrt+x4] > 0 

Here, coefficient of x” is positive and D is 

negative. Hence, the function is positive for all 

real x. Hence, the domain of third function is R. 

Domain of the given function is intersection of 

the three domains. 

It is clear that only x = 1 1s common to the three 

domains. 

Therefore, the domain is {1}. 


| EXAMPLE 4.10 Find the domain of the function 


sec! x 


f(x) = ——<——$—.  , 
® = 


where [x] denotes the greatest integer less than or 
equal to x. 
sec! x 


X — |X 


sec | x is defined for all x e R — (-1, 1) and 


I 
vx — [x] 


So the given function is defined for 
xER-{ClL)v {n, ne PH}. 


is defined for all x e R—-I. 


[x +1]; x<l 
tEXAMPLE 4.11 Let f(x) = 
l1-x; x21 
F _ [x-2; x<0 Hen Hadaes 
and g(x) = 8. ag ee (f+ g) (x) 
and (fg)(x). 
-x -l; x<-l 
| SOLUTION We have f(x) =, x+1; -Il<x<l 
l-x; x21 
x-2; x<0 
and g(x) = x+3; x20 


Making the domain sub-intervals same for f and g 


—-x-—l; x <—] 
x+1l; -l<x<0 
f(x) = 
+1; O<x<l 
1-x; x21 


Functions 
= 2; x<-] 
_||e=2; =fsx<0 
BC) = +3; O<x<l 
1+3; x21 
Now (f+ g) (x) 
—-x-l+x-2=-3; x<—] 
_ | xtitx-2=2x-1; -I<sx<0 
~— \x414x4+3=2x44;  O<x<l 
l-x+x+3=4; x21 


and (fg) (x) 


(—x -1)(x — 2) =-x?+x+2; x<-l 
(x +1)(x -2)=x?-x-2; -1<x<0 
(x +1)(x +3) =x? +4x43; O0<sx<l 
(1—x)(x +3) = x*-2x +3; x21 


| EXAMPLE 4.12 Findthe domain of the function 


_ x 
100 = yay 


| SOLUTION The function has rational form. 


Denominator consists of product of two greatest 
integer functions. 


We can consider, the function as product of three 
individual functions : 
1 
[x-2] [x-l] 
The domain of x is R. We, now, analyze the individual 
greatest integer functions such that it does not become 
zero. If we recall the graph of greatest integer function, 
then we can realize that the value of greatest integer [x] 
is equal to zero for the interval given by 0 <x < 1. Fol- 
lowing this clue, we find the intervals in which greatest 
integer functions are zero. 
[x —2] =0,if0<x-2< 1] 
= [x-2]=0,if2<x<3 


It means that given function is undefined for this inter- 
val of x. The domain of the function for this condition 
is: 

D, =R-[2, 3) 


f(x) =x xX 


x 
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Similarly, D, = R - [-1, 0) 

[xt 1] =9, . Osxtl<1 Hence, domain of the given function is intersection 
=> [x+ 1]=0,if-l<x<0 of the three domains. Hence, the domain of f is 
The domain for this condition is : xe (-~,-1)U[0, 2) U[3, ©). 


PRACTICE PROBLEMS [C} 


1. Examine whether the following pair of functions are identical or not 


xX 
(i) f(x) = sgn (x) and g(x) = 4|x| 
0 x=0 


(ii) f(x) = sin 'x + cos ‘x and g(x) = 
XxX 


2. Find for what values of x, the following functions are identical. 


(a) f(x) = In(x— 1) —In(x — 2) and g (x) = n( <—). 
—_ 


(b) f(x) = log, e, g(x) = ra. 


(c) f(x) =sin(cos™ x); g(x) =cos(sin™ x) . 
(d) f(x) = sec” x — tan’ x; g(x) = cosec” x — cot” x. 
3. Show that the following pairs of functions are not identical: y = sin (sin |x|), y = |x|. 
4. Show that the functions f(x) = /n e*, g (x) = |x| sgn x, and h (x) = cot(cot ! x) have the same graph 
as that of f (x) =x. 
5. The graphs of which of the following pairs differ ? 
ioe sin X in sin X 
Vi+tan*x  vl+tan*x 
(ii) y =tan xcot x; y =sin x cosec x 
| sec x | +]| cosecx | 


>y =sin 2x 


(iii) y =|cos x| + |sin x| ; y = 
| sec x || cosec x | 


6. Let functions f and g be defined by 
f(x) = x° — 4x? + 5x — 2, and g(x) = 1/x. Find h(x) if 


(i) h=f(g) (ii) h=ft+g 
(iii) h=g(f) (iv) h=fg 
(v) h=5fg" 


7. Letf: [-5,3] OR, f(x) =x*- 16 and g: [-4, 2] > R, g(x) = |x| —4. Find 
Gi) Dom (f+ g) (ii) Dom (fg) 
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Gii) Dom =) 
(vy) €+g)Q2) 


(vii) ae 
g 


(ix) (Ely 
g 


(iv) Dom () 
(vi) (fg)(2) 


(viii) @ (2) 


g 
(x) (2) () 


Functions 


g 


8. Let f, g,h: £1, 2,3, 4} > {1, 2, 10, 1993} be given by 


f(1) = 1, (2) = 2, £(3) = 10, £(4) = 1993 
gC) = g(2) = 2, g3)=g4-1=1, 
h(1) = h(2) = h@) = h(4) + 1 =2. 
Compute the following : 


Gi) €+g+ hj) 
(iii) £1 + h(3)) 


2 
— < 
& Leta h 4x+3, 0<x<3 mes 


x—-4 , x23 
domain. 


4.4 | DOMAIN OF A FUNCTION 


Natural Domain 


The natural domain of a function is the largest set 
of real number inputs that will give a real number 
output of the function. 

We shall adopt the convention that if no ex- 
plicit description of the domain of a function is 
given, then its domain is assumed to be the largest 
set of real numbers that makes sense. 

We work with different function types, which 
are combined in various ways to form a function. 
The domain of such functions are determined in 
accordance with rules for function operations. 

Steps to find domain : 


(i) Find domain of the each individual function, 
which forms the given function. The indi- 
vidual functions may be of different types. 

(ii) The domain of a function is unchanged 
when it is multiplied with a scalar (i.e. a 
constant). 


Gi) (fg + gh + hf)(4) 


x—3 , x<4 


x? -7x+10,4<x<6 


define f/g and write its 


(iii) The resulting domain after addition, sub- 
traction and multiplication of two functions 
is given by the intersection of domains, 
“D=D,OD,”. 

(iv) In the case of division, we need to remove 
values for which denominator is zero. 


Domain = D, 1 D, — {values of x for which 
denominator is zero}. 


& 


(i) For domain of @(x) = {f(x)} g(x) , conven- 
tionally, the conditions are f(x) > 0 and g(x) 
must be defined. 

(ii) For domain of (x) = C(x) or @(x) = 
idee conventionally, the conditions are 
f(x) => g(x) and f(x) € N and g(x) € W. 


| EXAMPLE 4.1. Find the natural domain of 


{x)= > 


x7 —-x-6. 
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SOLUTION For output to be a real number, 


the denominator must not vanish. We must have 
x’ —x—6=(x + 2) (x—3) #0, and so x #2 nor 
x #3. Thus, the natural domain of the function is 


R- £2, 3}. 


-EXAMPLE 4.2 Find the natural domain of 


the function 


f(x) = vx +3. 


| SOLUTION For output to be a real number, the 


quantity under the square root must be positive. 
Hence x + 3 > 0 > x>-3 and the natural domain 
is the interval [-3, 9). 


| EXAMPLE 4.3 ‘Find the natural domain of 


2 
8) 


PSOLUTION The denominator must not 


vanish and hence the quantity under the square 
root must be positive, therefore x > —3 and the 
natural domain is the interval (—3, ©). 


| EXAMPLE 4.4 Find the natural domain of the 


function 


f(x) = vl-x+ 


1 
V1+x_ 


| SOLUTION We need simultaneously 1 — x > 0 


(which implies that x < 1) and 1 + x > 0 (which implies 
that x >—1), so x (-1, 1]. 


Restricted Domain 


If a function is defined such that its domain is a 
subset of the natural domain, then the domain is 
said to be restricted. 1 

Consider the function g(x) = , 
0<x<1. om VI+x 
We noticed in the previous example, that the natural 
domain is x € (1, 1]. The domain given with g is a 
subset of (—1, 1], and hence it is a restricted domain. 


1-x+ 
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Domain of definition 


The domain of definition is the domain which 
is specified by the conditions or meaning of the 
problem. 


| EXAMPLE 4.5 Consider a circle of radius a, 


as shown in the figure. Let f(x) be the length of 
a chord AB of this circle at a distance x from the 
centre of the circle. Find a formula for f(x) and 
write its domain of definition. 


| SOLUTION B 


A 
f(x) = length of AB 


Let M be the midpoint of the chord AB and let C be 
the centre of the circle. Observe that CM = x and 
CB = a. By Pythagoras theorem, 


BM = va’ — x”. Hence AB= 2Va?— x”. 


Thus, f(x) = 2Va? —x? describes the function f 
in algebraic terms. 

Note that f(x) produces real values for —a <x <a. 
But the distance x cannot be negative. 

Hence, the domain of definition of the function f 
is [0, al. 


EXAMPLE 4.6 A right cone is inscribed 
in a sphere of radius R. Find the functional 
relationship between the lateral surface areas of 
the cone and its generatrix x. Indicate the domain 
of definition of this function. 


An 
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| SOLUTION S = arx. Using mensuration we 


find that 
r= —V4R?-x? 
2R 
1x? 
S= ARO x? 
2R 


_ 7x? xX : 
= Fe ew. yi-(5| 


x 
mx’ ,{1— (=) : 
2R 


The domain of definition is 0 < x < 2R. 


| EXAMPLE 4.7 Find domain of the follow- 


ing functions: 
Gi) f(x)= vx-l1+v6-x 
(ii) £ (x) = log, (x? + 4x + 3) 
(iii) f(x) = = 


| x|—x 


| SOLUTION (i) Vx-1 is defined ifx—1>0. 


VJ6—x is defined if6-—x=>0. 
”. f(x)isdefined Vxe {x:x-1>0}N{x:6-x>0} 
Domain of f is x € [1, 6]. 
(ii) f (x) = log), (x + 4x + 3) 
f is defined if x” + 4x+3>0 
=> if(k+ 1)(x+3)>0 
=> ifx>-lorx<-3 
Domain of f is x € (—-ce, —3) U (-1, ©). 
(ii) fis defined if | x|-—x>0 
If x>Othen|x|=x 
If x <0 then | x|> 0 and hence | x | > x. 
*. Domain of f is x € (2, 0). 


| EXAMPLE 4.8 Find domain of the follow- 


ing functions : 


S 


1 


i) f(x) = 28 * 4444-2 +$-—__—_ 
ay logig (x +1) 


Functions 


(ii) f(x) = sin? V4—-x? 


(iii) f(x) =In —2+3x-x’) 


| SOLUTION (i) For f(x) to be defined -1 <x <1, 


x+2>0 => x >—-2, 
x+1>0 => x >-—1 and 
x+1Z1 — x #0. 


So, domain of fis x € (— 1, 0) UO, 1]. 


(ii) f(x) = sin! V4- x? 
For f(x) to be defined 0 <4-x?<1 
= x’-4<0andx’-3>0 


= xe [-2, 2] andx e(-«, — V3] U[ V3, ~) 
= xe [-2,- V3 ]u|v3,2| 
So the domain of fis x « [-2,- V3 |U| V3,2]. 
(iii) f(x) = In (-2 + 3x — x’) 


For f(x) to be defined — 2 + 3x —x”>0 


=> x?-3x+2<0 
=> (x-1) (x-2)<0> xe (1, 2) 
So the domain of fis x € (1, 2). 


| EXAMPLE 4.9 _ Find the domain of the function 


1 
e481 =3 


| SOLUTION For the function to be defined, 


x—-1>2,x-le Nand *V1 >3 
= x>3,xe N,and81>3%~ 
= 34> 36-9 

=> x-1<4>x<5 
Hence, the domain is x € {3, 4}. 


+EXAMPLE 4.10 Find the domain of the 


function 


f(x) = 


= 


1 


Vx? —7[x]+10° 


where [ - | denotes the greatest integer function. 
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SOLUTION [x]? -7 [x] + 10>0 


= ([x] —5) Ux] -2)> 0 
=> [x] <2 and [x] >5 

[x] <2 => x <2 and [x] >5>x>6 
=> xe (co, 2) U [6, ©), 


? EXAMPLE 4.11 Find the domain of f(x) = 


cos ‘[2x* — 3], where [-] denotes greatest inte- 


ger function. 


| SOLUTION Weshouldhave-1<[2x*-3]<1 


— -] <2x’-3<2 
eet => xe eee 
2 ) D 


| EXAMPLE 4.12 Find the domain of follow- 


ing functions: 


(i) f(x) = Vsinx — V16—x? 


. 3 : 
(ii) f(x) = log(x” — x) 
V4—x? 

(iii) f(x) = x * 


| SOLUTION (i) Vsinx is real if sin x > 0 


=> xe [2n7, 2nn+7],neL. 
V16—x? is real if 16-x?>0= —4<x<4. 
Thus the domain of the given function is 


{x: xe [2n7, 2na+ 7], ne [I  [-4, 4] 
which is [—4, —7] v [0, 7]. 


(ii) Domain of V4—x? is [-2, 2], 
but V4-—x’ =0 forx=+2. 


=> xe (-2, 2) 
log(x* — x) is defined for x° —- x > 0 
1.€. x(x — 1)(x + 1)> 0. 
-. Domain of log(x* — x) is (-1, 0) U (1, ~). 
Hence the domain of the given function is 
{Cl, 0) UG, »)§} A (2, 2) 
=(-1,0) UL, 2). 
ii) x >Oand-1<x<1l 
*. Domain is (0, 1] 
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| EXAMPLE 4.13 Findthedomainof definition 


x—5 


of the function y = log}, ——————- Vx +5 
x” —10x + 24 
| SOLUTION Fory to be defined 
x—-5 
(1) 


7. 
x“ —10x +24 
x?-10x+24=0 => x=4,6 


Sign scheme for is as follows. 


x* —10x + 24 
— + = + 
— $$} 
—co 4 5 6 eo 
x—5 
x* —10x +24 
if 4<x<S5or6<x<5 ... (2) 
1 
Now (x +5)? is defined for all x ...(3) 


Taking intersection of (2) and (3), we get the 
domain as x € (4, 5) U (6, ©). 


| EXAMPLE 4.14 _ Find the domain of the func- 


tion y = f(x) implicitly defined by x”— cosy = 7. 


SOLUTION x*-cos 'y=n 


=> cos "y=x’-7, C1) 
= y =cos(x?—7). 

From (1),0<y <7 

=> 0<x’-n<n 

=> M<x’<2n 


= xe [-Von, —Vm]u[Va, Vin], 


| EXAMPLE 4.15 _ Find the domain of 


f(x) = logy_.)(x — 1) - sin [2x — 3]. 


* SOLUTION For f(x) to be defined, both 


log(4_s)(x -I1) 
and sin '[2x — 3] should be defined. Therefore, 
for logy, ,(x — 1) to be defined 


4-x>0, 4-x#landx-1>0 
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=> x>4, x#3 andx>l 
=> xe (1, 4)- {3} (I) 
For sin '[2x — 3] to be defined 
—-1<[2x-3]<1 
=> —-1]1<2x-3<2 
> 2<2x<5 »>1<x<5/2 ...(2) 


From (1) and (2), we have 1 < x < 5/2 
Hence, the domain of the function f is (1, 5/2). 


tEXAMPLE 4.16 Find the domain of the 


function given by f(x) = log.cos(x — 5) + (9 — x”) ; 


| SOLUTION Here, we observe that argument 


(input) of logarithmic function is itself a trigono- 
metric function. We know that cosine function is 
real for all real values of x. The important point 
to realize here is that we have to evaluate loga- 
rithmic function for the values of trigonometric 
function cos(x — 5) — not for independent variable 
x. Now, the argument of logarithmic function is a 
positive number. It means that : 

cos (x —5) >0 
The basic interval is (—a/2, 1/2). The solution of 
the cosine inequality is the domain of the loga- 
rithmic function : 


Dy : nn > <(x-5)<2nn+ > nel 


=> [2n->) n+S<x<(2n+5] m+5,ne I 


For the algebraic function, the expression within 
the square root must be a non-negative number : 
=9-x7>0 3 x? -9 <0 

= (x+ 3) (x-3) <0 

=> D,:-3<xs<3 

The domain of the given function, f(x), is inter- 
section of two domains i.e. D=D, 1D, 

The common interval is between —52/2 and —37/2 
as obtained for n = -1. 

We should draw a rough number line for few val- 
ues of n. 


Domain is x € (-,-2 


Functions 


-EXAMPLE 4.17 Find the domain of the 


1 


[cos x]—[sin x] ) 
| SOLUTION For f(x) to be defined 


[cos x] — [sin x] > 0 
=> [cos x] > [sin x] 


function f(x) = log, 


It is clear that [cosx] > [sin x] is true in the fourth 
quadrant i.e. x € 2,0] . Hence, the domain of 


the function is x € U | ann - - 2nn | , 


nel 


-EXAMPLE 4.18 Find the domain of the 


func-tion 


f(x) = logos 


=| 1 

x , 

x+5 x? — 36 

| SOLUTION For f(x) to be defined x 4 — 6, 6 and 


x—]l x—] 
lo —| > 9, >0. 
50.4 Cae x+5 


Since log,x for 0 <a <1 is a decreasing function, 


= —] 
= | et and baal 
5 x+5 


we have 


x-Il-x-S5 


<Qandx<-—5,x>1 
x+5 


= <0Oandx<-5,x>1 


X+ 
=> x>-S5andx<-—5,x>1 
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> x>] 
=> The domain of f(x) is (1, °°) —{6}. 


* EXAMPLE 4.19 Find the domain of defini- 


tion of the functions : 


(a) f (x) = {(x* — 3x —10). én? (x - 3) 


1-5* 
b) f(x) = 
(b) f9) = | 


SOLUTION (a) (x — 5) (x + 2) In’ (x-3)>0 


Equality gives x=5; x=4 

(Note for x = — 2, In (x — 3) is meaningless) 
Now (x — 5) (x + 2)>0andx-3>0 

=> x>5 

Hence the domain is {4} U [5, ©). 


(b) For f(x) to be defined = _ > 0 
lie oe, — ae. ee | 

Now — =0 => x=0 

Now we solve . > 0 


7T* -7 
1-—5x>0and7*-7>0> xe (-~,-l) 
or 1—5*<Oand7 *-7<0>5 xe (0,2) 
Hence the domain is (— °, — 1) U [0, °°). 


| EXAMPLE 4.20 Find the domain of defini- 


tion of the following functions : 


(a) f(x) = tan” Vx(x +3) + sec es 
Vx? 43x41 


(b) f(x) =In ad - 2|cos x|) a eos (2x/T) 
(c) f(x) = 


logy > x)'+ (logy. x?)(log, ,0.0016x)+36 


] 


(@) f() = ———$—_—— 
Vix —lI}—x* +2x 
(e) f(x) = ./—log,,,, tan 2x 


Telegram @unacademyplusdiscounts 


+SOLUTION (a) The inverse tan function is 


defined for every real number. For the square root 
operation to be defined, we have 

x(x + 3)>0 ...(1) 
For the inverse sec function to be defined, we 
have 


Se 
Vx? +3x4+1 

; 1 

1.e. ———————- > ] 


Vx? 43x41 


ie.x°+3x+1<1 
i.e. x(x +3) <0 ...(2) 
The required domain of definition is the intersec- 
tion of (1) and (2) which gives x(x + 3) = 0, 
Le.xe {-3, 0}. 
(b) For the log operation to be defined, we have 

] — 2|cos x| > 0 
1.¢. |cos x| < 1/2 ..() 
For the inverse cos operation to be defined, we 


have —1 < sie <] 
Tl 
. 1 1 
le. —<x<s— sl 
; 5 (2) 


To find the values of x satisfying both (1) and (2), 
let us plot the curve y = |cos x| and y = 1/2 in the 


interval 2.3 as shown below. 
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(c) f(x) = 


= JA3 + 3M(A+ 4) +36 [putting log0.2 x =)| 
= VA3 +307 +120 +36 


= /(A+3)(A7 +12) 


For the square root operation to be defined, we 
have (A+3)(7+12)>0 

>i1+320 [ d* + 12 is a +ve quantity] 
= logy, x2=-3 


=> 0<x<(0.2)°> >0<x<125 
Hence, the domain of the function is x € (0, 125]. 


(d) The function is defined for values of x which 
satisfy the inequality 


{x+1}—x’+2x>0 
ie. x?-2x<{x+]} 
To solve the inequality, let us plot the graph of 


y= x’ — 2x and y = {x + 1} on the same reference 
frame. The curve y = x” — 2x 


i.e. y — 1 = (x — 1)’ is parabola having vertex at 


(1, -1), 


The darkened portion of the curve y = x — 2x lies 
below the curve y = {x + 1}. The x-coordinate of 
the intersection point P is given by the equation 
x*-2x=x+] 


Functions 


3413 
aa 


ee 


Le.x’—-3x-1 =0>x= 


The x coordinate of P is 


Hence, the domain of the function is 
3-13 
KE ee) — {0} 


Note that x = 0 does not satisfy the inequality (1), 
since the two curves intersect at x = 0. 


(e) For the log operation to be defined, we have 
0<sinx <1 
i.e. x lies in the Ist and the 2nd quadrant but 
x #0, 7/2, 1. 
For the square root operation to be defined, we 
have log,.,,, tan 2x < 0 
=> tan2x>1 
This imequality can be solved by plotting the 
curves 
y = tan 2x (period 7/2) and y = 1 on the same 
frame as shown in the figure. 
Let us concentrate only on the interval 0 <x <7. 


The darkened portions of the curve y = tan 2x 
curve lies above the line y = 1. The other values 
of x lie in the intervals 2xm <x <7 + 2n7. 
Hence, the domain of the function is 


= + Int<x< = + 2nt,neé I 
8 4 


and “42m sx < + 2nn,ne I. 
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| EXAMPLE 4.21 Find the domain of the 


function f(x) = 
og y | a | = xo, 2 0-3xp 


x+— 
Xx 


where [ . ] denotes the greatest integer function. 
1 1 
*SOLUTION E + > 0 and E + | #1 
Xx Xx 


1 
= For x > 0 we have x+i|>2 (1) 


Also x*-x-—6#0 . 
=> (x-3)(xk+ 2) 40 
=> x#-2andx#3 ... (2) 
Now, 16-—x>2x-1;16-xe Nand2x-—le W 
=> 3x<17;16 -x2>1,xe 1; 2x-1>0,2xe Il 
=>x< ie ie De) 

3 2 


=> xe {L, 2,3,4,3} ...(3) 
Further, 20 — 3x > 2x —5,20-3x>1,3xe IL 
2x-—5>0,2xe I 


20 5 
=> x<i;x< 3x2 —,xel 


=> xe {3,4,5} ... (4) 
Taking intersection of (1), (2), (3) and (4), we get 
xe {4,5}. This is the required domain. 


| EXAMPLE 4.22 Findthedomainofthefunction 


f(x) =log, log, (log, (x?-2x+3)- log 5 (2x-1)). 


| SOLUTION f(x) =log, log, (log, (x? —2x + 3) 


—log 5 @x-1)) 
We have x*- 2x +3>0,VxeER 
and 2x -1>0 
=> x>1/2 
Also log,(log, (x* — 2x + 3) —2 log, 2x- 1) >0 
x =9543 
(2x -1)° 
x? -2x+3 
ae > 
(2x -1) 
=> x?-2x+3>2[4x*+1-4x] 


= log, 
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=> 7x*-6x-1<0 


= (x-1)(7x+1) 
1 
So—4 <x] 


1 
The common solution is xe(>1] 


The domain of the function is x € (1/2, 1). 


| EXAMPLE 4.23 Find the domain of the 
function f(x) = V(x" -x'*4+x°-x°4+x74]). 
| SOLUTION Clearly, the function is real for 


values of x for which the expression within the 
Square root is a non negative number. We note 
that the independent variable is raised to positive 
integers. If x > 1, then x” evaluates to higher 
value for higher power. If x lies between 0 and 
1, then x" evaluates to lower value for higher 
power. Further, a negative x yields negative 
value when raised to odd power and positive 
value when raised to even power. We shall use 
these properties to evaluate the expression for 
three different intervals of x. 
x4 _ ya 56 _ 334 241 > 9 

We consider different intervals of values of x, 
which cover the complete interval of real num- 
bers. 


(i) Letx>1 
In this case, x? > x”, if a> b. Evaluating in 
groups, 
(x4 — x") 4+ (x°- x9) + (x74 1) > 0. 
(il) LetO<x<1 
In this case, x*<x°, if a> b. Rearranging in 
groups, 
x4 ¢¢xtt_ x) 4 x8 — x} 41 
Here, {(x'! — x°) + (x® — x’)} is negative. 
Hence the total expression is positive, 
=> x4 fx _-x% 4+ (7% -x9}4+1>0 
(iii) Letx <0 
Rearranging in groups, 
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Me ext) t x® text x72 41 We see that expression is positive for all values of 
Here, all terms are positive. Hence, the total x. Hence, the domain of the function is : 


expression is positive. X € (—ce, co), 


e PRACTICE PROBLEMS [D} 


. Find the domain of the following functions : 


; | (2x +1) 
f(x) = ./-—-——-———__ 
wa x? — 3x7 +2x 


(ii) f(x) =sin| x|+ sin” (tan x) + sin (sin™ x). 


ogee 
(iii) f(x) = otas| ) 
x—l 


2. Find the domain of the following functions: 


(i) f(x)= log , [2x —7x+ 9) di) f= [loos(e —1) 
(x“-x+l) x2 2x —8 
(iti) £(x)= Jsin x + J16- x? (iv) £0) = f3-2* -2* + fein x 


3. Find the domain of the following functions: 
1 


YQ y= SS 
flog, (x° — 7x +13) 
2 


(ii) y = log, (cos (sin x)) 


Gil) y= Jlog(log x) —log(4—- log x) — log3 


2 
| <(x-2) 
(iv) y= 4% +83 —13— 27-1) 


4. Find the domain of following functions : 
1 : 1 


a) {x = ——_____ ii) {x)= —{$¥————____— 
Vx® —13x4 +36x2 Vx —13x3 + 36x 
1 


Gi) fx) = ——___— 
\ix* ~ 13x? + 36| 


5. Find the domain of the following functions: 


(i) f(x) = og, (ii) f(x) = logy) (Vx—4 + V6—x). 
X—1)X 
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2 
(iii) f(x)= sin” (log, x) + /cos(sin x) + sin” (Hx) 
X 


_ 3 _ gcos! x? (2x +1)! 
(iv) f(x) [x/2] 5 + aa 


where [ | denotes greatest integer function. 


6. Find the domain of the following functions, where [-] is G.IL.F. and {-} is FPF: 


(i) J2{x}? —3{x}41 + sin x 


3sin x — sin x 
sinx —1 


(i) {logo ( 
(iii) ./cos(cos x) + sin(cos x) —1 


1 
ai) =——————_ + 
V4cosx +1 


2 
as a | Xx 
(ii) cos oe, 5 } 
(iii) sin” {toe (iv) 


7. Find the domain of the following functions : 


Vsin? x —sinx 


8. Let f(x) =(x-x?+x*-x+ 1)”. Prove that the domain of the function is R. 


9. Find the domain of the implicit function given by : 


BY 4 98 = 243, 


10. Find the domain of the function, f(x) = (x +0.5)'°85+* 


x2 +2x-3 
4x? —4x-3 


11. Find the domain of the function f(x) = log, (log; (log; (18x — x*—77))). 


12. Let the function f:D—R, f (x)= logs (log,); logs (2x + 1)) where D is the natural domain of f. 


If S represents the sum of the absolute values of all integers from D, then find the value of S. 


4.5 | METHODS OF FINDING 
RANGE 


1. Basic methods 


We are familiar with the least value, greatest 
value and range of the most standard functions of 
all origin. Consider constant, identity, reciprocal, 
modulus, greatest integer, least integer, fraction 
part, trigonometric, inverse trigonometric, 


exponential and logarithmic functions. All these 
functions have been described in detail and we 
know their properties with respect to least and 
greatest values and also the range. Greatest value 
of sine function, for example, is 1. On the other 
hand, exponential and logarithmic functions 
neither have minimum value nor maximum value. 

In case, the function can be reduced to the 
standard forms having least and greatest values, 
then it is possible to know its range. If “c” and 


Telegram @unacademyplusdiscounts 


“d” be the least and greatest values of a continu- 
ous function in a finite interval, then range of the 
function is given by : 

Range = [least value, greatest value] = [c, d] 

We should note that determining range is a com- 
paratively more difficult proposition than deter- 
mining domain. 

We are already aware of some techniques of 
finding the minimum and maximum values of 
functions based on the concepts of (1) quadratic 
functions, (41) A.M.—G.M. inequality, and (iii) 
trigonometric ratios. The following examples use 
some of these techniques. 


| EXAMPLE 4.1 _ Find the range of the follow- 


ing functions: 
i) f(x)= ———— 
yO 5 Beinx 
Gi) f(x)=x?-7x+5 


| SOLUTION (i) f(x) = ———-. 
8—3sin x 


We know that —1 < sin x < 1 
=> -3<3smnx<3 
> 5<8-3snx<1l 


(ii) f(x) = x? - 7x +5 


2 
= f(x) = [x-2) -= 


= Range (f) = -2 =) 


4 
EXAMPLE 4.2 Find the range of y = sin’x + 
sinx + 2. 


| SOLUTION Let sinx =t 


=> y=t?-t+2,-l<t<1l 
The minimum value is obtained at t = 1/2 (vertex) 
and the maximum value is obtained at t = —l(one 
of the endpoints). 

7 
Hence, the range is y € Za , 


Functions 


| EXAMPLE 4.3 Find the range of 


y=4°+3.2*+1 


SOLUTION Let 2°=t 


=> y=t'+3t+1,0<t<oo 

=> y=>(,-) 

Note that the vertex t = — 3/2 1s ineffective since it 
lies outside 0 <t < oo, 


| EXAMPLE 4.4 Find the range of the function 


2 
Xx 


f(x) = 
a x? +1 


| SOLUTION Clearly, f(x) > 0 for any xe R. 


For x # 0, f(x) = 


ae 
2 

x +— 

2 
> 1 1 
Since x° + — 2 2, we have f(x) < a 
xX 

At x = 0, f(x) = 0. 


Hence the range of fis [0, 1/2]. 


P EXAMPLE 4.5 Let f(x) = Vax? +bx. Find 


the set of real values of ‘a’ for which there is at 
least one positive real value of ‘b’ for which the 
domain of f and the range of f are the same set. 


| SOLUTION If a> 0, then the domain of f(x) 


is: ax’? + bx > 0 
=> xe [-~,-2 U [0, ce) 
a 


Since the range does not have negative values, 
a> 0 does not satisfy the conditions of the problem. 
Also a = 0 does not work. 

Hence a< 0. 


b 
For domain, x(ax + b) >0 > 0<x<- —-. 
a 


2 2 
We have ‘(->-] = bye a Se 
2a V" 4a? 2a 4a 
2 
= Range of f (x) is [oe{->-]] = o = 
2a 4a 
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Since domain of f = range of f 


= da+a’=0 
Hence, a => {0, — 4}. 


| EXAMPLE 4.6 _ Find the range of 


a 
x°-+x4l1 
f(x) = oe 
x°-+x-l 


x7 +x4+1 
| SOLUTION f(x)= a 
X° +X 


—] 
{x?+x+ 1 and x*+x-— 1 have no common factor} 
_ x7 +x4] 

x7 +x-] 
=> yx’+yx-y=x°+xt1 
=> (y-1)x*+(y-1)x-y-1=0 
If y = 1, then the above equation reduces to 
—2 = 0. which is not true. 
Further if y 4 1, then (y — 1) x? + (y-1)x-y-1 
= () is a quadratic and has real roots if 

gal =4G-) G20 

i.e. if y <-3/5 ory => 1 buty #1. 
Thus, the range is (—ce, —3/5] U C1, ©). 


| EXAMPLE 4.7 _ Find the range of the expression 


> 
—2x—-8 ae 
y= = , for all permissible value of x. 
x” —4x—-5 


| SOLUTION Wehavex’y—4xy—S5y=x’—2x-8 


(y — 1)x” + 2x(1 —2y) + 8-S5y =0(y #1) 
Since x € R, D>0 

4(1 — 2y) —4(y — 1)(8 - 5y) > 0 

(4y? —4y + 1)- (13y —8-5y*) >0 

9y*-17y + 9>0. (A) 
Since coefficient of y* > 0 and D = 289 — 324 <0, 
(1) is always true 
Also if y = 1 we have x = 3/2. 
Hence, the range of y is (— °°, °°), 
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PEXAMPLE48 Letf(@ = a a 
x° +1 

the range of this function is [— 4, 3) then find the 

value of (m? + n’). 


+ SOLUTION 3(x* +1)+mx+n-3 
SOLUTION y = ————>——_ 


le 


mx+n-—3 
Soe 
1+x 
For y to lie in [—4,3), mx+n-3<0VxeER 


This is possible only if m = 0. 


When, m=0, then y =3 + a 
1+x 
note that n-—3 <0 > n<3 


If x30, yo3- 
Now Yin Occurs at x = 0 (as 1 + x” is minimum) 
Ymin = 2 >nN-3=n>n=—-4. 
Hence the value of m? +n? is 16. 


| EXAMPLE 4.9 _ Find the range of the continu- 


ous function f(x) = acosx + bsinx, where a and b 
are constants. 


PSOLUTION Since we know the least and 


greatest values of sine and cosine functions, we 
shall attempt to reduce the given function in terms 
of either sine or cosine function . 

Let a=rcos a and b =r sin a where, 


r= V(a? +b’) 


Substituting in the given function, we have : 
f(x) =rcosa cos x + r sin @ sin x =r cos(x — a) 


= V(a? +b’) cos (x — a) 


We know that the minimum and maximum val- 
ues of cosine function are —1 and 1 respectively. 
Hence, 


FO) min =~ Va? +d”) 
f(X)max = ¥(a° +b’) and the range is 
ye [ va? +b? , Va? +b? | 
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| EXAMPLE 4.10 Find the range of 


y= Bcosx+sin(x +4] 


| SOLUTION 


‘ ry . 1 
y= V3 cosx +sinx cos +cosxsin = 


1. ; 
— > x + oo x . Using the above result, 


the range is 7 Sys 47, 


| EXAMPLE 4.11 Find the range of 


y= V3 cosx+sinx +1, if 
(i) xe R, and 


| SOLUTION (G)y= V3 cosx +sinx +1 


-2( Scosx-+tsinx +] = 2c0s( a 
2 2 6 

The range is [— 1, 3]. 

7” 4 

(ii) When x € z= , we have a restricted 


domain and hence we draw the graph of y = cos 


(x-§) 
ai 
au 70 


Since, Leis we have 0< x-—<—. 
6 3 6 6 


From the above graph we find that the range of 
cos [x _ = in the given interval is [— 1, 1]. 


Hence, the range of the function is [— 1, 3]. 


Functions 
| EXAMPLE 4.12 Find the range of 
. 1 
1 ——————————— 
Oy 2cos* x +4sinxcosx +4 
e 1 
7 ———————— 
ay cos2x + 2sin2x 
SOLUTION _ 1 
scene = cos2x +2sin2x +5 


We have — V5 < cos’x + 2sin7x < V5 


=> 5- V5 <cos’x + 2sin’x + 5 < V5 +5 


1 1 
54+ V5 55 
1 


cos 2x + 2sin2x 


We have —V5 <cos’x + 2sin’x < V5 
*. Now consider the graph of y = 1/x when 


xe [-v5 , V5 ] 


(il) y = 


Thus the range of the given function is 


Ble) 
—oo, — —= |U] —=, © |. 
( Vs) Lv5 
| EXAMPLE 4.13 _ Find the range of 


2 
f(x) = sin! Ee = 
2x 


| SOLUTION Here, we notice that the domain 


consists of a small number of distinct points. 
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1+x? 
2x 
Ix|?7—2|x}+1<0 = (|x|-1)?<0 
Thus, the domainis x € {+1}. 
The range is obtained by directly evaluating the 
function’s value at these points. 


<1 => 1+x’<2Ix| 


, T 
Hence, the range is y € {2 z| 


| EXAMPLE 4.14 _ Find the range of 


(i) y=3tan’x + 12cot’x + 5 


. 7 
(ii) y = 2cosx + sec*x,0<x< — 
2 


P SOLUTION (i) Recall the AM—GM inequal- 
. atb 
ity 


Hence 

3tan? x +12cot? 

—— V3tan? x +12cot? x 
=> 3tan’x + 12cot?x > 12 
= 3tan’x + 12cot?*x+5>17 


>~Vab ,a, b> 0. 


1 
When x approaches oo y approaches o». 
Hence, the range is y € [17, ©). 


Z 7 
(ii) y = 2cosx + sec’x ,0<x< — 
2 


2 


cosx+cosx+sec”X _3f 2 
=> —_———_ P VCOS X.COS X.SeC’ X 


3 
= 2cos x + sec’x >3 


The least value of 3 is attained if cosx = sec’x. 
cos*x = 1 => x =0, which lies in the given domain. 


1 
When x approaches a: y approaches o». 


Hence, the range is y € [3, ©). 


2. Graphical Method 


We can find the range of function using graph. 
The set of y-coordinates of the graph of a func- 
tion is the range. 
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(a) Continuous function 

If y = f(x) is continuous in its domain then range 
of f(x) is [£0 min-> £(X) max-| 

(b) Piece-wise continuous function 

In case of piece-wise continuous functions, range 
will be union of [f() nin» [C)max-| Over all those 
intervals where f(x) is continuous, as shown by 
the following example. 

Let the graph of a sample function y = f(x) be as 
follows: 


Then, the range of the above piece-wise continu- 
ous function is [y>, y3] U (v4, Ys] U (We YI. 


| EXAMPLE 4.15 _ Find the range of 


y = 2|x — 1] + |x + 2], -l1 <x <2. 


SOLUTION 
_ J-2(x-Y+x+2,-I1sx<l 
2(x-—1)+x+2, lexeZ 


_ 4-x ,-l<x<l 
3x ,Il<x<2 


The graph of the function is shown below: 


Hence, the range is y € [3, 6]. 
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| EXAMPLE 4.16 Find the range of 


x*—4 
x—2 


SOLUTION x? 4 
SOLUTION f(x)= ars =n 7°x2 7 
xX — 


The graph of f(x) is shown below : 


f(x) = 


The range of f(x) is R—- {£4} 


| EXAMPLE 4.17 Find the range of y = x {x}, 


-—Lsx = 2. 


x(x+1) ,-1<x<0 


x? , -1<x<0 
PSOLUTION co x(x-l), 1<x<2 


0, L=2 
The graph of the function is shown below: 


1 
Hence, the range is y € |-5.2) 


| EXAMPLE 4.18 Find the range of 


y = v3—-x +[x],-I <x <2. 


V3—-x -1,-1<x<0 
V3—x ,O<x<l 


| SOLUTION y= 


V3—-x+1, 1<x<2. 
3, es 


Functions 


The graph of the function is shown below: 


~ ye (V3 -11]ULV2,V3]U(2, V3 +1]U 3}. 


3. Representing x in terms of y 


The definition of a function is usually represented 
as y (i.e. f(x) which is the dependent variable) in 
terms of an expression of x (which is the indepen- 
dent variable). 
To find range we rewrite the given definition so as 
to represent x in terms of an expression of y and 
thus obtain range (possible values of y). 

Let y = f(x) > x = g(y) 
Write conditions, if any, on transformation from 
y = f(x) to x = g(y) and also write condition on 
‘y’ so that g(y) produces real values of x lying in 
given domain. 
Sometimes in more complex functions — particu- 
larly those, which involves transcendental func- 
tions, it is difficult to solve for x explicitly in 
terms of y. In such cases, we may be stuck with 
problem of finding range with this method. 


| EXAMPLE 4.19 Find the range of the function 


e* —] 
eX41 
e* —1 
| SOLUTION y=- \~ 
e +1 
In order to find range, we solve the function for x. 
=> yet+ty=e-1 


y= 
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=> x= in 2) 
I-y 


+] +] 
For x to be real, pais >0> 226 
l-y y-l 
=> -l<y<l. 
Hence, the range is y € (1, 1). 


| EXAMPLE 4.20 Findtherangeofthe function 


i: 


y = cos” 
1+ x’ 


if (@)xe R, and 


| SOLUTION 


(ii) x € (-, 1]. 


3 _ -_1 X 
(i) y = cos jage = R. 
+X 
2 
= cosy = 7 
X 
we must note thatO<y <7 (1) 


= cosy + x’cosy = x” 


= x’ (1 —cosy) = cosy 


oe COs y 
l—cosy 
ae cosy 
l—cosy 
For x to be real, ee >0 
— cosy 
= 0<cosy <1 ...(2) 


Solving (1) and (2), we get y € [oz , 
T 
Hence, the range is (oz 


2 


xX 
ee 
+x 


COS y 
= = 
l—cosy 
| cos 
=> x,=- _SOSY <1 is true. 
l—cosy 


(11) y=cos! 
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6 = 0 <cosy <1 
l—cosy 
- ye (0, .Q) 
2 
Now x, = aad | 
l1—cosy 
1 
=> _©8SY 509, cosy <-, 
1—cosy 2 
1 
=> 0 <cosy < — 
Zz 
um 1 
= => |—,— (4 
E 4 © 


Union of (3) and (4) gives y € o, =| . This is the 


required range. 


| EXAMPLE 4.21 Find therange of the function 


f (x) = ms 


14 ix 
where {.} denotes the fractional part function. 

| SOLUTION Lety= ae E4x}= =a 
1+ {x} l-y 


Since {x}e [0, 1) we have 0 < — <] 


; -y 
>ye|0,-}. 
: | 7 


tEXAMPLE 4.22 Find the range of the 


following functions: 
7 1 
y 24+ sin3x +cos3x 


1 
| SOLUTION We have y= 


2+ sin 3x + cos3x 


; . 1 
1.e. sin 3x + cos 3x = — -2 
y 


a5 2 sin (3x+2)== -2 
4) sy 


Telegram @unacademyplusdiscounts 


=> sin (3x+ 2] =— (ta). 


Since, sin(3x + =) <1, therefore we have 
P-2 < V2 ee eee 
y ¥ 
=> 2- I<t coves <y< : 
yy V4 Dele 


Hence, the range is y € 


1 1 
24+V2°2-V2 
4, Using Monotonicity / Maxima—Minima 


For a continuous function in a finite interval, we 
need to compare the minimum and maximum 
values and values at endpoints to determine which 
are the least and greatest values. 

In order to find the maximum and minimum of a 
continuous function f(x) in [a, b]: 

Find out all the critical points of f(x) in (a, b) 

ie. interior points where f’(x) = 0 or it does not exist. 
Let c,, C5, ... , c, be the different critical points. 
Find the value of the function at these critical 
points. Let f(c,), f(c,), .... , f(c,) be the values of 
the function at the critical points. 

Let M = max {f(a), f(c,), f(c3), .... , f(C,) , f(b)} 
and m = min {f(a), f(c), f(c,), ..., f(c,), f(b)} 

Then M is the maximum (greatest value) of f(x) 
in [a, b] and m is the minimum (least value) of 
f(x) in [a, b]. Thus, the range is [m, M]. 

Some functions are monotonic throughout the 
domain. Linear polynomial, for example, is either 
strictly increasing or decreasing. Similar is the 
case with exponential and logarithmic functions. 
If we investigate these functions in a finite 
interval, then function values at the end points of 
the closed interval are the least and greatest values 
in that interval. Further, functions which are not 
monotonic, can also be monotonic in a suitably 
selected interval. For example, sine function is a 
strictly increasing function in the interval [—7/2, 
7/2). 


Functions 


There are certain cases in which functions 
have exactly a pair of intervals characterized 
by opposite strict monotonic nature i.e. strictly 
increasing and strictly decreasing. In such cases, 
the point at which function changes its monotonic 
nature should be either minimum and maximum. 
This in turn means that function has exactly one 
minimum or maximum. Clearly, this minimum 
or maximum corresponds to least or greatest 
function value of the function in its domain. 

We shall use these properties to determine 
range of a function. In order to understand appli- 
cation of these concepts, we need to go through 
the examples as given here carefully. 


| EXAMPLE 4.23 _ Find the range of 


f(x)=x°+xt+1,xeR. 


SOLUTION f(x)=x°+xt1 
f ‘(x) =3x7+1 
¥ 


f’(x)>0VxeR 
=> f(x) is strictly increasing. 
f(- co) = — 09, f(0°) = oo, 
Hence, the range is (— ©, °°). 


| EXAMPLE 4.24 Find the range of 


f(x) = —2x + cosx. 


SOLUTION f(x) =-2x + cosx. 
f’(x) =-2-sinx<0VxeER 
=> f(x) is strictly decreasing. 
f(— 00) = 0, f(ee) = — 0», 
Hence, the range is (— -%, 9). 


| EXAMPLE 4.25 _ Find the range of 


f(x) =x? -3x+1,-2<x <2. 


SOLUTION f(x) =x°-3x+1 
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f(x) =3x?-3 =3(x-lIy(xt+ 1) 
f(x) = 0 € x =+1 (critical points) 
Sign scheme of f(x) 


a ee 
a A aad 
y = f(x) y 


local max 


local min. 


We evaluate f(x) at endpoints and critical points, 
from which we choose the least / greatest values : 
f(-2) = -1 f(2) =3 
f(-1) =3 f(1)=-1 
The least value is — 1 and the greatest value is 3. 
Hence, the range is y € [-1, 3]. 


| EXAMPLE 4.26 Find the range of 


(i) f(x)=e*-e™, [-1, 2] 
(i) f(x)=x-2sinx, xe [0,7] 


PSOLUTION (i) f(x) =e*-e* 
fP(xy=e*+e*>OV xe [-l, 2]. 
= f(x) is strictly increasing 


1 
f-1)= —-e least value 
e 


f(2) =e*- = greatest value 
e 


: | | 
Hence, the range is y € F —e,e? — 5 
e 


(11) f(x) = x — 2sinx, x € [0, 7] 
f’ (x) = 1 — 2cosx 
We solve 1 — 2cosx = 0 for critical points. 


1 
€ cosx=— >x= = E [0, 7] 
2 3 


- + 


0 Se 7/3 J nt 
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greatest value 


f (=) = ee V3 least value 


Hence, the range is y € E — V3, n| ; 


| EXAMPLE 4.27 A function is defined as f(x) 


a 


= . If domain of the function is [0, °°), find 
1+[x] 


the range of the function. 


PSOLUTION The function contains great- 


est integer function in its denominator, whereas 
numerator of function is an exponential func- 
tion. Greatest integer function, GIF, is defined 
in discontinuous intervals of length 1. It returns 
integral value equal to the starting value of dis- 
continuous interval. The function, however, is 
continuous in sub-intervals of 1 i.e. in a finite in- 
terval. It is clear that function values and function 
nature will change in accordance with the values 
of GIF in sub-intervals of the domain. We need to 
determine nature of function in few of the initial 
sub-intervals and extrapolate the results to deter- 
mine the range of function as required. 

In order to determine nature of function, we write 
function and its derivative in the initial sub-in- 
tervals of the given domain. Note that domain of 
function starts with 0. 


O<x<1l,_ f(x) =ex, f'(x) = ex 
e” e” 

l<x<2, fx*)=—, f(x) = — 
= (x) 5 (x) 5 
e* e* 

2<x<3, fXy=—, f(x) = — 
= (x) 5 (x) ; 


The derivatives in each interval are positive for 
values of x in the domain. It means that function 
is strictly increasing in each of the intervals. The 
least and greatest values, therefore, correspond 
to the end values in each finite sub-intervals. Us- 
ing these least and greatest values, we determine 
range of the initial sub-intervals as given here : 
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O<x<l se°<y<e’>l<y<e 
2 
(4650 4 2 eye 
2 2 
2 3 
2<x<3 ai<y<t 
3 3 


The plot of the function is drawn in the figure. 
Note that the function values in adjacent intervals 
overlap cach other, but exceeds the greatest value 
in the preceding intervals. Clearly, function val- 
ue begins from 1 and continues towards infinity. 
Hence, range of the function is [1, o) 


y= £00) 


¥ i i 
Caw aneeions: amas ae aan: oo 
. 
e-/2 ! 
oe a f-----~- feonaao roa: 

po 
OB leila ae Jenssen i 

] wor a eee Weg? en og Ape ais i ia 


1 2 3 4 X 


| EXAMPLE 4.28 Find range of the function 
f(x) =J(x -1) + ¥(5-x) 


PSOLUTION The given function is continu- 


ous. Also, it involves square root of polynomial. 
It means that function is defined in a subinterval 
of real number set R. We, therefore, need to find 
the domain of the function first. Then we investi- 
gate the nature of the function in its domain and 
determine the least and the greatest function val- 
ues. For individual square roots to be real, 

x—-1>0 =] x> 1 

5-x>0 => x <5 
Hence, domain of the function is a finite inter- 
val [1,5]. Now, we differentiate the function with 
respect to independent variable to determine the 
nature of the function. 


1 1 
f(x) = —_. —- ———— 
Os (x1) 25—-x) 


Functions 


In order to draw sign scheme, we find the roots 
of the equation by putting f(x) = 0 and solving 
for x: 

2 V(x-1) =2 
=X 1-3 -i S 


(S—x) 
x =3. 
x = 3 is called as critical point. 
Using test point, x = 4, f(x) in negative. Hence, 
corresponding sign scheme of f'(x) is : 
i 7 


a ae 


1 3 5 


Since the function is increasing to the left and 
decreasing to the right of x = 3, the function value 
at x = 3 is maximum. Clearly, there is only one 
maximum. Thus, it is the greatest value. Further, 
either of two function values at endpoints is the 
least value of the function in the domain. Now, 
function values at end points and critical point are : 

f)=0+2=2 

(3) = V2+V2 =2V2 

f(5)=2+0=2 
Clearly, the greatest value is 2 J2 and the least 
value is 2. Hence, the range of the function is 


[2,2V2]. 


5. Composition 


We now take up the method of evaluating range 
of a composite function. Range of a composite 
function is evaluated from inside to outside. This 
means that we need to evaluate innermost func- 
tion and then the one outside it. We shall highlight 
these aspects while working with the examples. 


| EXAMPLE 4.29 _ Find the range of 


= gin [sos x z 
y > J 


cos? x +1 
| SOLUTION Lett= a 


The range of t is =| ; 
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Now, y = sin ‘t, t € Ea 
Then, y € 2 
6 2 


. . | ut 
Hence, the range of the given function is E : z| ’ 


| EXAMPLE 4.30 Find the range of 


y = log,(4x — x’), 


SOLUTION y = log,(4x — x’) 


Let t=4x-x’ 
The range of t is (—ee, 4]. 
y =log,t, te (0, 4]. 


Note that we can feed only positive input to log 
function. 


Hence, the range is y € (—©9, 2). 


| EXAMPLE 4.31 Find the range of 
y= 2D 4 See 


PSOLUTION Lett=x(x-l)>te -<.~) | 


Let u=-vt,te [0,). 

=> ue [0, ~) 

=> y=2utu,ue [0, ~) 

This is an increasing function. 

The least value of y is obtained at u = 0, 
and y approaches as u approaches °-. 
=> ye [l,-). 
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| EXAMPLE 4.32 Find the range of the fol- 


lowing functions: 


2 
. — +] 
(i) y= sin ( ). 
x + 


(iii) f(x) = log, (logy) (x” + 4x + 4). 


; x7 +1 1 
| SOLUTION (i) We have 5 =|= 7 
x° +2 


2<x*4+2<c 


Now, we have 


1 1 —] —1 
= 2 >0>—< 5 <0 
2 x’+2 2 x’+2 
2 
ieee cS <] 
Z x +2 2 x’+2 
2 
= sin! Ls <sin! * <sin! 1 
2 x* + 
Tl 
=> —<y<_. 
2 5 


T 
Hence, the range is y € Ee , 


2 

x? +e 
li) y = én 
ms (+8) 


Clearly range is (0, 1]. 

(iii) f(x) = log, (logy). (x + 4x + 4) 

Since 0 < (x? + 4x + 4) <co V x € domain, 
— 00 < logy) (x’ + 4x + 4) <0, 

We adjust to 0 < log, (x? + 4x + 4) < co, 

= —o<log, (log, (x? + 4x + 4)) <0o 

Hence, the range of f is (—°9, 9), 


| EXAMPLE 4.33 Find the range of the func- 


tion defined by y = [| where [-] repre- 
>.< —. 


sents the greatest integer function. 
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| SOLUTION Now the domain of the function 


is R—[1, 2). Here we cannot easily express x in 
terms of y. But as the function is in the form of 


1 
= , where n is any nonzero integer, we have — 
n 


1 
=> =] =-1,0.1 
n 


Hence, the values of y are —1, 0, 1. 
Thus, the range of the function is {—-1, 0, 1}. 


| EXAMPLE 4.34 Find the range of the func- 


tion f defined by f(x) = Feel (where [ . ] and 
{.} respectively denote the greatest integer and 
the fractional part functions). 
SOLUTION {x}e [9, 1) 
sin {x} [0,sin1) butf(x)is defined ifsin {x} 40 


; ( : 
= = (arene ee 
sin {x} sin 1 


=|. “le £1,2,3, 0.3 


Thus the range is the set of natural numbers. 


| EXAMPLE 4.35 Find the range of 
f(x) = | in(sin™ Vx*+x+ 1) 


where [ ] denotes the greatest integer function. 


1)? 
| SOLUTION Wehavex’+x+l= c + >| 4 3 


4 
which is a positive quantity whose minimum val- 
ue is 3/4. 

Also, for the function 


f(x) = | in¢sin™ Vx? +x+ 1) 


to be defined, we have x7 + x+1<1 


Thus, we have 7 <x+xt1el 


Functions 


=> B ce +x+1< 1 
=> + ssin (x? +x +1) <> 


= gin | x is an increasing function, the inequality 
sign remains same] 


= in( =) <In(sin' Vx? +x+1 <In (=), 
TU 18 
We have 0 <in( =] <In (=| <1. 


= [ in(sin" vx? +x+1)| = 0 for all x in the 


domain. Hence, the range is f(x) € {0}. 


| EXAMPLE 4.36 Findtherange ofthe function 


f(x) = cot ‘logy. (x’ ~2x? + 3) 


SOLUTION Letu=x*-2x?+3=(x?-1)°+2 


=> 2<u<c 

Let v = logy 5(u), 2 <u< 

=> -o<y<-l] 

Now f(x) = cot vy, -o<v<-l 


7 . | 30 
From the graph ofy =cot ‘v, the range is = r) 


| EXAMPLE 4.37 Find the domain and range of 


| SOLUTION (/,_ ,2 is positive and x’ <4 
= —.< x7 
1 — x should also be positive. ». x < 1 


2 
—xX ; 
| e2exet 


—xX 


Thus the domain of aT 


sine being defined for all values, the domain of 
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; V4—x? ||. 
sin fal = } is the same as the domain of 


—x 
/ ae? 
a = ; 
1-x 
Aimy? 
To study the range consider the function 
—xX 


V4—x? 


1-x 


varies in the 


a 


As x varies from —2 to 1, 


open interval (0, °-) and hence a 
—X 


varies from — to 9, 


/ 2 
Therefore, the range of sin al - = } iS 


[-1, 1] — 


| EXAMPLE 4.38 Find the domain and range 


of the following functions : 
(i) f(x) = sin [In (5x? — 8x + 4)] 


(ii) f(x) = log Sinn meron) 
| 2 


SOLUTION (i) 5(x—4/5)° + 4/5 > 0 is always true. 
= In (5x”—8x + 4) is defined for all x € (ce, 00), 
Hence the domain is D; = (—, ©). 


4) 4 
y = f(x) =sinu, where u= fn} 5 aor v 
Umin = In 4/5 at x = 4/5. 
i.e. In 4/5 <u <co (1) 


For u € [In 4/5, °°), sin u assumes all values 
between — 1 and 1. 

=> -l<y<l. 

Hence, the range is R= [-1, 1]. 

dileti= sin x —cosx +3V2 _ Sin X — cOSx 43 


V2 V2 


} sin X — COS x 
=> 2<u<4 since ————_ 


and 1 V2 


lies between —1 
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log, u is defined for all x € (— -, -). Hence the 
domain is x € (—©9, °°). 

Now, y = log, u,2 <u <4 = log,2 <y <log, 4 
= ley <2, 

Hence the range is [1, 2]. 


EXAMPLE 4.39 f(x) =cos? (log] Vix’ + |), 


find the domain and range of f(x) (where [ . ] 
denotes the greatest integer function). 


SOLUTION For f(x) to be defined, 
-1 <log Ris +1] <1 


> 1<y[x3+]] <3 


=>1<[x?+1]<9 


=> 1<[x]}+1<9 => 0<[x]<8 
=> Vax 2 

“. Domain of f(x) is x € [0, 2). 

When 0<x <2 


1<x°+1<9 
. 1<[x?+1] <8 


3 1<y[x?41] <2V2 31< [241] <28 
Case 1:1 < V[x? +1] <2 then | De +] =] 
Case2:2< [x3 +1] <2.8 then Ris + n] =? 


*. f(x) has two outputs cos? log 1 and cos! log 2 
= The range is {0, cos’ (log 2)} 


| EXAMPLE 4.40 Let 


f(x) = max {sint: 0<t<x} 
g(x) = min.{sint: 0<t<x} 
and h(x) = — [f(x)- 800) 
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where [ ] denotes greatest integer function, then 0; 
find the range of h(x). 


37 
_ Jsinx; ™<x<— 
SOLUTION a(x) ; 2 
4. ~rexson 
p 
0: O0<x<~ 
2 
neja4e eee 
- 2 2 
sinx; O0<x<— 37 
2 ? x> 7 
f(x) = ; x2 7 


Hence the range of h(x) is {0, 1, 2}. 


WI PRACTICE PROBLEMS (E} 


1. Find the domain and range of the function 
x+2 
x? —8x-4_ 


2. Find the range of the following functions : 


f(x) = 


(i) £00 = sin x ___COSXx 
V1+ tan? x V¥1+ cot? x 
(ii) f(x) = max {10-|x— lJ, (x —3)’}, xe [0, 5]. 
3. Find the range of the functions : 


2 
(i) f(x) = tan Ye ‘ 
9 
(ii) f(x) = cos (sin™ Vx? PAL) 


(ii) fx) = 


(iv) f(x) =2°*1 (1 —cos 2x) 
4. Find the range of the functions : 
(i) f(x)=yr™ C4243 
5. Find the range of the functions : 
(i) f(x) = sin*x (1 + sin” x) + cos* x (1 + cos’ x) 


(ii) ./In(cos(sin x)) 


(ii) f(x) =8*+4*4+8%*+4%*+5 
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6. Find the range of the function f(x) = min (sin x, cos 2x). 


7. Ifthe range of f(x) = ¢@n} 2sinx + tanx — -* +1) for xe 2 is [a, b], then find the value of 
7 


[a + b], where [.] represent greatest integer function. 


8. Ifrange of the function f(x) = 


9. Find the range of the functions : 
(i) f(x) = 2x? - 15x? + 36x+ sin! x 
(ii) f(x) = |sin x|” + 2|sin x| —|cos x| 


ae ,x<-l 


10. Find the range of f(x) = {sin x ,-I1<x<1l. 


{x7} x>1 


11. Find the range of the function 


2 
V1+x? 


12. Find the range of the function : 


f(x) = (tan! x)’ + 


(i) f(x) =x*+ 


x? +] 


(ii) f(x) = 3* (2* +1) +37%Q2* 41) +2. 
13. Find the range of the following functions : 
(i) f() = V¥x-1 +2 V3-x 
(iii) f(x) = sec! (x? - 3x), xe [-1, 1] 


sin? x+2sinx+3 . 


sin? x+sinx +1 


is [p, q], then find the value of 3p + 6q + 1. 


(ii) £(x) = log, (Vx — 2x’) 


(iv) f(x) =x?+3x?+ 20x — 10 sin x 


14. If f(x) = ax” — bx + c is an integer for x, = 0, x, = 1, x, = 2, then prove that the value of f(x) is an 


integer for any integral x. 


4.6 COMPOSITION OF 
FUNCTIONS 


A function is a special mapping between two 
sets. It emerges that it is possible to combine two 
functions with the help of composition. 

Let f and g be functions. Suppose that x is such 
that f(x) is in the domain of g. Then the function 
that assigns to x the value g(f(x)) is called the 


composition of g and f. It is denoted by gof. It is 
also called function of a function. 

Thus if f(x) = u and g(u) = y, then (gof)(x) = y. 
(gof is read as “g of f” or as “g composed with f.”). 
In practical terms, the definition says: “To compute 
gof, first apply f and then apply g to the result.” 
Thinking of functions as input-output machines, 
we may consider gof as the machine built by 
hooking the machine for g onto the machine for f, 
as shown in the figure. 
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$ 
The output of the f machine, 
f fix g f(x), becomes the input for 
N the g machine 


The composite machine, 
denoted gof 


Notice that f(x) also serves as the input variable 
to the function g. Hence, outputs from f are the 
inputs to g ; and the expression g(f(x)) is the final 
output variable from this two-stage process. 
Let there be two functions defined as : 
f:A>B, y = f(x) 
g:BoOC,y = g(x) 
Observe that set B is common to the two func- 
tions. It means that every element x of set A has 
an image f(x) in set B. Our objective here is to 
define a new function h : A > C and its rule. 
For an element x in A, we have an image f(x) 
in B, and corresponding to f(x), there is a unique 
image in set C. Following the symbolic notation, 
the image of f(x) is denoted by g(f(x)). The figure 
here depicts the relationship among three the sets 
via two functions and the composition function h. 


It follows, then, that for every element x in A, there 

exists an element g(f(x)) in set C. This concluding 

statement is the definition of a new function : 
h:A->C, h(x) = g(f(x)) for allx e A 

By convention, we call this new function h as gof 

and is read as “g of f” or “g composed with f”. 
gof (x) = g (f (x)) forallxe A 

The two symbolical representations are equivalent. 


Functions 


EXAMPLE 4.1. Let two functions be defined 


as: 
f:R-OR, f(K)= x+1 
g:R—-R, g(x) =x’ 

Determine gof and fog. 


| SOLUTION According to definition, 
gof (x) = g (f(x) 
=g(xt]1) 
=(x+1) 
Again, according to definition, 
fog (x) = f(g (x) 
= f(x’) 
= (x* +1) 
Note that gof (x) # fog (x). It indicates that 
composition of functions is not commutative, in 
general. 


x+2 
fEXAMPLE 42 Let f(x)= ~*~ | gx) =’ 


3x —1 
and h(x) = Vx . Find h(f(g(x))) . 


| SOLUTION 


2 Ps 
x° +2 » ee ae 
h(f(g@)) = h@")= h| —— |= { ee 
3x° -1 3x* -1 
| EXAMPLE 4.3 A function f: R — Ris such 


1- 
that f (=) = x for all x #— 1. Then prove that 
X 


G@) f(x) =x 

(11) “(=| =-—f(x),x#0 
X 

(ii) f(—x-—2)=-f(x)-2 


. 1-x 
? SOLUTION (i) f (=) =X 
1+ x 


1-x 
1+x 


Let =(St+tx=I1-x 


1-t 
= x(1+t)=1l-t>x= — 
1+t 


1-t 


1 1+t 
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1-x 
f(x) = C1) 
1+x 
Bas 
1+ f(x) 1+ l-x 
1+x 


l+x+l1-x 2 
f(f(x)) =x. 


(ii) From (1), ‘(=| = 
xX 


(iii) 
Noe reg je ee 


1-—(x +2) 


7 [ate 
1+x 


2 (<5) GB) 
x+1 
From (2) and (3), f (— x —2) =—f (x) -2. 


| EXAMPLE 4.4 Suppose f (x) = ax + b and 


g (x) = bx + a, where a and b are positive integers. 
If f(g(50)) — g(f(50)) = 28 then find all possible 
values of the product ab. 


| SOLUTION 


f [g (x)] = a(bx +a) +b 


and —f(x)-2=- (= 
1+x 


=abxt+a’+b (1) 
g[f (x)] = b(ax +b) +a 
=abx+b’+a ...(2) 


oa (2) gives f [g(50)] — g[f(50)] =a*—b*+b-—a 
(a’ — b’) + (b—a) = 28 
(a—b)(a+ b— 1) =28=1x 28 

or 2x14 or 4x7 


Let a—b=landa+b-1=28 
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and, 2a—2=28 

=> a=15;b=14 

’ ab=210 

If a-b=2 and a+b-1=14 (notpossible) 
If a-—b=4 and a+b-1=7 


2a-1l=11 
=> a=6 and b=2 
: ab = 12 


ene: the possible values of the product ab are 
210 and 12. 


Properties of composition 


(i) The composition is generally not commu- 
tative except for some special functions. 
gof (x) # fog (x) 
For example, if f(x) = x* + 1 and 
g(x) =x-1. 
gof (x) = g(x? + 1) =(x?+ 1)-1=x’ 
fog (x) = f(x — 1) = (x- 1)? + 1 =x’*- 2x 
Notice gof (x) # fog (x). 

(ii) The composite of functions is associative 
i.e. if f, g, h are three functions then 
(hog) of = ho (goh) 
i.e. composition among three functions is 
independent of parentheses. 

Proof: We have 

ho(gof) (x) = h(gof(x)) = h(g(f(x)). 
and (hog)of (x) = hog(f(x)) = h(g(f(x))). 
Hence,ho(gof) = (hog)of. 


Domain and range of composition 


Let there be two functions defined as : 

f:D, > R,, y = f(x) 

g:D, > Ry = g(x). 
and the set A= {x € D;: f(x) € D,}. If A is not 
an empty set, then the function h defined on A by 
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h(x) = g(f(x)) is called composite function of g 
and f and is denoted by gof. 
Note that the domain of gof is A, which is a subset 
of D,, the domain of f. 
Thus, the domain of gof (x) 1.e. g(f(x)) 
= {x: xe Dom f, and f(x) e€ Dom g} 
Corresponding to A , there is a set B= R, 1 Dy, 
which acts as the domain of g for the composi- 
tion. The range of g under the domain B is the 
range of gof, C. Note that the range of gof is C, 
which is a subset of the range of g. 
We now define the composite function gof as 
gof: A> C 


gof (x) = g(f(x)). 


| EXAMPLE 4.5 Let two functions be defined as: 


f= {(1, 2), 2, 3), G4). 4, 5)} 
g={(0, 4), 3, 2). 4 3).6, D} 
Define gof. 


| SOLUTION Here, 


Domain of f = D, = {1, 2, 3, 4} 

Range of f= R, = {2, 3, 4, 5} 

Domain of g = D, = {0, 3, 4, 5} 

Range of g=R, = {1, 2, 3, 4} 

B=R,OD, = {3, 4, 5} 
The domain of gof is the set A corresponding to 
which the output of the function f is B. 
Hence A= {2, 3, 4} 
We can see that A is a subset of D,. 
The range of gof is the set C which is the output 
under g, corresponding to elements of set B. 
Hence, C = £1, 2, 3}. 
We can see that C is a subset of R,. 

gof: {2,3, 4} {1, 2, 3} 

gof= {(2, 2), 3, 3). 4, D} 
Composition of two functions results in a new 
rule. The expression of the new rule may prohibit 
certain elements of the original domain set. For 
example, consider the function, 


f(x) = 


1 
(l- x) 


Functions 


Clearly, the domain of function is R — {1}. Let us 
now see the expression of composition of func- 
tion with itself, 
1 1-x 
fo f=f(f (x)) = —————= 
(fF (x) a 


l= 
(1— x) 


x—1 


=> fof= 
x 


It seems that this expression is valid for all real 
values of x when x # 0. However, fof is also not 
defined for x = 1, since f is undefined at x = 1. 
Thus, the domain of the composition fof(x) is 
R — {0,1}. 


1 
EXAMPLE 4.6 If f(x) = x’ +1, g(x) =—_.,, 


x—1 
then find (fog) (x) and (gof) (x) and write their 
domains. 


SOLUTION Given, f(x) = x? + 1 ..() 


oO) 


g(x) = 


x=] 


Now (fog) (x) = f(g(x)) = [+] 


2 
-( ! a xk 
x—-] (x -1) 


Domain of fog(x) is x € R- {1}. 
(gof) (x) = g(f@9) = g(x" + 1) 
1 1 
x +1-1 x? 
Domain of gof(x) is x € R—- {0}. 


| EXAMPLE 4.7 Consider the function 


f(x) =x+1; 
0<x <2. Determine fof (x). 


| SOLUTION The composition of the function 
with itself is : 


fof (x) =f @ (x) =f(K+1);0<x<2 
= fof (x)=(k+1)+1,0<x+1<2and0<x<2 
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= fof (x)=x+2;-l<x<land0<x<2 
. fof (x)=x+2;0<x<l1. 


tEXAMPLE 4.8 Define fog and gof for the 


following functions : 
(i) f(x) = Vx4+3, g(x) =14+x’ 
(ii) f(x) = Vx , g(x) = x°- 1. 


| SOLUTION (1) Domain of f is [—3, -), range 
of fis [0, ©). 
Domain of g is R, range of g is [1, ©). 
Since range of f is a subset of domain of g, 

*. Domain of gof is [-3, °°) {equal to the do- 
main of f } 
gof (x) = g(f(x)) = g (Vx +3 )=14+(K+3)=x+ 
4. Range of gof is [1, ©). 
Further since range of g is a subset of domain of f, 
= Domain of fog is R {equal to the domain of g} 


fog (x) = f(g(x)) =f(1+ x2) = Vx? 44. 
Range of fog is [2, ©°). 


(ii) f(x) = Vx , g(x) =x?- 1. 
Domain of f is [0, °°), range of f is [0, ©). 
Domain of g is R, range of g is [—1, °°). 

Since range of f is a subset of the domain of g, 

-. Domain of gof is [0, -) and g(f(x))= g(Vx) = 
x — 1. Range of gof is [—1, ©). 
Further since range of g is not a subset of the do- 
main of f i.e. [—1, -) ¢ [0, ©), fog is not defined 
on whole of the domain of g. 
Domain of fog is {x : x € domain of g and g(x) € 
[0, c0), the domain of f}. 
Thus the domain of fog is D = {x : 0 < g(x) <0} 
ie. D={x:0<x?-l} ={x:x<-lorx>1} 
= (-c0o, -1] U [1, ©). 


fog (x) = f(g(x)) = f(x?-1) = Vx?-1. Its range 
is [0, ©°). 


1 
| EXAMPLE 4.9 Letf: (0, 0) > =] , 


| 
f(x) =x? + — 
(x) 5 
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g:{[-l,1]> -2,2), g(x) = sin” x. 


Define gof and write it domain and range. 
1 
FSOLUTION 20f (x)= gf) =2 [x + 4 
= sin! Le + >| ; 
2 


We must have —1 < x” + <1,xe (0, &) 


= <x< E (0, 0) 
— - Xx — "fF? x : oO 

J2 J2 

1 
Hence, the domain of gof is (0, e 
: 2 

, 1 

With these values of x, f(x) € (S| ; 


To find the range of gof, we need to find the range 
of g(x) =sin ‘x, when x € eal , 


um 1 

=> g(x)e€ | —,— 

g(x) (= | 
Thus, the range of gof is ee : 


Let us see the details of the process in the follow- 
ing diagram: 


| EXAMPLE 4.10 Twofunctionsaredefinedas: 


1- 

a(x) = —; 0<x<l 
1+x 

h(x) = 4x (1 — x); 0<x<l 


Determine the composition goh(x) and hog(x). 
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tSOLUTION We need to interpret domain 


of the composition as we compose the required 
function. 
Lety = h(x) = 4x (1 — x) = 4x — 4x”; 0<x<1 
Then, 

goh(x) = g(y); 0<y <landO<x<l 
= goh(x) = g(4x — 4x”) ; 0 <4x —4x’< 1 

and 0<x<1 
Let us first interpret rule of the function : 
= goh(x) = ee) ~Gx~ 4x") 
I+y 14+(4x-4x’) 
_ 1-4x 44x? 
1+ 4x-— 4x?) 

Now, we interpret the interval 0 < (4x — 4x”) <1 
in parts. The left part is : 

(4x — 4x”) >0 => x(1-x) >0 
=> 0<x<1l 
The right part of the interval is : 

(4x — 4x”) <1 => (4x”- 4x) >-1 
= (4x*-4x+1)>0 
=> —co < KX <0 
The intersection of the two parts is 0 <x < 1. 
Thus, the interval of composition is intersection 
of intervals 0 <x < 1 and 0 <x <1. Therefore, 


1-4x+4x?_ 
1+4x-—4x?- 
For determining hog(x), Let 


goh(x) = O<x<l. 


1+x 
Then, hog(x) = g(y); 0<y <landO<x<1l 


= hogts)=s(—* | 50< (=) <land0<x<1l 
1+x 


1+x 
Let us first interpret rule of the function : 


hog(x) = 4y(1—y) =4 —*(1-—*) 
1+x 1+x 


—* (He) 
1+x 1+x 7 (l+x) 


hog(x) = 4 


Functions 


Now, we interpret the interval 0 < € = = <lin 
+X 
parts. The left part is : 


=> 0<x<l. 
The right part of the interval is : 


< >0>x<-1,x20. 
1+x 1+x 


The intersection of two parts is 0 <x < 1. Thus, 
interval of composition is intersection of inter- 
vals 0<x<1land0<x<1whichisO<x< 1. 
Therefore, 

8x(1— x) 


eee (l+x) 


5O0<x<l. 


Iteration / Repeated Composition 


Given a function f(x), its iterate at x is f(f(x)), 
that is, we use its value as the new input. 
The iterates at x 

x, f(x), f(fCx)), fFFCGX))).... 
are called 0-th iterate, lst iterate, 2nd iterate, 3rd 
iterate, etc. We denote the n-th iterate by f[n]. In 
some cases it is easy to find the n-th iterate of a 
function, For example 


If p(x) = x’ then p'™x) =x", 
If q(x) = mx then q(x) = m*x, 


n 
If r(x) = mx + k then r(x) = m™x + ‘(2 — 2 , 
m-—1 
The above examples are more an exception than 
the rule. Even if it is possible to find a closed for- 
mula for the n-th iterate, in some cases it is very 
complicated. 


* EXAMPLE 4.11 Let f(x) = —. Find the 
—xX 


n-th iterate of f at x, and determine the set of val- 
ues of x for which it is defined. 
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| SOLUTION We have 


N(x) = £0 A(x) = FF) = ——— = 


fe X 


1-x 


Pq = Fo fo (x) = FKx))) = r( = ") 
xX 


Notice now that 


fl*l @ = ¢ 0 fP) () = f(s) = FI). We see that f 
is cyclic with period 3, that is, 


fUlx) = f4I(xy = 7x) = = 


FI (x) = FPI(x) = F(x) = .... 


x 
fPI(x) = (x) = fx) = = x. 
The formulae above hold for x ¢ {0, 1}. 


1 
» n=3m-+l1 
l-x 
x—1 
fn(x) = » nh=3m+2 . 
X 
X , n=3m,mel 


| EXAMPLE 4.12 A function f(x) is given as : 


f(x) = {2 —x"}!""| where x > 0 and n is a positive 


integer. Prove that f{f(x)} + f{f (=| 122: 
Xx 


SOLUTION The domain of the given 


function is a positive number as x > 0. In order to 
prove the inequality, we need to determine each 
composition on the left hand side of the given 
inequality. 

If f(x) = {a— x", then f{f(x)} =x. 

Hence, if f(x) = {2 — x"}"", then f{f(x)} = x. 
Similarly, we determine f{f(1/x)}. Here, 
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= fe) 


Substituting these values in the LHS of the in- 
equality, we have : 


LHS = f{f(x)} + r\(—}f =xt Le 
x 


XxX 
| 
={|Vx -—=]| +2. 
a) 
But, the square term is a non-negative number. 
Hence, LHS > 2 

= f{f(x)} + f{fU1/x)} = 2. 


, EXAMPLE 4.13 Iff(x)=px+ qand f¢(f())) 


= 8x + 21, where p and q are real numbers, then 
find the value of p + q. 


| SOLUTION Using f (x) = px +q, 


f(f(x)) = f (px + gq) = p(px + q) + q 


=px+pq+q 
and f(f(f(x))) = f (px + pq+ q) 

= p(p’x + pqt+ q)t+q 

= pxt+pqtpqtq 
Equating this to 8x + 21 , we get p = 2 and q=3. 
Thus pt+qz=2+3=5. 


EXAMPLE 4.14 Let f(x) =x’ + kx where 


k is a real number. Find the set of values of k for 
which the equation f (x) = 0 and f(f(x)) = 0 have 
exactly the same real solution set. 


| SOLUTION 


f(£(x)) = £(x? + kx) = (x? + kx)(k + x” + kx) 
f(f(x)) = f (x) k + f(x) = 0 


Telegram @unacademyplusdiscounts 


For f (x) and f(f(x)) to have the same solution set, 
k + f (x) = 0 should have no solution 


x-+kx+k=0 (1) 
D <0 (for no solution) 
k?— 4k <0 
k(k — 4) <0 
k € (0, 4) 
Also for k = 0 both f (x) = 0 and f(f(x)) = 0 has 


same solution set. 
“. ke [0, 4). 


? EXAMPLE 4.15 Letf,(x)=x,f,(x)=1—-x, f(x) 


1 1 x x-l 
= — ; f,(x) = ; f,(x) = 3 f(x) = . 
x 1-x x-1 x 


Suppose that f,(f,,(x)) = f,(x) and f,(f,(x)) = f3(x) 
then find m and n. 


| -] 
PSOLUTION Given f,(x) = ~ (0) 


X 


1 ; 
fs (fin(x)) = f4(x) = i=s (given) 


fr(x)-1 _ 1 
f,,(x) 1-x 


; —1 
(using given relation f,(x) = — 
X 


ad f, (f,,(x)) = 


k-1_ 1 
Putf,,(x) =k, —— = 
m(X) a oe 


Speier 5. eee 


X 


= f,,(x) = _ =f,(x) > m=6. 


1 
Again, f,, (f,(x)) = £3(x) = x 


Functions 

1 t-1 

Let =t > t-tx=l> x= — 
1-x t 
t xX 

= f,) = — => f,(x) = — =f,() 

t-—1 x—-1 
Hence, n= 5. 


EXAMPLE 4.16 Letf(x)= — f(x) = ff), 
P(x) = £(?(x)) eee f<*1 (x) = f(F(x)) fork € N. 
Find f!””8 (x). 


x —-1 
SOLUTION f(x) = —, 
x+1 
x71, 
(x) =f) = = aL _ == 
f+1 x-l x 
el 
x+1 


f(x) = £(P(«) = =——_ = = —— 


f(x)t) -l,, x-l 
xX 
; x+1 1 
7 F(x)-1 xy. 
f' = f(f'(x)) Fast xl, x 
x—-l 


f(x) = f(f" (x) = — = f(x). 


Thus, we can see that f*(x) repeats itself at 
intervals of k = 4. 

+1 
Hence, we have f'?8(x) = f’(x) = a ; 
x — 


[.. 1998 = 499 x4 +2] 
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Composition of piecewise defined 
functions 


| EXAMPLE 4.17 A function is defined as 


ae —] ;-2<x<0 
oe -0<x<2 


Find composition f(|x|) and its domain. 


tSOLUTION The function is defined by dif- 


ferent rules in two intervals. 
The composition consists of two functions f(x) 
and |x|. We know that modulus is defined for all 
values of x. However, domain of f(x) is [-2, 2]. 
—] ;-2<|x|<OandR 
f(|x|) = | 
|x|-1 ;0<|x|<2andR 
The interval —2 < |x| < 0 can be interpreted in 
parts. The left part |x| = — 2, is always true. The 
right part |x| < 0 is meaningless, which yields no 
solution for x. Therefore, f(|x|) is domainless. 
On the other hand, the interval 0 < |x| < 2 has two 
parts. The left part |x| => 0 is true for all values of 
x. The right part is |x| < 2. This expands to —-2 < 
x <2. 
The intersection of -2 <x <2 and Ris—2<x <2. 
Hence, the composition is 
f({x|) = |x] — 1; -2<x <2. 


| EXAMPLE 4.18 Two functions are given as : 


f(x) =-1+|x-1];-Il<x<3 
g(x) =2—|x+ 1]; —25 x57, 
Find fog(x). 


SOLUTION Lety = 9(x)=(2—-|x+ 1); -2<x<2 


Now, let us first determine the composition, 
fog(x) = f(y) =f —|x + 1)|=-1 + |2-|x+1-l| 
This is the rule of the composition function. In 
order to find the domain of the composition, we 
write domains of two functions as an intersection : 
fog(x) =— 1+ |2—|x + 1|— I}; 
when -1 <y <3 and—2<x<2 
We interpret the interval -1 <y <3 as: 
-1<Q-|x+1)) <3 


x—-1 
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=> 3<(x+1)<1l 
Multiplying each term with —1 and reversing in- 
equality, we have : 
3>(\xt+ 1)2>-1 
But, |x + 1| >—1 is true for all values of x. hence, 
the above inequality is equal to the interval given 
by the first part |x + 1] <3 as: 
3<x+1<3 
=> 4<x<2 
Hence, interval of the composition is intersection 
of intervals -4<x <2 and-2<x<2 
*. The domain is —2 <x <2. 
The composition, therefore, is 
fog (x) =-1+ |1—|x+ 1]; 2<x<2. 


| EXAMPLE 4.19 A function is defined as: 


l+x ;x20 
ie °x <0 


Determine the composition f{f(x)}. 


| SOLUTION | For f(1 + x) in the interval x = 0 


1 + x) 1+14+x ;3;14+x20Oandx20 
xX) = 
1-l-x ;1+x<Oandx20 
-r >x2—-landx2>0 
—X 


>x <-landx20 
The intersection of upper intervals x >—1 and x = 0 
is equal to x = 0. There is no common interval for 
the intersection of lower intervals. Hence, 
fl+x)=2+x x20. 
For f(1 — x) in the interval x < 0, 
1+1l-x ;1-x2Oandx<0 
f(l-—x)= 
1-1+x ;1-x<Oandx<0 
7 2-xX 
xX 


The intersection of upper intervals x < 1 and x <0 
is equal to x < 0. There is no common interval for 
the intersection of the lower intervals. Hence, 

fl —x) =2-x;x<0 
Therefore, the composition is : 


2+x ;x>0 
rife) = {2 


1-x 


;x<landx <0 


-x>landx<0 


-x<0. 
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| EXAMPLE 4.20 If 
x, when x is rational 
f(x) = ee , then find fof (x). 
1—x, when x is irrational 
| SOLUTION 


f(x), when f(x) is rational 


fof (x) = oer 
1 — f(x), when f(x) is irrational 
<< when x is rational 
= oe =x,xER 
1 — (1—x), when x is irrational 
fof (x) = x for all real x. 
x+l , x<0 
| EXAMPLE 4.21 Let f(x) = ; 
X , x20 
hes 2x , -l<x<l 
and 9(x) = 
3-x , lx 21 
Define gof and gog. 
SOcUTION 2f(x) , -l<f(x)<1l 
3-f(x) , f(x)21 
2(x+1) , -Ilsx+l<1 , x<0O 
3-(x+]) , x+121 , x<O0 
| axt | ex? <1 5 x20 
3-x? : x? >1 , x20 
2x+2 , —2<x<0 
gof(x)= {4 2x7 , O<x<l 
a ; x21 
2g(x) , —-l<g(x)<1 
Now, g(g(x)) = | 
3-g(x) , g(x) 21 
2(2x) », —ls2x<1 , -lsx<l 
_ 3-—2x : 2x21 , =lse<] 
2(3-x) , -Ils3-x<l , x21 
3-(3-x) , 3-x21 ; x21 
4x , Pees 
2 2 
1 
=e 5=2h ~ =e) 
2 
2(3-x) , 2<x<4 
X », ISxs2 


Functions 
Graphical method 
2f(x) , -l<f(x)<1 L, 
gof (x) = 
3-f(x) , f(x)21  L, 
Y 
a y=f(x) y=x° 


y=x+1 


From the figure, the inequalities —1< f(x) < 1 and 
f(x) 2 1 can be solved. Thus, 


2(x+l) , -2<x<0 
gof(x)=4 2x* , O<x<l. 
=x" ; x21 


PEXAMPLE 4.22 Iff(x)=||x—3]-2|, 0<x<4 


and g(x) = 4—|2 —x|, -1 <x <3, then find fog(x). 


SOLUTION f(x) =||x-3]-2|,0<x<4 


1-x O<x<l 


_ {[x-l] Osx<3 _ 
|x-5| 3<x<4 


g(x) =4—-|2-x|, -l<x <3 


_ 4-(2-x) -1s<x<2 
7 ee 2<x<3 
_|2+x -Ilsx<2 
“155 2<x<3 
l-g(x) O<g(x)<1l 
*.. fog (x)= 4g(x)-1 1 g(x)<3 
5-—g(x) 3<g(x)<4 
1-(2+x) 0<$2+x<1 and -l<x<2 
2+x-1l 1852+x<3 and -l<x<2 
5-(2+x) 3<24+x<4 and -l<x<2 
| 1-6+x 0<6-x<1 and 2<x<3 
6-x-l 1856-xs3 and 2<x<3 
5-6+x 356-x<4 and 2<xs<3 
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—2<x<l 
-l<x<l 
1<x<2 
—-6<-x<-5 
—-5<-x<-3 
—3<-x<-2 


and 
and 
and 
and 
and 


and 


Ya f(g(x)) 


-1<x<2 
—-l<x<x 
-l<x<2 
2<xs3 
2<xs<3 
2<xs3 


x — 


5 


5-x 


Xx 


—] 
1+x 
3-x 


x—l 


—2<x<-l 


-l<x<l 
1<x<2 
5<x<6 
3<x<5 
2<xs3 


-l<x<l 
1sx<2 


22xs3 


Graphical method 


g(x) = 


2+x 
6—x 


-l<x<2 
2<x<3 


Y g(x) 
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l1-g(x) O<g(x)<l 


*. fog(x) = 4 g(x)-1 


1< g(x) <3 
5—g(x) 3<g(x)<4 


1—g(x) for no value 


= g(x)-l1 -lsx<l 
5-g(x) I18xs3 
2+x=1 -—lsx<1 


= <5 = (24+ 


= 4 ae 


x) Ils<x<2 
5-(6-x) 2<x<3 
x+l -l<x<l 
l<x<2 
x-l 2<xs<3 


EXAMPLE 4.23 
I+|x|, x<l 
Let f(x) = 
= ,l<x<4 
F : x<2 
and g(x) = 
at) Ne -1] , 2<x<3 
Define gof. 
Ps SOLUTION 
f(x)+1 , f(xk)<2 L 
gf) = 4, 
f*(x)-1, 2<f(x)<3 L, 


Hence, g(f(x)) = 


(|x |+1)? -1 
(|x+1])+1 , 


b 
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Graph of composite functions 


EXAMPLE 4.24 Draw the graph of y = 2""* 
SOLUTION 


Let f(x) = sin x, g(x) = 2” y = 25"* = g(f(x)) 


2 


| EXAMPLE 4.25 Draw the graph of 


y =log, (44x - x’) 


SOLUTION Let f(x) = 4x — x”, g(x) = log,x 


y = log, (4x — x’) = g(f(x)) 


Functions 


y=log,(4x-x’) 


| EXAMPLE 4.26 Given the graphs of the two 


functions, y = f(x) and y = g(x). In the adjacent 
figure from point A on the graph of the function 
y = f(x) corresponding to the given value of the 
independent variable (say X,), a straight line is 
drawn parallel to the X-axis to intersect the bi- 
sector of the first and the third quadrants at point 
B. From the point B a straight line parallel to the 
Y-axis is drawn to intersect the graph of the func- 
tion y = g(x) at C. Again a straight line is drawn 
from the point C parallel to the X-axis, to inter- 
sect the line NN’ at D. If the straight line NN’ is 
parallel to Y-axis, then show that the co-ordinates 
of the point D are (Xo, g(f(X)). 


| SOLUTION The points have been labelled in 
the diagram. 


LZ, 
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CONCEPT PROBLEMS [B) 


_ Letf: R> Rand g: R-R be defined by f(x) = x” + 3x + 1 and g(x) = 2x — 3. Find the formula 


defining the composite functions : 
Gi) fog (i) gof 
(ill) gog (iv) fof 


. The following diagrams define function f, g and h which map the set {1, 2, 3, 4} into itself. 
h 


(i) Find the ranges of f, g and h. 
(ii) Find the composition function 


(a) fog (b) hof (C) gog 


. Consider the functions a(x) = 1- x’, b(x) = 1 + 2x, c(x) =4. Find 


(i) (a+b+c) (2) (ii) (abc) (2) 
(iii) (aoboc) (2) 
X 


X 
Vi4x? J +3x2) 


Let f(x) = x’ — 2x and g(x) = 2x + 1. Find all x for which (fog) (x) = (gof) (x). 


Iff (x) = 


then show that (fo fof) x= 


. Consider f : [-V3, V3 ] > R, f(x) = V3—x? and g : [-2, ©) > R, g(x) = —Vx +2. Find 


Gi) Range (f) (ii) Range (g) (iii) Dom (fo g) 
(iv) fog (v) Dom (go f) (vi) gof. 
Let f(x) = 2x* — 1 and g(x) = 4x* — 3x. Show that (f 0 g)x = g 0 f)(x). 

3 
. Given f(x) = log (=) and g(x) = = a then show that fog (x) equals 3f(x). 
I-x 1+3x 

Let f, g and h be functions from R to R. Show that 

G) (f+ g)oh =foh+ goh (ii) (f+ g)oh = (foh) - (goh) 


. Let f(x) = 2x + 3. How many functions are there of the form g(x) = ax + b, a and b constants such 


thatfog=gof? 


._ Let f(x) = 2x + 3. How many functions are there of the form g(x) = ax” + bx +c, a, b and c con- 


stants. a not 0. such that fo g=gof? 


1 x>0 
Let f: R > R be the signum function defined as f(x)=4 0, x=0 andg:R-—R be the great- 
-l, x<0 


est integer function given by g(x) = [x], where [x] is greatest integer less than or equal to x. Then, 
does fog and gof coincide in (0,1]? 


13. 


14. 


1S, 


16. 


17. 
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Functions 


Find (g ofo gofo gofo go f) if f(x) = x” +1 and g(x) = V ols 
Let f'"! = f be given by f(x) = — and let f"*"! = fof! for n > 1. find 11x), 
—X 
Let f(x) = f(x) = 2x, f"*"! = fori"! n > 1. Find a closed formula for f!! 
x” x<0 
If f(x) = ; and g(x) =-|x|, x ER, then find fog and gof. 
xX xX> 


(l-x); x<l 
3-(x-1)°; x>1 


10-x?; x>3 


then find f 0 g(x). 
5-x; x<3 


If f(x) = and g(x) = 


PRACTICE PROBLEMS [F] 


18. 


19. 


20. 


21. 


22, 


23. 


24. 


yin 


26. 


Let f(x) = (n sec! (2x — x”) and g(x) = Vx —3 then prove that the function gof(x) is not defined 
for any real x. 


Let f: R° > R be defined as f(x) = (x? — x + 2) and g: [1, 2] > [1, 2] be defined as g(x) = {x} + 
1, where {x} denotes the fractional part of x. 


If the domain and range of f(g(x)) are [a, b] and [c, d) respectively (a < b, c < d), then find the 


value of 2 + . 
a 


c 
Find the number of distinct real solutions of the equation P(P(P(x)) = 0, where 
P(x) =x’- 1, 
Define a numerical function f as follows : If x is an integer, let f(x) = —x; if x is not an integer, let 
f(x) =x. 


(a) Show that (f 0 f)(x) = x for all numbers x. 
(b) How many functions g are there from R to R such that (g 0 g)(x) = x for all numbers x? 
Let f(x) = 2x*- 1, 
(a) Show that f o f commutes with f. 
(b) Find all polynomials of degree 4 that commute with f. 
1+x;0Sxs2 


If f (x) = , then find fof (x). 
3-x;2<x<3 


x+1,x<l {x}, -Il<x<2 _. 
Let f (x) = and g(x) = . Find fog. 
2x+1,1<x<2 [x+2], 2<xs<3 
x+] , xsl x? -l<x<2 
If f(x) = and g(x) = . . Find fog and gof. 
_ pee ,1<xs2 ce ee 2<xs3 ss 


If f(x) =-1+ |x-2|, O0< x <4 and g(x) = 2-|x|, -1<x <3. Then find fog (x) and gof (x). 
Draw rough sketch of the graphs of fog (x) and gof (x). 
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27. Ifay =X, ag. = f(a,), n= 0, 1, 2,....., find a, when (i) f(x) = |x|, Gd f(~) = 


I+x , -2<x<l 


28. Iff(x) = i. ees 


and g(x) = | 


4.7 | ONE-ONE AND MANY- 
ONE FUNCTIONS 


We now wish to classify the functions according 
to some specific properties. In, general, the func- 
tions are classified as : 


(i) One-one or many-one 

(11) Onto or into 
(iii) Even, odd or neither even nor odd 
(iv) Periodic or non-periodic 


(v) Invertible or non-invertible. 

The relation between two sets under a rule has 
two perspectives. We can look at the relation in 
the direction from domain set A to co-domain set 
B. This is the function view. But, we can also look 
this relation in opposite direction from B to A. 

When we see function from domain A to co-do- 
main B, then we find the following possibilities : 


(i) Every element of the domain is related to 
different element of the co-domain (one- 
one function or injection) 


(ii) More than one elements of the domain 
is related to an element of the co-domain 
(many -one function) 

When we see relation from co-domain B to do- 
main A, then we find the following possibilities : 


(i) There are elements in co-domain, which 
are not related to any of the elements in do- 
main (into function). 


(ii) There are no elements in co-domain, which 
are not related to elements in domain (onto 
function or surjection). 


(iii) There are elements in co-domain, which 
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1 


1-x 


—-1+2x ,x<0 


. Then find f(g(x)). 


x-l , x2 


are related to exactly one element in do- 
main. Then the function is called as one- 
one function. 


(iv) There are elements in co-domain, which 
are related to more than one element in do- 
main. Then the function is called as many- 
one function. 


One-one function (Injection) 


A function f : A > B is said to be one-one (injec- 
tive) if no element of set B is an image of more 
than one element of set A, 

1.e. different elements of domain set A have dif- 
ferent images in co-domain set B. 

In plain words, every x in A associates with a dis- 
tinct y in B. For example, consider the mapping 


2 
a 
| dG 
—— —-& 2 

10 


It is an one-one function. 

In order to represent the condition of injectivity 
symbolically, we can think of two different ele- 
ments x, and x, in set A. Then, two images f(x,) 
and f(x,) in B, corresponding to these elements 
in A are not equal. We capture this intent in con- 
structing condition for an injection as : 

f: A — Bis an injection, x, # x, ,f(x,) #f(x)) 
for all x,, x, € A. 

We can also interpret injection by asserting that 
if two images are equal, then it means that they 
are images of the same pre-image. The map dia- 
gram, corresponding to an injection, is shown in 
the figure. Note that elements in A are mapped to 
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different elements in B. 


Many-one function 


A function f : A > B is said to be many-one if 
there exists atleast one element in set B which is 
image of more than one element of set A. 

For example, consider the mapping 


It is a many-one function since f(3) = f(4) = 8. 
The test of condition for many-one function is 
easy : if a function is not one-one, then it is many- 
one. Alternatively, we can check literally going 
by the definition whether there exist such many- 
one correspondences. 


Many-one function 
Modulus function is one such many-one function. 


Functions 


The function yields the same value for positive 
and negative arguments of same magnitude. 


f (x) = |x| 
= f(-l)=|-l|/=1 
=> f(1)=|1|=1 


We should understand that a function of the type 
“one-many’ is barred from the very definition of 
function. The element of domain can be related to 
exactly one element in the co-domain. 


| EXAMPLE 4.1 Let f be a one-one function 


with domain {x, y, z} and range {1, 2, 3}. It is 
given that only one of three conditions given be- 
low are true and remaining two are false : 

f(x) = 1; f(y) #1; f(z) #2 
Determine a for which f(a) = 1. 


| SOLUTION We shall check each such possi- 
bility to see whether function is one-one. 


First combination : 

If f(x) = 1 is true, then f(x) = 1. 

If f(y) # 1 is false, then f(y) = 1. 

If f(z) #2 is false, then f(z) = 2. 

The function is clearly not one-one. 

Second combination : 

If f(x) = 1 is false, then f(x) = 2 or 3. 

If f(y) # 1 1s true, then f(y) = 2 or 3. 

If f(z) #2 1s false, then f(z) = 2. 

As f(z) = 2, f(x) = f(y) = 3. Again, the function is 
not one-one. 

Third combination : 

If f(x) = 1 is false, then f(x) = 2 or 3. 

If f(y) # 1 is false, then f(y) = 1. 

If f(z) 4 2 is true, then f(z) = 1 or 3. 

As f(y) = 1, f(z) = 3 and f(x) = 2. In this case, we 
see that image and pre-image are related distinctly. 
The function is one-one. Also, f(y) = 1. 

Hence, a= y. 


Tests for one-one and many-one 
functions 


1. Solving f (x,) =f (x,) 
Let f(x,) = f(x,). Now, solve for x, in terms of x. 
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If the solution is x, = x, only then f is one-one. 
If other solutions also exist then f is many-one. 


| EXAMPLE 4.2 Consider a function defined as 


f: I> I by f (x) =x’ + 1 forallxe L 
Determine whether the function is an injection? 


PSOLUTION We consider two arbitrary ele- 


ments of the domain set such that: 

f (x)) =f (x) 
We have deliberately considered a contradictory 
supposition with respect to the requirement of in- 
jectivity. If this supposition yields x, = x5, then the 
given function is an injection; otherwise not. Here, 
=> x/tl=x,’+1 
= x,’= x,’ 
=> X,;=+X, 
This is not a unique solution. Here, x, is not 
uniquely equal to x,. We conclude that the given 
function is not an injection. As a matter of fact, 
we can infer a check on our conclusion as, 

f 1) =f Cl) =2. 
Thus, we see that two pre-images relate to one 
image, which is contradictory to the requirement 
of an injection. 


| EXAMPLE 4.3 Find whether f(x) = is one-one. 
SOLUTION Let f(x,) = f(x) 


ex - eX23 

=> x) = re 

> (Ky — Xp) (Ky" + XX) +X) = 0 

The only real solution is x, = x,. Hence, fis one-one. 


PEXAMPLE 4.4 Find whether f(x) = a 


is one-one or many-one. be 


? SOLUTION Let f(x,) = f(x) 


2 2 _ 
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= (X, —X,) 1 — x), x) =0 

X, =x, and x, = 1/x,. 
There exist real solutions other than x, = Xp. 
Hence, f is many-one. 


| EXAMPLE 4.5 Check whether the function 


; 3x-4. 
f:R—-R given by f (x) = - is one-one. 
x° + 


| SOLUTION Letx,, x, eRand let f(x,) =f(x,) 
= (3x, -4)(x,° + 1) = Bx, -H)(K?+ D 
=> 3x,X5° ou), Cae 4x,” —4= 3x,'x5 + 3X, — 4x,” —4 
=> 3xyXq (Ky — Xy) + 3(Ky — Xp) — A(x” — x1") = 0 
= 3x,)x,-3-4(x, + x,) =0 or x, =X. 
The first equation suggests that if x, = 0 then 


X, = - where x, # x,, but f(x,) = f(x)). 


*. fis not one-one. 
2. Horizontal Line Test 


Alternatively, draw plot of the given function. 
Draw a line parallel to x-axis such that it inter- 
sects as many points on the plot as possible. If 
it intersects the graph only at one point, then the 
function is one-one. 

The graph of a one-one function has the prop- 
erty that every horizontal line meets it in atmost 
one point. To see why, consider the line y = k in 
the figure. If it meets the graph of a function f in 
atleast two distinct points, say (x,, k) and (x), k), 
then f(x,) =k and f(x,) =k. This means that fis not 
a one-one function, since the outputs correspond- 
ing to the inputs x, and x, are equal, namely, k. 

¥ 


Xx 

Not the graph 
of a one-one 
function 


Graph of a many-one function 
On the other hand, if each horizontal line meets 
the graph of a function f in atmost one point, then 
f is one-one. 


mx 
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Graph of a one-one function 
It is generally possible to restrict the domain of 
a function to some interval so that the function, 
considered only on that interval, is one-one (See 
the figure below.) 


YA 
y = f(x) 


a b X 
Restricting f to [a, b] produces a 
one-one function 


Consider some examples : 


The above graph represents a many-one function. 


y=Ixl + 2x 


(iii) 


The above graph represents a one-one function. 


Functions 


| EXAMPLE 4.6 A function f: R — R is given 


by f(x) = 1 —x°. Is the function one-one? 


| SOLUTION Draw a line parallel to x-axis to in- 
tersect the plot of the function as many times as pos- 


sible. 

We find that all lines drawn parallel to x-axis in- 
tersect the plot only once. Hence, the function is 
one-one. 


| EXAMPLE 4.7 A function f: R — R is given 


by f(x) = x|x|. Is the function one-one? 


~x*, x <0 
PT SOLUTION m= | ; 


x“, x20 


Draw the plot of the function and see intersection 
of a line parallel to x-axis. 


We observe from its plot that there is no line par- 
allel to x-axis, which intersects the functions more 
than once. Hence, the function is one-one. 


PEXAMPLE48 Let as an 
ety= 
V4-x , 0<x<4 


. Find a for which the function is one-one. 


| SOLUTION No horizontal line should inter- 


sect the graph more than once. 
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CaseI: a22 
Casell: lt+a<s0 => as-l. 
Hence, ae (—, — 1] U [2, -) 


3. Increasing and Decreasing Functions 

The concept of monotonous functions (increasing 
or decreasing) can be used to determine whether 
a function is one-one or not. 

Consider the graph of a strictly increasing func- 
tion shown below. The function is one-one be- 
cause a straight line parallel to the x-axis inter- 
sects the graph only once. The same is the case 
when a function is strictly decreasing. 


Lg 


one-one function 


If the function is either (i) strictly increasing or 
(i1) strictly decreasing then it is one-one. Note the 
use of word “strictly”. If the graph, as shown in 
the figure below drops, then we can always find 
a line parallel to x-axis, which intersects it at two 
points and the function becomes many-one. 
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We can associate these characteristics with differ- 
ential calculus. We can say that : 


Either dy > 0 for all x 
dx 


d 
or oy <0 for all x. 

dx 
As a matter of fact the derivative can be equal to 
zero for certain distinct values of x — not for an 


interval of x. Thus, we can write the condition for 
a strictly increasing function : “ > (0 for all x, 
equality holding for certain distinct values of x. 

Thus, if a function is continuous and & > 0 for 


all x, equality holding for certain distinct values 
of x, then the function is one-one. 


Soc ed d 
Similarly, if a function is continuous and = <0 


for all x, equality holding for certain distinct val- 
ues of x, then the function is one-one. 

A continuous non-monotonous function is many- 
one. A continuous function f(x) which has atleast 
one local maximum or local minimum at an inte- 
rior point, is many-one. Also, every even func- 
tion and every periodic function is many - one. 


local maximum 


many -one function 


Note that a non-monotonous function may be 
one-one as the following graph illustrates: 


increasing / decreasing 
still one - one 
The function is increasing / decreasing, but is still 
one-one. 
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| EXAMPLE 4.9 Find whether f(x) = x + e* is 


one-one. 


| SOLUTION f(x)=x+e 
f’(x)=1+e>0Vx 
Thus, f(x) is strictly increasing and hence, one- one. 


| EXAMPLE 4.10 Find whether 


f(x) = x? — 2x*—x + 1 is one-one. 


SOLUTION f(x) = x° —2x?-x+1 


f’(x) = 3x?-4x-1 

f’(x) = 0 has two distinct real roots. 
f’(x) changes sign about these roots. Hence f(x) 
increases and decreases in different intervals. 
Since the function is continuous, there would exist 
a horizontal line which intersects the graph at more 
than one point. Hence the function is many-one. 
Sign scheme of f’(x) 


+ = ~ 
a a Cn 
qe many one 


| EXAMPLE 4.11 Find all values of p for which 


the function f(x) = x° — 2x” — px + 1 is one-one. 


SOLUTION f’(x) =3x*-4x-—p 


Since the coefficient of x” is positive, we can 
make f¢(x) always non-negative, using D < 0. 


4 
I6+4x3xps0 = ps—-. 


With these values of p, the function becomes 
strictly increasing and hence one-one. 


tEXAMPLE 4.12 If the function f : [0, ©) 


Xx —xX 


— Ris defined by f(x) = oS , then find 
e* te * 


whether f(x) is injective or not. 


D<0 => 


Functions 


| SOLUTION 


e?* 4x(e* +1)—e2* 4x(e* —1) 


f’(x) = 
(x) ag 


2x? 
Soy ee 0, 


(e2*" + 1) 


Thus, f(x) is strictly increasing and hence injective. 


| EXAMPLE 4.13 Find whether f(x) = x — sin x 


is one-one. 


| SOLUTION The domain of f(x) is R. 


f’ (x) = 1-cosx. 
*. f’ (x) 20 V xe complete domain and equality 
holds at distinct points only. 
*, f(x) is strictly increasing on R. 
Hence f(x) is one-one. 


| EXAMPLE 4.14 Find the values of p if 


f(x) = cosx — 2px, defined from R- R, is one- 
one. 


| SOLUTION f(x) =cosx — 2px is one-one, it must 


be either strictly increasing or strictly decreasing. 
f(x) will be strictly decreasing if f’(x) < 0 
= f’(x) =-sinx — 2p < 0 for all x 


1 
= P27 5 sinx for all x 


| 

=> p2- 
. 2 
f(x) will be strictly increasing if f’(x) < 0. 


=> f’(x) =-sinx — 2p < 0 for all x 


(1) [ -1 <sinx <1] 


= ps-> sinx for all x 


2) [- -1 <sinx <1] 


From (1) and (2), for f(x) to be one-one 
ps-orp2. 


| EXAMPLE 4.15 Letf:R—R be defined as 


2 
— < 
roo= {* +2mx-1, x<0 


1 
=> Pa 


. If f (x) is one-one 
mx —1, x >0 


then find all possible values of m. 
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| SOLUTION Clearly f is continuous at x = 0 


and f (0) =—1. For f to be one-one, f (x) > 0 or f’ (x) 
<0 for all x. 

Assume that f is strictly increasing. 

For x > 0, f’ (x) =m> 0. 

For x < 0, f’ (x) = 2(x + m) cannot be positive for 
all x < 0, when m > 0. 

Now assume that fis strictly decreasing. 

For x > 0, f’ (x) =m <0. 

For x < 0, f’ (x) =2(x +m) is always negative for 
all x < 0, when m < 0. 

“. f is strictly decreasing and hence one-one 
Vm <0. 

4, Trial and Error 

If possible, find an element in the co-domain 
which is image of more than one element of the 
domain, then the function is many-one. 


2 
x°-x-2 
ee at 


xX —X 


For example, is many one 
because, f(x) = 0 at two distinct values of x (given 
by the roots of x? -x —2 =0): 
x=-1,2 

The sole information that f(—1) = f(2) = 0, suggests 
that the function is many-one. 

Sometimes we can try the equation f(x) = f(0), as 
the following example illustrates: 


3 
— 2 
x°+x-l 
We try f(x) = f(0) 
yo aD 2 
=> ia an 
x°+x-1l —] 


— -x*+x-—2=2x?+2x-2 
=> 3x*+x=0 3 ns 


1 
= f(0)=f= (-3) —2. 
Hence, the function is many-one. 
Note that solving f(x) = f(0) may not be always 
x? -x+2 


2 


fruitful. Let f(x) = 
x° +3x+2 


f(x) = £(0) 
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=> x=0. 


We cannot conclude anything from here. 
In fact, we should try something different. 


Let —————_=— = x’-5x+3=0 


Here, D> 0 ensures two distinct roots. 
Hence, the function is many-one. 


| EXAMPLE 4.16 Find whether 


y 
+x-2 
f(x) = _—— is one-one. 
x° —4x +3 
—2 
SOLUTION f(x) = 7%" 
x” —4x +3 
(x-1)(x+2) x42 
= = i.e 2m 
(x-1)(x-3) x-3 


This is a linear fractional function, which we 
know that it is one-one. 


| EXAMPLE 4.17 A function f : RR is given by: 


9 
+6x -—8 

f(x) = ax X 

a+ 6x — 8x 

Is the function one-one for a = 3 ? 


| SOLUTION The given function is a rational 


function. Each of numerator and denominator 
functions is quadratic equation. For a = 3, 
3x7 +6x —8 

f(x) = — 
3+ 6x — 8x 
In this case, solving f(x) = 0 for x reveals the na- 
ture of function. 

3x7 +6x-8 _ 

3+ 6x — 8x? 
= 3x7+5x-8=0 


_ ~6 + V36-4.3(-8) __, , ¥33 
6 3 


As x is not unique, the given function is not a one- 
one function. We should emphasize here that solu- 
tion of function when equated to zero is not a full 
proof method. In this particular case, it turns out 
that function value becomes zero for two values 


=> xX 


Telegram @unacademyplusdiscounts 


of x. In general, we should resort to techniques 
outlined earlier to determine function type. 


| EXAMPLE 4.18 A functionf: R-Ris given by: 


x? +4x +30 
x? —8x +18. 
Is the function one-one ? 


tSOLUTION We evaluate the function for 


x = 0. If f(x) = f(0) equation yields multiple val- 
ues of x, then function in not one-one. Here, 


f(x) = 


30 5 
OO 83 
Now, f(x) = f(0) 
x +4x+30_ 5 
x?-8x+18 3 


= 3x? + 12x + 90 = 5x”— 40x + 90 

= 2x*-52x=0 => x=0,26 

We see that f(0) = f(26). It means pre-images are 
not related to distinct images. Thus, we conclude 
that the function is not one-one, but many-one. 


Alternative 1: 

The rational function is a continuous function. We 
can determine its increasing or decreasing nature 
by examining the derivative of the function. 


Functions 


(x)= (x?—8x +18)(2x + 4)-(x? + 4x + 30)(2x— 8) 
(x? —8x +18)? 
2 
5 £(x) = —12(x? + 2x — 26) 


(x? —8x +18)? 
The denominator is a square of a quadratic ex- 
pression, which evaluates to a positive number. 
On the other hand, the discriminant of the qua- 
dratic expression in the numerator is: 

D =(2)” — 4 (-26) = 4 + 104 = 108 
It means that derivative has different signs in the 
domain. Therefore, the continuous function is a 
combination of increasing and decreasing nature 
in different intervals of the domain. Thus, the 
function is not monotonic in the domain. Hence, 
we conclude that the function is not an injection. 


Alternative 2 : 
A function is one-one if f(x,) = f{(K,) = x, =X. 
Assume f(x,) = f(x,) 

x7 +4x, +30 x5 +4x, +30 

x7 —8x, +18 x} —8x,+18 


= 12x/x, —12x,x} +12x; —12x5 —312x, 


+312x, =0 
=> (x, —X>) {12x,x, + 12(x, + x,) -312} = 0 
=> X) =X, Or X; = : 
1+x, 


Since f(x,) = f(x,) does not imply x, = x, alone, 
f(x) is not a one-one function. 


WW PRACTICE PROBLEMS [G] 


1. Which of the functions defined below are one-one function(s) ? 


Gi) f(x)=(x+ 1), (x2 -1) 
(iii) h(x) =x?+ 4x -—5, (x>0) 


Gi) g(x) =x + (1/x) (x> 0) 
(iv) k(x) =e *, (x20) 


2. Determine whether the following functions are one-one: 


(a) y =x°+ 3x? +2; domain [0, ~) 
(b) y =x/(x + 1); domain R —{-1} 
(c) x'+x+1;domainR 


3. This table records some of the values of a function f: 


xX}|1 2 3 45 
13 143 2 
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4.68 


(a) Is f one-one ? 
(b) Is f one-one when the domain is restricted to the set {2, 3, 4, 5}? 


4. If f(x) is continuous and strictly increasing function, then is {f(x)} always many-one, where {.} 
represents the fractional part function. 


5. Let T= £1, 2, 3, 4, 5}. Obtain a one-one function f:T— T such that t + f (t) is a perfect square for 
every t in T. 


2 
+ 4x + 
6. Letf: R > R where f(x) = a 


. Is f one-one ? Justify. 
x" +x +] 


7. A function is defined as 


f: DR, f(x) =cot | (sgn x) + sin! (x — {x}) where {x} denotes the fractional part function. 
Find the largest domain and range of the function. State with reasons whether the function is in- 
jective or not. Also draw the graph of the function. 


2 
8. Letf: R > R defined by f(x) = — 


. Show that fis a many one function for all c. 
x" +x+] 


4.8 | ONTO AND INTO 
FUNCTIONS 


Onto function (surjection) 


The definition of function puts the restriction on 
domain that every element in it is related. If we 
extend this restriction to co-domain also, then we 
get a function called onto or surjection. 

A function f : A > B is an onto function or surjec- 
tion, if every element of the co-domain B is the 
image of some element in the domain A. 


A B 


Onto function (surjection) 


One of the implications of surjection is that all 
elements of co-domain are related. It reduces 
the co-domain to range set. In other words, co- 
domain is also the range of the function. 


Range of f= Co-domain of f 
This equality of sets form one of the condition for 
testing a function to be surjection. Alternatively, 
we can check surjectivity by evaluating the rule 
of the function for the argument x. If the expres- 
sion of x is valid for elements in co-domain, then 
the function is a surjection. 
For example, the function f : R > R given by 
f(x) = x° + 1 is onto. 
We solve the rule for argument x : 

y= xo+] 
=> x=(7-1 
We see that expression on the right hand side is 
a valid real expression for all values of y in R 1.¢ 
co-domain. Hence, the given function is an onto 
function or surjection. 


| EXAMPLE 4.1 Consider a function defined as: 


f:R' OR, f(x) = 2x+ Inx. 
Determine whether the function is onto. 


| SOLUTION fis onto because the range is R. 


fis a sum of two continuous increasing functions. 
Hence, it is also continuous and increasing. 


13 
) 
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Also f(0") = — ©; f(c2) = ©, 
Yi 


Into function 


We have discussed in the beginning of this chapter 
that there is a possibility that some of the elements 
of co-domain are not related. In that case, function 
is said to be an into function. 

A function f : A — B 1s an into function, if there 
exists atleast one element in co-domain B, which 
has no pre-image in the domain A. 

One of the implications is that all elements of co- 
domain are not related to elements in domain set. 
In other words, range of the function is a proper 
subset of the co-domain. 

Range of f c Co-domain of f 


Into function 
We can check whether a given function is an into 
function or not by checking whether the function 
is onto or not. If the function is not an onto func- 
tion, then it an into function. 


| EXAMPLE 4.2 Consider a function defined as: 


f: RR by f(x) =x‘ +x’ forallx eR 
Determine whether the function is an into function? 


| SOLUTION The rule of the function is : 


Functions 


y= xt+x? 
The square of a real number is a positive number 
for all real number. Hence, 
y= x'+x’>0 

It means that images are only the right half of the 
real number i.e. from zero to infinity. But, the co- 
domain of the function is R. It means that left half 
of the co-domain i.e. from negative infinity to less 
than zero has no pre-image in A. Therefore, the 
given function is an into function. 


| EXAMPLE 4.3 Let the functions f : A > B, 


g: BC and h: CD be defined by the diagram. 


(i) Determine if each function is onto. 


(ii) Find the composition functionhogof:A 
— D and find whether it is onto. 


| SOLUTION 


(i) The function f : A > B is not onto since 
3 € Bis not the image of any element in A. 
The function g : B > C is not onto since 
z €C is not the image of any element in B. 
The function h : C > D is onto since each 
element D is the image of some element 
of C. 
Gi) Nowa>2>5x>4,b> 1lv~y 6, 
C325 x5 4. 
Hence, ho go f= {(a, 4), (b, 6), (c, 4}. 
We can see that h 0 g o f is onto. 


- EXAMPLE 44 Letf:[0,)- {1} 3B, 


f= 7 


x—l 
Find B for which the function is onto. 


+2 =))+3 
SOLUTION f(x)= 1 Seen 


1 (x -1) 
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f(x) =1+ 


From the graph, the range is (— °°, —2] U (1, ©). 
If we use this as the co-domain B, then the func- 
tion is onto. 


* EXAMPLE 4.5 Letf:R’ —> [-2, ~), 


f(x) = x*+kx +k. Findk such that f is onto. 


PSOLUTION We draw two possible graphs 


based on the position of the vertex with respect 
to the y-axis. 


: 


Casel: -—— <0 
2 


Since the function’s value at x = 0 is not inclusive, 
the least value of —2 must be attained at the vertex. 
This is possible only when the vertex is on the 
right of y-axis. 


Case 2: -<>0=k<0 
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2 2 
f(-£)=-2 fork <0= ee ee 
2 4 2 


k? —2k? + 4k : 
4 
— —k*+4k=-8 => 


_ 44V48 
2 


k?-4k -8=0 


=> k =24+2 


We choose the negative value of k. 
Hence, f is onto for k = 2 — 2. 


-EXAMPLE 4.6 Find the linear function(s) 


which map the interval [0, 2] onto [1, 4]. 


| SOLUTION Let f(x)=axtb 


If f is increasing then f (0) = 1 and f (2) =4 


=> b=1 and pees 
2 
If f is decreasing then f (0) = 4 and f (2) = 1 
= b=4 and ee 
3 : 3 
Hence, f (x) = a +1 orf (x)= 4- = 


| EXAMPLE 4.7 = Identify whether the function 


f: ROR, f(x) =-x° + 3x” — 2x + 4 is onto or into. 


+SOLUTION Since, f(x) is a cubic function 


defined on R, the range of the function is R. 
As range = co-domain, the given function is onto. 


PEXAMPLE48 A function f(x) = Vi-2x + 


x is defined from A —> B and is onto. If the set A 
is its natural domain then find the set B. 


SOLUTION B means range of the function. 
Let y = Vl-2x +x 

= (y —x)*=1-2x 

= y’?—-2xy + x*=]1-2x 

= x’?+2x(l-y)+y*-1=0 

as, xER,D=0 

= 4(1-y)?24Q7-) 
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= lt+y*-2y2>y’-1 
S=Jy 2>2 

=>y<sl > yeCes, 1]. 
Hence, the set B is (— °, 1]. 


| EXAMPLE 4.9 A function f:R—-— Ris given 


by : ; 
nee ax —_ | 

a+ 6x —8x 

Find the interval of values of a for which the func- 
tion is onto. 


| SOLUTION It is given that the co-domain of 


the function is R. Since the function is onto the 
range of the function is equal to co-domain of the 
function i.e. R. 
ax” +6a—8 
a+ 6x —8x? 

ax’ + 6x — 8 — ay — 6xy + 8x’y =0 
Rearranging as quadratic equation in variable x, 
we have: 
= (a+ 8y)x” + 6(1—y)x (8 + ay) =0 
Since x is real, discriminant of the quadratic equa- 
tion should be positive, 
= 36(1—-y)*’-—4 (a+ 8y){ —-(8 + ay)} > 0 
= 9(1-y)’+ (at 8y) (8 + ay) > 0 
Expanding and rearranging and as equation in 
variable y, we have : 

9(1 + y* — 2y) + (8a + a’y + 64y + Bay’) > 0 
= (9 + 8a)y” + (a7 + 46) y + (9 + 8a) > 0 
Since, the range of the function is R, it means that 
above inequality holds for all real values of y. 
Hence,9+8a>0 => a>9/8 (1) 
and = (a’. + 46)” — {2(9 + 8a)}” <0 
= (a°+ 46 + 18 + 16a) (a* + 46 — 18 — 16a) <0 
= (a’ + l6a+ 4) (a*— 16a + 28) <0 
= (a+ 8) (a—2a- 14a + 28) <0 

(a+ 8)" (a—2) (a— 14) <0 
= (a-2)(a- 14) <0 
=> 2<a<14 (2) 
The required interval is the intersection of the two 
intervals, which is (2, 14). 


Lety = 


Functions 


tEXAMPLE 4.10 Let a function f defined 


x+m forx<l 
from R — R as f(x) = . If the 


2mx —1 for x >1 


function is surjective then find all values of m. 


SOLUTION For f to be surjective, the range 


must be the set of all real numbers. 
Forx <1, f’(x)=1 =f increasing. 
Hence, the maximum value of f (x) for x < 1 occurs 
atx = 1. 

*. The maximum value forx <1 ism +1. 
1e.f(x)€ (o,m-+1]forx <1. 


For range to be R, the minimum value of f (x) for 

x > 1 must be less than or equal to m + 1. Now for 

x>1,f*(x)=2m 

Obviously m > 0 (1) 
(if m < 0 then the range cannot be R) 


not possible 


For x > 1, the function approaches the least level 
of (2m — 1) atx = 1. 
. 2m-l<m+1 
m <2 (2) 
From (1) and (2), me (0, 2]. 


| EXAMPLE 4.11 Letf: [0,3] — A where 


f(x) =x” — 2x +3. Find whether f(x) is injective or 
not. Also find the set A, if f(x) 1s surjective. 


| SOLUTION f’(x)=2(x-1),0<x<3 


—-ve ; O0<x<l 
. £’~)= 
+ve ; 1<x<3 
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.. f(x) is not monotonic. Hence it is not injective. 
For f(x) to be surjective, B should be equal to its 
range. From the graph, the range is [2, 6]. 

”. B= [2, 6]. 


Trial and Error 


If possible, find an element in the co-domain 
which is not an image of any element of the do- 


main, then function is into. 
xX 


For example, f : R — [0, ), f(x) = ——— is 
2+ COS x 


into because f(x) # 0 for any x, though 0 is an ele- 
ment of the co-domain. 


| EXAMPLE 4.12 Let f: N — I be a function 


defined as f(x) = x — 1000. Show that f is an into 
function. 


| SOLUTION f(x) =x-— 1000. 


We see that the minimum value of f is — 999 when 
x = 1. Thus, the function cannot attain integral 
values — 1000. Hence f is into. 


PEXAMPLE 443 Letf:R—>[-1, 1]. 


sin X 
f(x) = 
eee | 


| SOLUTION We note that 1 is an element of 


the co-domain. 
However, the function never attains the value of 1. 
We prove this as follows : 

sin x 
Let f(x) = 


x? +1 


LHS<1 andRHS.21 
The only possibility is that 


. Find whether f is onto. 


=] = sinx =x’ + ] 
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sin x = 1 andx*+1=1 
The second equality holds at x = 0, but the first 
does not hold then. 
Thus, f(x) # 1 and hence, it is into. 


Bijection (One-one onto function) 


If a function is both one-one and onto, then the 
function is a bijection. 

The bijection presents the most stringent condi- 
tion for a function. Every element of both domain 
and co-domain is related to distinct element. This 
requirement is fulfilled when a function is both an 
injection and surjection. 


One-one onto function (Bijection) 


The injection means that every element of domain 
is related to a distinct element in co-domain. On 
the other hand, surjection means that every ele- 
ment of co-domain is related. When conditions of 
injection and surjection are taken together, then it 
is also ensured that elements of co-domains are 
also related to distinct elements only. 


| EXAMPLE 4.14 Consider a function defined as: 


PAs Bhawe 2 —. 


x—3 
Determine domain A and co-domain B of the 
function so that it is a bijection. 


| SOLUTION For determining domain of the 
function, we inspect the given rule, 


x—2 
f(x) ae 
We observe that the given rational function is de- 
fined for all values of x except for x = 3. Hence, 
its domain is R — {3}. 
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In order that the given function is a bijection, it 
should be both an injection and a surjection. For 
injectivity, we put : 


f(x) = f(y) 
_, X=2_y-2 
x-3 y-3 


= (-2) V—-3)=@-3) ( —-2) 

=> xy —3x-2y + 6=xy—-—2x—-3y +6 

= —3x —-2y =-2x -—3y 

> x=y 

Hence, function is an injection for the domain as 
determined above. Now, for surjection we solve 
the rule of the function for the argument x, 


sya => xy-3y=x-2 
x-3 

=> x(y-l=3y-2 

3 3y—2 
y-l 


This equation is valid for all real values of y ex- 
cept 1. Hence, the function is surjection for all 
real values of y except for 1. Hence, for the func- 
tion to be a surjection the co-domain is R — {1}. 
Thus, we conclude that the given function is bi- 
jection for 

Domain = R — {3} 

Co-domain = R — {1}. 


| EXAMPLE 4.15 Prove thatf: R- {1} R, 


1/3 


f(x) = ea is injective but not surjective. 
xX —_ 
| SOLUTION Let f(a) = f(b) 
ais p!/3 


gi3_1, pi_y 
V3, 1/3 1/3 _ 1/34 1/ / 
3 _ al = gl3pl3 _ pl3 


>a 
5 gla 18 
=> a=b, 


This implies f is injective. To prove that f is not 
surjective assume that f(x) = b, b ER. Then 
f(x) =b 


Functions 


1/3 b3 
=> 734 =) =< x= aka 

x -1 (b-1) 
The expression for x is not a real number when b 
= 1 and so there is no real x such that f(x) = 1. 


| EXAMPLE 4.16 Show thatf:N-—-N, given by 


x +1, if x is odd, 
f(x) = 


is both one-one and onto. 


| SOLUTION Suppose f(x,) = f(x,). Note that if x, 


is odd and x, is even, then we will have x, + 1 =x,-1, 
L.€., X) — X, = 2 which is impossible. 

Similarly, the possibility of x, being even and x, 
being odd can also be ruled out, using the similar 
argument. Therefore, both x, and x, must be e1- 
ther odd or even. Suppose both x, and x, are odd. 
Then f(x,) = f(K,) > x, t+1L=x, +15 x, =X. 
Similarly, if both x, and x, are even, then also 
{(x,) =f(,)) > x, -1l=x,-1> x, =X). 

Thus, fis one-one. Also, any odd number 2r + 1 in 
the co-domain N is the image of 2r + 2 in the do- 
main N and any even number 2r in the co-domain 
N is the image of 2r — 1 in the domain N. Thus, 
f is onto. 


| EXAMPLE 4.17 Letf:R— R bea function 


Ix] | .-x 
defined by f(x) = a . Then find whether f 
e+e 
is one-one and onto. 


SOLUTION f is not one-one as f(0) = 0 and 
f(-1) = 0. 
f is also not onto as there is no x R such that 
f(x) = 1. If there is such an x € R, then 


x —1, if x is even 


|x| 


e—-e *=e* +e". Clearly x 40. 


For x > 0, this equation gives e * = 0 which is not 


e* +] 
possible and for x < 0, —— = 0, which is also 
e 


not possible. 
Hence, fis neither one-one nor onto. 
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EXAMPLE 4.18 Let f: R’ > R, f(x) = el"*! — 


x’. Find whether f is bijective. 


SOLUTION f(x) = ellm*! _ x? 


oe ~x*,0<x<l 


In 2 


e * —x*,x21 


1 
—_x*,0<x<l 
X 


=x-x 
We obtain the graph of f in (0, 1) by graphical 
addition. 


From the graph we can see that f is one-one and 
onto. Hence, f is bijective. 
Note : 
qa) Iff: A— Band g: B > C are one-one 
functions then gof : A — C is also one- 
one. 
ai) Iff:A>4 B,g:BOC, gof: AOC 
and gof is one-one, then f must be one- 
one. 


au) Iff:A— Band g: B > C are onto then 
gof : A—> Cis also onto. 
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iv) Iff: A> B,g:B-C, gof: AC and 
gof is onto then g must be onto. 


(v) Iff: AB, g:B- Care bijective then 
gof : A > C is also bijective. 


(vi) Iff:A74B,g:B-C, gof: AC and 
gof is bijective, then f is one-one and g is 
onto. 

f & 
c. 


PEXAMPLE 4.19 Let f: A> Bandg:B- 


C be two functions and gof : A > C is defined. 
Then explain using mappings whether the follow- 
ing statements are true or false? 
(i) If gof is onto then f must be onto. 
(ii) If f is into and g is onto then gof must be 
onto function. 
(iii) If gof is one-one then g is not necessarily 
one-one. 
(iv) If fis mjective and g is surjective then gof 
must be bijective mapping. 


| SOLUTION Wehavef: A—B, 


g¢:B—->Cand gof:A5C 
(1) 


f 
A B C 


ga 


False 
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(ii) 
A B > C 
False 
(iii) 
F g 
A B C 
True 


Clearly gof is one-one but g is many one func- 
tion. 
(iv) 


A B C 


ga 


False 


Number of Functions 


No of ordered pairs in A x B = mn. 


(i) No. of relations from A to B = 2™ 
Since relation is a subset of the cartesian product 
A x B, the number of subsets formed from a set 
having mn elements is 2". 
(ii) No. of functions = n.n....n (m times) = n™ 
(111) No. of one-one functions 
=n(n- 1) (n—-2)...... (n—-m+1), n=>m 
—"p 


m 


Functions 


Proof : Let A= £X,, X», ..., Xp} and B= {y,, yo...., 
Yps- 
If f were injective then f(x,), f(x), ..., £{(x,,) are all 
distinct and among the y,. Hence m < n. In this 
case, there are n choices for f(x,), n — 1 choices 
for f(x,), ..... n —m + 1 choices for f(x,,). Thus 
there are 
n(n — 1)(n - 2)... —m + 1) injections from A 

to B. 

(iv) No. of byective functions = n!, ifm =n 

(v) No. of onto functions. 


4 2 


No. of onto functions 

= total no. of functions — no. of into functions 
For example : No. of onto functions from a set con- 
taining 4 elements to a set containing 2 elements 

=2*-°C,=14 
No. of onto functions from a set containing 4 ele- 
ments to a set containing 3 elements 
= total no. of functions — no. of into functions 
leaving 2 elements — number of into functions 
leaving one element 

=3*-*cC,.1 

—C, (number of onto functions from 4 > 2) 

= 0 =, 0 =) 

=o = C, a Ci. 
We also have a formula to generate the number of 
onto functions from a set containing m elements 
to a set containing n elements : 
No. of onto functions 


n 
= Y(-p "C,.r", I<n<m. 


r=l 


| EXAMPLE 4.20 LetA= {1, 2,3} and 


B = {4, 5, 6, 7}. How many functions are there 
from A to B? How many functions are there from 
B to A? How many injections are there from A to 
B ? How many surjections are there from B to A. 
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+SOLUTION There are 4.4.4 = 64 functions 


from A to B, since there are 4 possibilities for the 
image of 1, 4 for the image of 2 and 4 for the 
image of 3. Similarly, there are 3.3.3.3 = 81 func- 
tions from B to A. 

By the above result, there are 4.3. 2 = 24 injec- 
tions from A to B. 

The 34 functions from B to A come in three cases: 
(1) those that are surjective, (11) those that map 
to exactly two elmeents of A, and (111) those that 
map to exactly one element of A. 

Take a particular element of A. say 1 € A. There 
are 2° functions from B to {2, 3}. Notice that 
some of these may map to the whole set {2, 3} or 
they may skip an element. Coupling this with the 
1 € A, this means that there are 2* functions from 
B to A that skip the 1 and may or may not skip 
the 2 or the 3. Since there is nothing holy about 
choosing 1 € A, we conclude that there are 3.2* 
from B to A that skip either one or two elements 
of A. 

Now take two particular elements of A, say {1, 2} 
cA. There are 1* functions from B to {3}. Since 
there are three 2-element subsets in A —namely 
{1, 2}, {1, 3} and {2, 3}— this means that there 
are 3.14 functions from B to A that map precisely 
into one element of A. 

To find the number of surjections from B to A we 
weed out the functions that skip elements. In con- 
sidering the difference 34-3. 2* we have taken 
out all the functions that miss one or two elements 
of A, but in so doing, we have taken out twice 
those that miss one element. Hence we put those 
back in and we obtain. 


34-3.24+3. 14=36 surjections from B to A. 


| EXAMPLE 4.21 If X= {1, 2,3, 4,5} and 
Y = {a, b, c, d, e, f}and f : X — Y, then find the 
total number of 
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(a) Functions (b) One to one function 


(c) Many-one (d) Constant function 


function 


(ce) Onto function (f) Into function 


| SOLUTION 


(a) Total number of functions = 6° = 7776 

(b) Total number of one to one function = °C.5! 
= 6! = 720 

(c) Total number of many-one function = 6° — 6! 
= 7056 

(d) Total number of constant function = 6 

(e) Total number of onto function = 0 (asr>n) 

(f) Total number of into function = 6° = 7776. 


| EXAMPLE 4.22 Suppose set A consists of 4 


distinct elements and set B consists of 6 distinct 
elements. Let (1) the number of injective mapping 
defined from A > B be m, 

(ii) the number of mapping from A —> B which 
are not surjective be n. Find m + n. 


| SOLUTION 


A 


(i) 


Number of injective mappings from A> B: 
4 elements from B can be mapped in C; ways 
and mapped in 4! ways with the elements of A. 
Hence number of injective mapping m = ger “4! 
= 15 -24=360 
(ii) All mappings from A — B are not onto since 
4<6. 
Hence number of into functions n 
= total number of mapping = 6° 
= 1296. 
Hence m + n= 360 + 1296 = 1656. 
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WW coNcEPT PROBLEMS [C] 


1. Is the function f : N — N defined by f(x) = 2x +3 surjective. 
2. Iff: RB, defined by f(x) = sin x — cosx + 1, is onto, then find the set B. 


3. Let A= {x:-l<x<1}=B. For each of the following functions from A to B, find whether it is 
surjective, injective or bijective. 


x ' ae 
(i) f(x) = a (li) g(x) = |x| Gil) h(x)=x|x| 
(iv) k(x) =x’ (v) j(*) =sinnx 
4. Give example of a function f : N — N and g : N > W such that g of : N > N is onto but f is not 
onto. 


5. Amapping f: A — [-1, 1] defined by f(x) = sin2x, is one-one and onto. Which of the following 
intervals can A be? 


T um 1 Tm 30 
i) |-—,0 i) |-—,— ill) | —, — 
@ |-F,0 a |-3.5| ai 3 4 
6. Find whether the function f : R > R, defined by f(x) = 2x + 3 is one-one and onto. 


2 
7. Letf: [0, 0) — [0, 2] be defined by f(x) = ee , then f find whether f is one-one and onto. 
x 


8. Show that if for a map f : A > B there exists a map g : B > A such that (fog)(y) = y for every y 
€ B, then f is onto. 


9. Show that if for f : A > B we have g : B > A such that (gof)(x) = x for all x € A, then fis one- 
one. 
x if x20 


” Show that f is one-one but not onto as —1/2 is 


10. f: R > R defined by f(x) = 
x-l if x<0. 


never attained by the function. 
=2 a 
ll. Letf: R— {3} ~ R- {1} be defined by f(x) = _ ._ Is f bijective ? Give reasons. 
xX —_— 
12. Determine the kind of mapping if f : [-1, 2] > [1, 5] , where f(x) = x” — 2x + 2. 


13. Consider the function f(x) = x(x — 1)(x + 1) from R to R. Then show that fis neither one-one nor 


onto. P 


x°-+Q 
14. Find the value of o so that the function yY=- - 


+] 
15. For each of the following functions find whether it is one-one or many-one and into or onto 


(i) f(x) =2 tan x; (1/2, 3n/2) > R (ii) f(x) = =: (0,0) 9R 
(iii) f(x)=x?+ nx; (0,0) 9R 


from R to R, is onto. 


1+x 


is one-one but not onto. 


16. Prove that f: R > R defined by f(x) = 7 | 
X 


17. 


18. 
19. 
20. 


21. 
22. 


2; 


24. 


2; 


26. 
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PRACTICE PROBLEMS [H] 


For the function defined below, determine which are one-one, which are onto which are both and 
which are neither. 


(i) f:Cl, DOR, f(x) = 


+x? 


Find the set of values of a for which the function f(x) = ax + 2sin x + 5 is one-one and onto. 
If a € [-3, 3] then prove that the function f (x) = x° + ax” + 4x + sin x is bijective. 
Which of the following function is surjective but not injective ? 
Gi) f:ROR f(x)=x*4+2x°-x’+1 
Gi) f:ROR f(xX)=x*+x4+1 
Gii) f: ROR’ f(x*)= V1I4x? 
(iv) f: ROR f(x)=x'?+2x*-x+1 
Prove that the function f(x) = x — 2 sin, f: R—- Ris bijective. 
Show that the mapping f: R > R given by f(x) = x° + ax’ + bx + c is a bijection if and only if a” 
< 3b. 
Find the number of functions that can be defined from the domain D = {1, 2, 3} onto the range 
R= {4, 5} 
Show that the function f: R - {xe R:-—1<x <1} defined by f(x) = = , x € R is one and 
onto function. 1+|x| 
Given X = {1, 2, 3, 4}, find all one-one, into mappings, f : X — X such that f(1) = 1, 
f(2) #2 and f(4) #4. 
Let X = {X,, X5, X3, ..... X,} (ie. n elements) and Y = {y,, y», y3...... y,} (ie. r elements). 
Let a function be defined from X to Y. Then show that 
(i) the total number of constant functions = r 
r’—"C,.n! r2n 


(ii) the total number of many-one functions = 
r<n 


(iii) the total number of into functions 


— |'C,a@-1" - "Cy - 2)" +'C3(r-3)" -... rsn 
- r r>n 
(iv) The total number of onto functions 
r" —*C,(r-1)" +'C,(r- 2)" -*C, (7 -3)" +... rn 
7 r! r=n 


0 r>n 
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4.9 | EVEN AND ODD 
FUNCTIONS 


Even and odd functions are related to symmetry 
of functions. The symmetry of a function is visu- 
alized by the plot of a function, which may show 
symmetry with respect to either an axis (y-axis) 
or a point (origin). 

An even function is symmetric about y-axis. If we 
consider the y-axis as a mirror, then the plot in 
the first quadrant has its mirror image in second 
quadrant. Similarly, the plot in fourth quadrant 
has its mirror image in third quadrant. 

An odd function is symmetric about origin of the coor- 
dinate system. The plot in first quadrant has its mirror 
image in third quadrant. Similarly, the plot in second 
quadrant has its mirror image in fourth quadrant. 

For example, the graph of y = x’ is symmetric 
about y-axis, while graph of y = x° is symmetric 
about origin. 


Since functions need not always be symmetric, 
they may neither be even nor be odd. The par- 
ity of a function i.e. whether it is even or odd is 
determined with certain algebraic steps. Further, 
symmetry of functions may change under math- 
ematical operations. 


Note 


Before we test a function for being even or odd 
we should check that the domain is symmetric 
about x = 0. 


—a 0 a 
HH 1-$_ HH 
—-b -a go a b 


For example, the can be (— -, ©), (a, a), 
[— b, — a] U [a, b], etc. 


Functions 


Even functions 


The values of even function at x and — x are same 
1.¢. if (x, y) lies on the curve, then (— x, y) also lies 
on the curve. 


f (-x) =f (x) Vx e€ domain 


A function f(x) is said to be even if for every x, 
there exists — x in the domain of the function such 
that f (—x) = f (x). 

Some examples of even functions are x’, |x| 
and cos x. In each case, we see that : 

f(-x) = (-x)2 = x’ = f(x) 

f(—x) = |x| = |x| = £0) 

f(—x) = cos(—x) = cos x = f(x). 

The right side is mirror image of left hand side 
and the left side is mirror image of right hand side 
of the curve. 


It is important to see that if we rotate the curve by 
180° about y-axis, then the appearance of the ro- 
tated curve is same as the original curve. We can 
state this alternatively as : if we rotate left hand 
side of the curve by 180° about y-axis, then we 
get the nght hand curve and vice versa. 


| EXAMPLE 4.1 _ Prove that the function 


f(x) = x is even. 
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4.80 


SOLUTION For function to be even, we need 


to prove that f(—x) = f(x). 


a * —1 1 
Here, f(-x) = -x —— =-x i 
a +l ie 
a” 
l-a’* 
x 13" 
I+a* I+a* 
q* 
a* —1 
= fCx)=x — ; 


| EXAMPLE 4.2. Prove that the function 


f(x) = tan | (sin (cos 'x)) is even. 


| SOLUTION In order to determine the nature 


of the function, we check for f(—x). 
f(—x) = tan | (sin (cos * (-x))) 
= tan! (sin (wt — cos! x)) 
=tan ’ sin (cos x) 
= f(x) 
Hence, the function is even. 


Odd functions 


The values of odd function at x and — x are equal 
in magnitude but opposite in sign 1.e. if (x, y) 
lies on the curve, then (— x, — y) also lies on the 
curve. 


f(—x) = f(x) V x € domain 
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A function f(x) is said to be odd if for every x, 
there exists —x in the domain of the function such 
that f(—x) = —-f(x). 
Some examples of odd functions are x, x° and 
sinx. In each case, we see that : 

f(-x) = -x = -f(x) 

f(-x) = (-x)’ =-x? = f(x) 

f(—x) = sin(—x) = —sin x = — f(x). 

y, Y - y, 


The upper curve of these functions is exactly 
same as the lower curve across x-axis. 

It is important to see that if we rotate the curve 
by 180° about origin, then the appearance of the 
rotated curve is same as the original curve. In 
other words, if we rotate right hand side of curve 
by 180° about origin, then we get left side of the 
curve. Further, it is interesting to note that we ob- 
tain left hand part of the plot of odd function in 
two steps : (1) drawing reflection (mirror image) 
of right hand plot about y-axis and (11) drawing 
reflection (mirror image) of “reflection drawn in 
step (1)” about x-axis. 

Most functions are neither even nor odd. For 
instance, x° + x* is neither even nor odd since 
(-x)? + (-x)* = -x? + x*, which is neither x? + x* 
nor —(x° + x’). 


| EXAMPLE 4.3 Which one of the following 


depicts the graph of an odd function? 


YW Y 
1 10 
(i) (ii) O 
10 10X =D 10 X 
—10 -10 
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SOLUTION Only in (iv), the graph is symmet- 
ric w.r.t. origin. 

We must check that the domain is symmetric 
about x = 0. : 

x” (x -1) 
(x—]) 
ther even nor odd since the domain is unsymmet- 

ric about x = 0. See the figure below. 


be 


For example, the function y = is nei- 


x?(x? -1) 
(x* -1) 


domain R — {+ 1} is symmetric about x = 0 and 
f(—x) = — f(x) V x € domain. 


¥! 


However, y = is odd because the 


| EXAMPLE 4.4 Determine whether the function 


f(x) =In{x + (x? +1) } is an odd function. 


Functions 


+SOLUTION Here, 
f(—x) = In {-x + V(x? +1} 


The expression on the right hand side cannot be 
explicitly interpreted whether it is equal to f(x) or 
not. Therefore, we rationalize the expression of 
the logarithmic function, 


{—x + V(-x)’ +1 {x + V(x? + 4 
i+ (x2 +1} 


Soe ae | 1 


= ln | ————_| = hh | —_——_ 
{x+Vx? 41] {x+Vx? +1} 
= f(-x) =—In {x + Vx* +1} =-f(%) 


Hence, the given function is an odd function. 


| EXAMPLE 4.5 Which of the following func- 


tions are even / odd ? 
(i) f(x) = sin x + cos x 


(ii) f(x) = Vl+x4+x? -VI-x4x? 
SOLUTION 


(i) f(x) =sinx + cos x > f Cx) =-sinx+cosx 
The resulting function is neither equal to f(x) nor 
equal to —f(x). Hence, the given function is neither 
an even nor an odd function. 


(ii) f(x) = VI4x4+x? -V1-x4x? 
f(-x) = VI-x+x* —Vl+x+x* =-f(x) 


*, fis an odd function. 


| EXAMPLE 4.6 Letf:[- 10, 10] ~R, where 


f(x) = sinx + [x’/a] and [.] denotes the greatest 
integer function be an odd function. Then find the 
set of values of parameter a. 


| SOLUTION sin x is an odd function while 


2 
aad ae hi 2 
| is an even function, in general. To make f an 
a 


, 
odd function, we need | = 0 for all x € [— 10, 10] 


f(—x) = In 


a 


a 
= a> 100. 


2 
>0< =| <1 for all x € [-10, 10], 
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| EXAMPLE 4.7 Prove that 


2(e" —e *)(sinx + tan x) 


2| $228 
1 
function where [-] denotes the greatest integer 


function. 


2(e* —e *)(sin x + tan x 
| SOLUTION [(x)= Ac=s eee) 
Z + 2| =3 
Tt 
_ 2(e* —e *)(sinx + tan x) 
2|*| +1 
Tl 
2(e* —e *)(sinx + tan x) 


iE} 


Casel: Let x=nz7,ne I, =] = |* and 
1 


f(x) = is an odd 


Now f(— x) = 


the numerator of f (— x) is zero. 
= fC x)=0=—- fc). 
Case2: x4n7,nel 


>] 


e* - e*)(sin x + tan x) 


“ f(-x)= al = — f(x) 
lF 


Hence, f(x) is an odd function. 


f f(—x) |" 
EXAMPLE 4.8 Let F(x) = Peers 
g(x)—g(-x) 
. Show that F(x) is even when n is even and is odd 
when n is odd. 


| SOLUTION Leth (x) = f(x) + f(-x) and 
k(x) = g(x) — g(-x). 
Then h(—x) = f(—x) + f(x) = h(x) 
and k(—x) = g(-x) —g(x) = —k(x) 
h(x) is even while k (x) is odd. 


Thus, F(x) = Fel and 
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F(-x) = Hoa -(-1) Eel = C1)" Fn). 


Hence, f(x) is an even function when n is even, 
and odd function, when n is odd. 


| EXAMPLE 4.9 Find whether 


2 
m= | Xx , xEQ 


is even or odd. 


~2x?_ , x¢Q 
+ SOLUTION * , xEQ 
SOLUTION f(x)= j 
—2x” , x€Q 
r= | (-x)’ » -xEQ , xEQ 
-2(-x)? , -x¢Q , x€Q 
2 
-| eo 
~2x* , x€Q 


Hence, the function is even. 


| EXAMPLE 4.10 Find whether f(x) 


TU 


Tt 
XCOSX , meats) 


= 2 
= is even or 


1—sin*x , xe", x>= 
2 2 
odd. 
+SOLUTION 
—xcos(—x) , ee 
f(-x) = : 
l-sin*(-x) , -x<--, Sar 
—xXcosx , ee 
_ 2 2 
l-sin*x , teu x>a 
2 2 


This is neither equal to f(x) nor f(—x). 
Hence, the function is neither even nor odd. 


| EXAMPLE 4.11 Let 


0 if x is rational 
f(x) = 


; ne an 
x if x is irrational 
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x if x 1s rational 
g (x) = sy A teks cod ; 
0 if x is irrational 
Then find whether (f — g)( x) is even or odd. 


| SOLUTION 


Fs) -80)=F O)= | 


—x if x is rational 
x if x is irrational — 
—(—x) if — x is rational, x is rational 
F(-x)= oo, ae 
—-x if — x 1s irrational, x is irrational 
x if x is rational 
F (-x) = fee be Enis 
—x if x is irrational 
=—F (x) 
Hence, F is odd. 


| EXAMPLE 4.12 Leta function f satisfy 
f(x + y) + f(x — y) = 2 f(x) . f(y) for all x, y ER, 
where f(0) # 0. Prove that f is even. 


| SOLUTION Putting x = 0 in the given equa- 
tion, we get f(y) + f(y) = 2f (0)f(y) (1) 
To obtain the value of f(0), we put y = 0 in (1). 
= 2f(0) = 2f°(0) 
f(0) = 0, 1, given f(0) # 0. 


= £(0)=1 
From (1), we have f(y) + f(y) = 2f(y) 
= f(y) =fCy) 


Hence, the function is even. 


Algebra of even / odd functions 


It is easy to find the nature of function resulting 
from mathematical operations, provided we know 
the nature of operand functions. We first find 
whether each of the functions involved are even, 
odd or neither even nor odd. 

We shall work with a division operation here to 
illustrate the point. Let f(x) and g(x) be even and 
odd functions respectively. Let h(x) = f(x)/g(x). 
We now substitute x by —x, 


f(-x) f(x) 
h(-x) = —2 = —“ =-h 
7) =a 


Thus, the division, here, results in an odd function. 


Functions 


The nature of resulting function subsequent to 
various mathematical operations is tabulated here 
for reference: 


f(x) =odd, odd, even 
g(x) =odd, even, even 
f(x)tg(x) =odd, neither, even 
f(x) g(x) =even, odd, even 
f(x)/g(x) =even, odd, even 
fog(x) =odd, even, even 


Also, the square of an even or odd function is al- 
ways an even function. 
We should emphasize here that we need not mem- 
orize this table. We can always carry out particu- 
lar operation and determine whether a particular 
operation results in even, odd or neither of two 
function types. 
For example, let us determine the nature of fog 
function when f is an even and g is an odd func- 
tion. By definition, 

fog (—x) = f(g (-x)) = fC-g(x)) = f(g(x)) = fog(x) 
Therefore, resulting fog function is even function. 
There is an useful parallel here to remember the 
results of multiplication and division operations. 
If we consider even as “plus (+)” and odd as “mi- 
nus (—)”, then the resulting function is same as 
that resulting from multiplication or division of 
plus and minus numbers. Product of even (plus) 
and odd (minus) is minus(odd). Product of odd 
(minus) and odd (minus) is plus (even). Similarly, 
division of odd (minus) by even (plus) is minus 
(odd) and so on. 
senx + x’ sinx 


3 


For example, f(x) = 
1+ |x|-—cos” x 


_ o+exo | 


f is an odd function. 


-EXAMPLE 4.13 Which of the following 


functions is odd ? 
(a) sen x + x 2000 
(c) x? cot x 


(b) | x | -—tan x 


(d) cosec x? 


SOLUTION (a) f(-x) = sgn (-x) + (—x)?° 
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=-—gson x + x70 4 + f(x) 

”. fis neither even nor odd. 

(b) f(—x) = |-x| — tan (-x) = |x| + tan x 

”. fis neither even nor odd. 

(c) f(-x) = (-x)° cot (-x) = -x? (cot x) = x’ cot x 
= f(x) 

.. fis an even function 

(d) £(—x) = cosec (—x)°” = cosec (-x°”) 
=-—cosec x? =— f(x) 

”. fis an odd function. 

Alternative : 

(a) f(x) = sgn (x) + x 
nor odd. 

(b) f(x) = e — o = neither even nor odd. 

(c) f(x) =0 x o=e even 

(d) f(x) =000=0 odd 


, EXAMPLE 4.14 Find whether f(x) = (tan x”) 


is even or odd. 


SOLUTION f(x) = (tan (x°)) 


=Oo0x2 


=9 x 2°*°=9x 2°=0x e=0. 
The function is odd. 


2000 — 9 + e = neither even 


Properties of even / odd functions 


(i) A function which is both even and odd is 
the zero function i.e. f(x) =0 V xe R. 

(ii) Anon-zero constant function defined on R 
is an even function. 

(iii) A function whose domain is symmetric 
about origin can be written uniquely as a 
sum of an even and an odd function. 

Every real function whose domain is symmetric 
about x = 0, can be considered to be formed from 
addition of an even and an odd function. This for- 
mation is unique for every such function. 


f(x) = f(x) + {f£C-x) - fx} 


Rearranging, 
1 1 
f(x) = 5 {f(x) + f(-x)} + 5 {f(x) - fCx)} 
= a(x) + h(x) 
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Now, we seek to determine the nature of functions 
g(x) and h(x). For g(x), we have : 


= s(x) = . fx) + f{0)}] 


| 
= {fCx) + f(x)} = 8) 
Thus, g(x) is an even function. 


Similarly, h(—x) = ; [f(-x) — f{-(-x)}] 


1 
3 tf-x) — f(x} = he) 


Clearly, h(x) is an odd function. We, therefore, 
conclude that a function can be expressed as ad- 
dition of even and odd functions. 


f(x)+f(—x) i f(x) — f(—x) 


Hence f(x) = 
2 2 
even odd 


For example, the function 
f(x) =x? + cos x + x tan x — sin x 
can be expressed as 
f(x) = (cos x + x tan x) + (x? — sin x) 
where cos x + x tan x is even and x° — sin x is odd. 
For f(x) = 2* + cos x we write 


242° i 
= | ———— + cosx | +} ———— 
2 Z 


even odd 


Now consider f(x) = —. 
1-—sinx 


Suppose that we express f(x) as 


[ 1 1 ) ( 1 1 ) 
+ + + 

l-sinx 1+sinx l-—sinx 1+sinx 
even odd 

the domain of the new representation {sin x #+ 1} is 

different from that of f(x) {sin x # 1}, and hence it 

is a function different from f(x). 


This difficulty appears because the domain of f 
in not symmetric about x = 0. Hence, we cannot 
express this function as a sum of an even and an 
odd function. 
(iv) An even function is many-one. 
(v) If x = 0 lies in the domain of an odd func- 
tion then f(0) = 0 1.e. the graph of an odd 
function must pass through origin. 
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We have f(x) = —-f(-x) for all x. 
Put x = 0, f(0)=-f0) => f(0)=0. 


Even and odd extensions of function 


A function has three components — definition 
(rule), domain and range. What could be the 
meaning of extension of a function? The idea is to 
complete a function defined in one half of its rep- 
resentation (say x = 0) with other half such that 
resulting function is either even or odd function. 
Even extension 
Let f(x) be defined in [0, a]. Then, the even exten- 
sion of f is defined as : 

f(x); O<x<a 

g(x) = | 

f(-x); -asx<0 
The graphical interpretation of such extension is 
that graph of function f(x) is extended in the other 
half which is mirror image of f(x) in y-axis i.e. 
image about y-axis. 


For example, the even extension of 
f(x) =2x-sinx, x2 0Ois givenas 


2*-sinx , x20 
fe(x) = 
2“ -sin(-x) , x<0 
x20 


2*—sinx , 
2*+sinx , x<0 


Let f(x) be defined in [a, b]. 


Functions 


Then, its even extension is defined as : 
f(x), a<x<b 
g(x) = 
f(-x), -b<x<-a 


Odd extension 
Let f(x) be defined in [0, a]. Then, its odd exten- 
sion is defined as : 


f(x); 
g(x) = Pak 


The graphical interpretation of such extension is 
that the graph of function f(x) is extended in the 
other half which is mirror image of f(—x) in the 
X-aXIS, 


O<x<a 


—a<x<0 


Let f(x) be defined in [a, b]. 
Then, its odd extension is defined as : 


f(x), a<x<b 
g(x) = . 
—f(-x), -b<x<-a 
x?+x7,0<x<2 
| EXAMPLE 4.15 Iff(x)= ‘ 
x+3, 2<x<4 


. Then find the even and odd extension of f(x). 


xo + x’, O<x<2 
SOLUTION f(x)= 


x+3, 2<x<4 
The even extension of f(x) is obtained by f(x). So 
ae ae: ee 
fey = (OO HOW, O< <2 
(—x) + 3, 2<(-x)<4 
Even extension of f(x) is 
—-x+3, -4<x<-2 
a ae 2<x<0 
O<x<2 
2<x<4 


g(x) = 
xo +x?, 


x +3, 
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The odd extension of f(x) is obtained by — f(—x). So 
~{(-x)? + (-x)’ <(-x)< 
x)= | (Cee VE 


—{(-—x)+ 3}, 2<(-x)<4 
Odd extension of f(x) is 
x-—3, -4<5x<-2 
x =x’, 2<x<0 
Bx)=) , 4 
x°+x*, OSxS2 
x + 3, 2<x<4 


? EXAMPLE 4.16 Let f(x) = e* + sin x be de- 


fined on the interval [—4, 0]. Find the even and 
odd extension of f(x) in the interval [-4, 4]. 


| SOLUTION Let g, be the even extension of 


f(x), then 
{| f(x) ; xe[-4,0] 
8. (*) = tren - x€(0,4] 
_ ae ; xe[-4,0] 
e“*—-sinx ; xe(0,4] 


We cannot have an odd extension of f(x) because 
f(0) = 1 # 0. An odd function must have f(0) = 0. 


tEXAMPLE 4.17 Letf: [-2, 2] > R bea 


xtanx, O<x< = 
function where f(x) = 2 
Tl T 
—(x|; —<xs52 
2 2 


Define f for x € [—2, 0) so that 

(i) fis an odd function 

(ii) f is an even function, 

where [.] denotes the greatest integer function. 


TU 
xtanx, O<x< 4 

SOLUTION Since f(x) = ‘ 
—[x], ~—<xs<2 

2 2 


(-x)tan(-x), 0<-x<= 
». fx) = 5 


Rix}, 0 ex <2 
2 2 


X tan x, 
or f (-x)= 

TU 

— —xX j 

a ] 
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TU 
—-—<x<0 


iene 
2 


(i) If fis an odd function then the extended defi- 


nition in [—2, 0] is 


—x tan x, 
f(x) = 
Tt 
_ D [-x], 


mre re 
2 


ees 
2 


Note that f(0) = 0 for an odd function. 
(11) If f is an even function then the extended defi- 


nition in [—2, O] is 


TT 
xtanx, —-—<x<0 
f(x) = 2 
Tix], 2<x<-= 
2 2 
EXAMPLE 4.18 Define the odd entension of 
x+]l , -l<x<0. 
f(x) = in [—4, 4]. 
x-3 , 1<x<4 
| SOLUTION The odd extension of 
x+1l , -1<Sx<0., 
f(x) = in [—4, 4] is 
x-3 , 1<xs<4 
—(-x-3) -4<x<-l 
x+1 -l<x<0 
f0(x) = 0 x=0 
-(-x+l) O<xsl 
L=3 l<x<4 
x+3 -4<x<-l 
x+l -l<x<0 
= 0 x=0 
x —1 0<x<l 
x-3 I1<x<4 


Note that in an odd function f(0) = 0. 


Symmetry about the line x =a 
Let us consider the graph of a function which is 


Telegram @unacademyplusdiscounts 


Functions 


symmetric about the line x = a. 
Y 


symmetric about the line x = 


Nila 


Y: 


We observe that the function’s values at points 
equidistant from ‘a’ must have equal value. 


fa-1) fase) Vx Now consider, f(x) = (x — 2) + (4-x) 
If we replace x by x —a we get f(2a — x) = f(x) V x. f(6 — x) = (6-x- 2)? + (4-(6-»))” 
Forexample, sin (w—x) =sinx V x. f(6 — x) = (4-—x)? + (x- 2)" = f(x). 


= The graph of the function f(x) = sinx is Hence, fis symmetric about the line x = 3. 


Wirracrice PROBLEMS [1] 


. Which of these functions are even ? odd ? neither? 


(i) sinx?+ V14+x? (i) V1l+x? —2%tan 3x 


(1+ 2%)? 


-x? tan? x 


(iii) xe te =e" (iv) x’cos x — |sin x| + 


X 
+ —, prove that f(x) is an even function. 


3. Represent the function y = sin(x + 1) sin® (2x — 3) as a sum of an even and an odd function. 


, T 1 
4. Represent the function y = cos | x + =| + sin [2x — = as a sum of an even and an odd func- 
tion. 


5. Let f(x) =x sinx + tanx + 1 for x € (0, 1)then find its odd extension in (-5, 0| , 
0 for x =0 
6. Let f(x) =4x7sin(a/x) for -1<x<1 (x #0) then show that f(x) is an even function. 


x|x| for x2lorx<-l 


7. If f(x) = sin (cos x) — x + tan (sin x) V x € (-ee, 0) then find the odd extension of f(x) in (0, ©). 
8. Prove that f(x) = sin(tan ‘(tan(cot 'x)) + cos(tan—1x). tan(cos-1x) is an odd function. 


9. If graph of the function y = f(x) is symmetrical about the line x = 1, then show that 


a) f+a)=fd-a) Gi) f(2-a) = f(a) 
10. Let g(x) = f(x) - 1. If ft) -f(. — x) =0 x eR, then find the line about which the graph of g(x) is 
symmetrical. 


11. Let f(x) = |x — 2] + |x — 3] + |x — 4| and g(x) = f(x +c). Then find c so that g(x) is an even function. 
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12. If the function f(x) satisfies the relation f(x + y) + f(x —y) = 2 f (x). f(y) V x, y ER and f(0) # 0, 


then prove that f(x) is an even function. 


13. If f(x) is a polynomial satisfying f(x) . f(y) = f(x) + f(y) + f(xy) — 2 V x, y ER and f(2) = 5, then 


show that f(x) is an even function. 


1/3 1/3 
14. Determine whether f(x) = x” — |x| | (x + 1)’ | + | (x - 1)’ | is even or odd? 


15. Iffis odd, find whether f(x) = cos + f(|sin x]) is even or odd. 


x|x|, x<-1 
16. Check whether the function f (x) = <{1+ x]+[1-—x] , -l<x<l] is even, odd or neither, where 
—x|x|, x21 


[x] denotes the greatest integer function. 


17. Iffis an even function defined over all real numbers and g is an odd function defined over all real 
numbers, how many of the following functions are even ? 


a(x) = (fog)(x); 
c(x) = f(x) + g(x’); 


b(x) = f(x) + gdx)); 
d(x) = xf(x)g(x). 


18. f and g are odd functions defined on all real numbers and satisfying f(—2) = 1 and g(—1) = -2. 


What is the value of (fog) (1) ? 


19. Prove that in the product (l-x+x?-x°+.... 


—x7?? +x!) (Lt xtx?t xP ti $x? + x) after 


multiplying and collecting terms, there does not appear a term in x of odd degree. 


20. Letf:R- {- | >R -{| where f(x) = 


Cc 
2x+3 


be such that (fof)(x) = x. Find the value of c. 


21. If f(x + y) = f(x) . f(y) for all real x, y and f(0) # 0 then prove that the function, 


f(x) 


2 5 is an even function. 
+ f“(x 


g(x) = 


4.10 | PERIODIC FUNCTIONS 


In the world around us, we encounter many phe- 
nomena which repeat after certain interval of 
time. In mathematics, the notion of periodicity 
remains same. The periodicity of a function is not 
limited to time. We look for repetition of function 
values with respect to the independent variable. 
Time could be just one such independent variable. 
For example, we have seen that in trigonometric 
functions we get the same value of trigonometric 
function for different angles. This many one re- 


lation is the basic requirement for a function to 
be periodic. In addition, these same values of the 
function should appear at regular intervals for the 
values of independent variables in the domain. 
We can visualize periodic nature of a function by 
observing its graph in which a particular smallest 
segment of the plot can be repeated to construct 
the complete plot. 


=4 9 2 4X 
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In the graph shown above, we have considered 
four segments corresponding to intervals of “2” 
unit length. The graph is constructed by repeating 
the segments one after another. It is clear from the 
figure that we need the smallest segment of length 
“2” to construct the curve. 

Now consider the graph of the sine function: 


YA y= sinx 


This graph is constructed by repeating segments 
of length 27, one after another. 

Since, the graph of a periodic function with pe- 
riod T repeats after every interval of length T, a 
periodic function can be analyzed over an interval 
of length T anywhere in the domain, as the same 
analysis repeats over the entire domain. 


Definition of periodic function 


A function f(x) is said to be periodic if there exist 
a positive constant T independent of x such that 
f(x + T) = f(x) for all such x € D, for which x + T 
€ D;, where Dy is the domain of the function f. 
The least positive real number T (T > 0) is known 
as the fundamental period or simply the period 
of the function. It is also called as primitive or 
principal period. 
Clearly f(x — T) = f(x) = f(x + T) = f(x + 2T) =... 
Hence, 

f(x + nT) =f(x); ne Lifxandx+nTe Dy. 
T is not a unique positive number. Any positive 
integral multiple of T within the domain of the 
function is also the period of the function since, 

f(x + nT) = f(x), ne N. 
An aperiodic function is one, which in not peri- 
odic. It is also called non-periodic. On the oth- 
er hand, a function is said to be anti-periodic if 
f(x + T) = -f(x) for all x. 


Basic periodic functions 


Not many of the functions that we encounter are 
periodic. There are few functions, which are peri- 
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odic by their very definition. We are, so far, famil- 
iar with the following periodic functions in this 
course : 
(i) Constant function, f(x) = c. 
For constant function to be periodic function, 

f(x + T) = f(x) 
By definition of constant function, 

f(x + T) = f(x) =c 
Clearly, constant function meets the requirement 
of a periodic function, but there is no least period. 
The relation of periodicity, here, holds for any 
change in x. We, therefore, conclude that constant 
function is a periodic function without any funda- 
mental period. Any positive real number can be 
taken as the period of the function. 
(11) Trigonometric functions 
The six trigonometric functions are the most com- 
monly used periodic functions. They are used in 
various combination to generate other periodic 
functions. Graphs of trigonometric functions 
clearly show that periods of sinx, cosx, cosecx and 
secx are “27” and that of tanx and cotx are “1”. 
(111) Fraction part function, {x} 
Fraction part function (FPF) is related to real num- 
ber x and greatest integer function (GIF) as {x} = 
x — [x]. For understanding the nature of function, 
let us compute few function values as here : 
£1.35} = 1.35 — [1.35] = 1.35 -1=0.35 
{2.35} = 2.35 — [2.35] = 2.35 —2 =0.35 
{3.35} =3.35 — [3.35] =3.35 —3 =0.35 
From the data in table, we infer that the function 
{x} is periodic with a period of “1”. Note that 
function value repeats for an increment of “1” 
in the value of x. We, now, proceed to prove this 
analytically. Here, 

f(x) = x — [x] 
=> f(x+T)=x+T-[x+T] 
Let us assume that the given function is indeed a 
periodic function. Then by definition, 

f(x + T) = f(x) 
=> x+T-—- [x+T]=x-—[x] 
=> T=[x+T]-[x] 
=> Tel 
Clearly, T is an integer as both greatest integer 
functions return integers. There exists T > 0, 
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which satisfies the equation f(x + T) = f(x). The 
least positive integer is 1. Hence, the period of the 
function is 1. 

1 , xEQ 


(iv) The Dirichlet function f(x) = | 
0 , x€Q 


is also periodic with any positive rational number 
as its period. 

Note that sin x and cos x are transcendental func- 
tions. We can prove the more general result that 
no periodic function can be either a rational func- 
tion or an algebraic function (excluding constant 
function). 


No periodic function (unless it be a mere con- 
stant) can be a rational function. 


P(x) 

f(x) = 

(x) Q(x)’ (Q(0) # 0), 
where P and Q are polynomials, and that 
f(x) = f(x + T) for all values of x. Let (0) =a, then 
the equation of the nth degree 
P(x) — aQ (x) = 0 
is satisfied by n + 1 values of x, viz. 0, T, 2T, ... nT. 
Hence, by the fundamental theorem of algebra, 
f(x) must be identically equal to a for all values of 
x. Hence proved. 
Similarly, no periodic function can be an alge- 
braic function. 
Now, consider the function y = f(x), x € [0, 6] 
shown in the graph : 


Suppose that 


Here f(x + 2) = f(x) for all such x € [0, 6] for which 
x +2 €[0, 6]. Hence, fis periodic with period 2. 
The domain of a periodic function may be bounded. 
In fact, we can discuss periodicity on an interval. 
For example, consider the function 

f(x) = x” x <0, | 
sinx, x 20 
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It is non-periodic in its domain. But, it is periodic 
for x = 0. 


| EXAMPLE 4.1 Using graphs, find whether the 


following functions are periodic, and find the period : 
; sin 2x 
(i) y= 


| cos x | 


(11) y = sin x cosec x 


| SOLUTION 


sin2x _[2sinx , 
—2sinx , 


cosx > 0 


(i) y= 


| cos x | cosx <0 


From the graph, we see that the period is T = 7. 
(ii) y=sinxcosecx =>y=1,x#nm. 
We see that the period is T = 7. 


- EXAMPLE 4.2 Let g(x) = Vx—2k where 


2k <x <2(k+1), k eI. Check whether g(x) is 
periodic or not. 


| SOLUTION g(x) = Vx-—2k where 
Ik<x<2Ak+l), kel. 


Vx +2, —2<x<0 

_ | vx, O<x<2 
— Vx-2, 2<x<4 
Vx —4, 4<x <6..... 
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We can sketch the graph of g, and find that it re- 
peats at regular intervals of 2 unit length. 
=> g is periodic with period 2. 


| EXAMPLE 4.3 Suppose that fis an even, pe- 


riodic function with period 2, and that f (x) = x for 
all x in the interval [0, 1]. Find the value of f (3.14). 


| SOLUTION Since f (x) is even , the graph is 


symmetry about y-axis. Given that f (x) =x Vxe 
[0, 1], we have f (x) =-x V xe [-1, 0). Now fis 
periodic with period 2. 

*. The graph of f (x) is as shown 


f (3.14) = 4-3.14 = 0.86. 


| EXAMPLE 4.4 Given below is a partial graph 


of an even periodic function f whose period is 8. 
If [.] denotes greatest integer function then find 
the value of the expression f (3) + 2 | f (1) | + 


(2) +f (0) + cos ‘(f(-2)) + f C7) + f (20) 


| SOLUTION 


f (-3) =f (3) = 2 [ f (x) 1s an even function] 
Again f(-l)=f()=-3 
. 2(fCD/|=2/f()|=2|-3|=6 


From the graph, — 3 < (2) <2 


Functions 


= 


f (0) = 0 (from the graph) 
cos! (f(-2)) = cos? (f(2)) = cos 1(1) = 0. 
f (-7) =f (-7+ 8)=f (1) =-3. 
[f (x) has period 8] 
f (20) =f (4+ 16)=f(4) =3 
[ fT + x) =f (x) ] 
The expression= 2+6-—3+0+0-3+3=5. 
Once, we know periods of standard functions, 
we use different rules, properties and results of 
periodic functions to determine periods of other 
functions, which are formed as composition or 
combination of standard periodic functions. 


Periodicity using basic definition 


The definition of periodicity is helpful in deter- 
mining period of some functions. It is also used 
to determine whether a given function is periodic 
or not in the first place. 

In order to determine periodicity and period of a 
function, we can use the following steps: 

1. Put f(x + T) = f(x). 

2. If there exists a positive number T satisfying 
the above equation independent of x, then f(x) is 
periodic. Otherwise, the function is aperiodic. 

3. The least value of T is the period of the peri- 
odic function. 

Consider f(x) = x + sin x. 

Let for some T, f(x) = f(x + T) 

=> x+T+sin (x+T)=x+sinx 

= T+ sin(x + T) =sin x 

= sin (x + T) —sinx =—T 


[ >] _ TT 
=> cos|x+—|]sin—=-T 
2, 2 


Here “T, cannot be made independent of x. So f(x) 
is not a periodic function. 


Note, 


Strictly increasing and strictly decreasing func- 
tions are non-periodic. 
f(x) =x+sin x 
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f’(x)=1+cosx20 Vx. 
The function is strictly increasing and hence, non- 
periodic. 


| EXAMPLE 4.5 Determine whether the func- 


tion f(x) = cos Vx is periodic ? 


| SOLUTION We check periodicity by apply- 


ing the definition of periodic function. According 
to the definition of periodic function, 
f(x + T) = f(x) 


= cos /(x+T) =cos Vx 
= (x+T) =2nn+ Vx ne I 


Squaring both sides and solving for T, we have: 
=> (x+T)=(nn+ Vx? 

= T=(2nn+ Vx )’-x 

If we expand the square term, then we find that the 


expression of T is not independent of x. Hence, 
the given function is not a periodic function. 


fEXAMPLE 4.6 Prove that sin (1/x), (x #0) is 


a non-periodic function 


| SOLUTION Let f(x) = sin (1/x) be periodic 


with period T, T > 0. 
f(x + T)= f(x) 


m (Sal) 
=> sin = sin; — 
x+T x 


=> _— nz + (-1)" (1) 
x+T 
Put x = T and x = 2T in (1), then 
1 nl 
ap amt (1) = (2) 
and Be nr + (—-1)" ae (3) 
3T 2T ; 


1 
Subtracting (3) from (2), we get —— = (-1)°.— 
g (3) i a (-)) 7 
a (-1)" which is impossible. 
Hence sin (1/x) is a non-periodic function. 


| EXAMPLE 4.7 Determinewhetherthefunction 


f(x) = x cos x is periodic ? 
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SOLUTION We check periodicity applying 


definition of a periodic function. Let the function 
be periodic. Then, 

f(x + T) = f(x) 
= (x+T) cos (x +T)=xcosx 
= Tcos (x + T) = xcos x—x cos(x + T) 

= x {cosx — cos(x + T)} 

We see that the right hand side is a product of 
algebraic function and trigonometric function. 
On the left hand side, there is only trigonometric 
function (apart from T, which is a constant). There 
is no algebraic function in x on the left which can 
cancel x on the right. Thus, we conclude that T is 
not independent of x and as such, the given func- 
tion is not periodic. 


| EXAMPLE 4.8 If the function 


f(x) = sin x + cos ax be periodic, then prove 
that a is rational. 


| SOLUTION The function is sum of two trig- 


onometric functions. It is given that the function 
is a periodic function. 
Let T be the period, then according to definition: 
sin(x + T) + cos a (x + T) = sin x + cos ax 
Putting, x = 0, we have : 
sin T+ cos aT =1 
Putting, x = —T, we have : 
sin 0 + cos 0 =-sin T + cos T 
= -sinT+cosaT=1 
Subtracting one equation from another, 
sin T = 0 
=> T=nr,ne ! 
and from the above equations : 
cosaT=1 
=> al=2mr7,me I 
Combining the two results: 
>a. 
Hence, a is a rational number. 


Arithmetic operations on_ periodic 
functions 


A periodic function can be modified by arithme- 
tic operations on the independent variable of the 
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function or function itself. The arithmetic opera- 
tions involved here are addition, subtraction, mul- 
tiplication, and division. We have earlier studied 
that these operations have different effects on the 
graph of the core function. 
Arithmetic operations on independent variable 
change input to the function and the graph of core 
function is transformed horizontally (along x-ax- 
is). On the other hand, operations on the function 
itself change output and the graph of core func- 
tion is transformed vertically (along, y-axis). The 
combined input/output arithmetic operations re- 
lated to function are symbolically represented as: 
y=pf(ax+b)+q; a bp,qeR 
Important thing to understand here is that period- 
icity is defined in terms of independent variable, 
x. A periodic function repeats a set of its values 
after regular interval of the independent variable 
i.e. x., Clearly, periodicity of a periodic function 
is not affected by transformations in vertical di- 
rection. Hence, arithmetic operations with func- 
tion involving constants “p” and “q” do not affect 
periodicity of a periodic function. 
Not all arithmetic operations on independent vari- 
able will change or affect periodicity. Shifting of 
core graph due to addition or subtraction results 
in shifting of the graph as a whole either to the left 
or right. This operation does not change size and 
shape of the graph. Thus, addition and subtraction 
operation involving constant “b” does not affect 
periodicity of a function. 
Negation of independent variable, when “a” is 
negative, results in flipping of the graph without 
any change in size and shape of the graph. As 
such, negation of independent variable does not 
change periodicity either. 
It is only the multiplication or division of indepen- 
dent variable x by a positive constant, “a”, results 
in change in size with respect to origin in the hori- 
zontal direction. The graph shrinks horizontally 
when independent variable is multiplied by a posi- 
tive constant greater than 1 by the factor which is 
equal to the multiplier. This means periodicity of 
graph decreases by the same factor L.e. |al. 


Functions 


The graph stretches horizontally when the inde- 
pendent variable is divided by positive constant 
greater than 1 by the factor which is equal to the 
divisor. This means periodicity of graph increases 
by the same factor 1.e.|al. 

We combine these two observations by saying 
that period of graph decrease by a factor |a|. Note 
that magnitude of constant “a” more than 1 rep- 
resents multiplication and less than 1 represents 
division. 

In the nutshell, if T is the period of f(x), then pe- 
riod of function of the form given below is T/|a] : 

y = pf (ax +b) + q, a,b, p,qe R. 


| EXAMPLE 4.9 What is the period of function 


f(x) = 3 + 2sin (= 9 


| SOLUTION Rearranging, we have : 
f(x) =3 +2 sin (Ex+5) 
3 3 


The period of sine function is 2p. Comparing with 
the function form “ pf (ax + b) + q”, magnitude of 
a i.e. |a| is 7/3. Hence, period of the given func- 
tion is : 


| EXAMPLE 4.10 Find the period of the fol- 


lowing functions : 
(i) f (x) = tan 2x 
(ii) f (x) = sin*x + cos*x 
SOLUTION (1) f (x) = tan 2x has period Zs as 
tanx has period 7 2 
(ii) f (x) = sin’x + cos"*x 

= (sin’x + cos’x)” — 2sin’x cos2x 


1 1 
=]- —sin?2x=1- ; (1 —cos 4x) 
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Since cos x has period 27, cos 4x has period 
2n 1 

4 2° 

. f(x) has period. 


tEXAMPLE 4.11 Determine period of the 


function 
f(x) =asinkx+bcoskx 


| SOLUTION The function is sum of two trigo- 
nometric functions. We can reduce this function 


in terms of a single trigonometric function to de- 
termine its periodic nature. Let 
a=rcos89; b=rsin9 


>r= V (a? +b’) 


Substituting in the function, we have 
f(x) =r cos 9 sin kx + r sin 9 cos k x 
=r sin (kx + 0) 

This is a periodic function. Also, period of ag(x) 
is same as that of g(x). Therefore, period of r sin 
(kx + 9) is same as that of sin (kx + @). On the 
other hand, period of g(ax + b) is equal to the pe- 
riod of g(x), divided by |a|. Now, period of sinx is 
2n. Hence, period of the given function is : 


Alternatively, we can treat given function as addi- 
tion of two functions. The period of each term is 
21/|k|. Applying LCM rule (to be dealt later), the 
period of given function is equal to LCM of two 
periods, which is 270/|k|. 


Modulus of periodic functions 


Let us determine the periods of modulus of trigo- 
nometric functions like |sinx|, |cosx|, |tanx| etc. 
We know that modulus operation on function con- 
verts negative function values to positive function 
values with equal magnitude. 

From the graphs, we observe that periods of |sinx| 
and |tan x| are 7. Similarly, we find that periods of 
modulus of all six trigonometric functions are 7. 
Thus, |sin x], |cos x|, |cosec x|, |sec x|, [tan x| and 
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|cot x| are periodic functions with period 7. 


YAy = |sinx| 


Integral powers of periodic functions 


The periods of trigonometric functions which are 
raised to integral powers, depend on the nature of 
exponents. The periods of trigonometric exponen- 
tiations are different for even and odd powers. 
Consider the function y = sin’ x. On raising sinx 
to even power the portion of the graph below x- 
axis gets reflected above the x-axis and the period 
reduces from 27 to nm. See figure. 


We can also verify this using transformation for- 


1-—cos2 
mula y = sin’x = an 


However, the period of y = sin® x remains 27 since 
raising sinx to odd power does not reflect the por- 
tion of the graph below x-axis, above the x-axis. 
For the function y = tan” x, the period is same as 
y = tanx i.e. 1, because the graph, even when it 
is reflected above, does not repeat at a smaller 
length. See figure. 
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Similarly, the period of y = ({x})" is 1, irrespec- 
tive of any power n. 

The following results with respect these exponen- 
tiated trigonometric functions are useful : 
Functions sin"x; cos"x; cosec'x and sec’x are pe- 
riodic with period “mz” when n is even and “27” 
when n is odd. 

On the other hand, tannx and cot"x are periodic 


with period m whether n is even or odd. 


| EXAMPLE 4.12 Find the period of the function 
SOLUTION f (x) = sin’x + (1 — sin’x)? + 2 


= 3-sin’x + sin‘x =3-sin’x cos’x 
sin? 2x 
4 
The period of sin 2x is 1. Because of even power of 


=3- 


sin 2x, the period of f(x) is - 


D> 


dee ces 1 
1. If f is periodic with period T, then 
also periodic with period T. P(x 


2. If f is periodic with period T then (f(x))'” is 
also periodic with period T. 


Thus, if f has period T then, 2/f(x) and f(x) 
also have period T. 


is 


For example, the period of y = Vsinx is 27. 


Period of sum of functions 


LCM rule 


When two periodic functions are added or sub- 
tracted, the resulting function is a periodic func- 
tion, if the LCM of the periods of the given func- 
tions exists. Consider a function, 

f(x) = sin x + sin(x/2) 


Functions 


The period of sinx is 27, whereas period of 
sin(x/2) is 47. The LCM (least common multiple) 
of 27 and 47 is 4x. The graph constructed by add- 
ing two periodic lengths of sin x and one periodic 
length of sin(x/2), over a length of 47, repeats. 
Hence, the period of the function f(x) is 4, which 
is equal to LCM of the two periods. 

If a and b are non-zero numbers and functions 
g(x) and h(x) are periodic functions having pe- 
riods, T, and T,, then the function f(x) = ag(x) + 
bh(x) is also a periodic function. The period of 
f(x) is LCM of T, and T,. 


| EXAMPLE 4.13 Find the period of 


f(x) = sin 2x + cos 3x. 


| SOLUTION Let P be the period of f(x). The 


period of sin 2x is m and the period of cos 3x is 
=. In one full period of length P, both sin 2x 


and cos 3x must go through an integral number 
of periods. 


Tt a 
Thus P = sm = a for some positive integers 


s and t. But then 3s = 2t. The smallest positive 
solution of this is s = 2, t= 3. 
The period sought is then P = sx = 27. 


| EXAMPLE 4.14 _ Find period of the function 


f(x) = 2sin x — 3tan (x/2). 


| SOLUTION The function is difference of two 
trigonometric functions. Each of the functions is 
periodic. Therefore, we apply LCM rule to find 
the period of the function. 
The period of sin x is 27. Hence, 

T, = 20 

We also know that period of g(ax + b) is equal 
to the period of g(x), divided by |a|. The period 
of second term of f(x), therefore, is equal to the 
period of tanx, divided by 1/2. 
The period of tan x is m. Hence, period of tan (x/2) 
is T,= > = 21. 


2 
Now, LCM of 27 and 27 is 27. Hence, T = 27. 
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Finding LCM 
LCM of integral numbers is obtained easily. There 
is, however, difficulty in finding LCM when num- 
bers are fractions (like 3/4, 1/3 etc.) or irrational 
numbers (like 7, 2 J2 etc.). 
For rational fraction, we can find LCM using the 
following formula : 

LCM = LCM of HUMETANOES 
HCF of denominators 
Consider fractions 3/5 and 2/3. The LCM of nu- 
merators 3 and 2 is 6. The HCF of denominators 
is 1. Hence, LCM of the two fractions is 6/1 1.e. 6. 
This rule also works for irrational numbers like 
2 V2 /3, 3 V2 /5 etc. or T/2, 37/2 etc. 
For example, LCM of 1/3 and 37/2 is: 

LCM = LCM of numerators 

HCE of denomin ators 


_ LCM of (7,37) 


HCF of (2,3) 
= ell = 37. 
1 


However, we cannot find LCM of irrational num- 
bers of different kinds like 2/2 and n. 

If individual periods are rational and irrational 
numbers respectively, then LCM is not defined. 
Let f(x) = sin x + {x} 

Here period of fractional part {x} is 1 and that of 
sin x is 27. As the L.C.M. of 27 and 1 does not 
exist, (27 is an irrational quantity while 1 is a ra- 
tional quantity) f(x) is a non-periodic function. 


| EXAMPLE 4.15 _ Find period of the function 


f(x) = sin®x. Writing identity for sin3x, we have 


| SOLUTION 


eS ae ane 
4 4 4 
We know that period of ag(x) is same as that of 
g(x). The period of first term of f(x), therefore, is 
equal to the period of sinx i.e. T, = 27. 
Now, period of sin 3x, is equal to the period of sin 


-_ 21 
x Le. 27, divided by 3. Hence, T, = ci 
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Applying LCM rule, 
27 


_ LCMof 2mand2n 20 _ 


HCF of 1 and 3 1 


| EXAMPLE 4.16 Find period of 


f(x) = sin [2m i =| +2 sin [3m + =| 


| SOLUTION Period of sin (27x + 17/8) is : 


27 
Period of 2sin (37x + 1/3) is : 
r= 2% 22 
3ns3 


LCM of numbers involving fraction is equal to 
the ratio of LCM of numerators and HCF of de- 
nominators. Hence, 

LCM of numerators — LCM of (1,2) 


HCF of (1,3) 


LCM = —_,_—_ 
HCF of denomin ators 


| EXAMPLE 4.17 Find period of the function: 
f(x) = 2 sin 2{3x} + 5cos3 {2x} 
where {} denotes fraction part function. 


| SOLUTION The period of {x} is 1. Recall that 
only the coefficient of x changes the period of FPF. 


Therefore, period of {3x} is 1/3. Hence, period 
of 3sin2 {3x} is 1/3. On the other hand, period of 
{2x} is 1/2. Hence, period of 5cos3 {2x} is 1/2. 
LCM of 1/2 and 1/3 


_ LCMof (1,1) _ 
HCF of (2, 3) 


Hence, the period is 1. 

Determination of periods involving radicals is 
evaluated applying LCM rule. We can determine 
LCM of radicals, if they are of same kind. If radi- 
cals involved are of different kinds, then we can- 
not determine LCM. In that case, the given func- 
tion is not periodic. 


Peri. 
| 
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| EXAMPLE 4.18 Find period of the function 


f(x) = 3sin2 V3 x + 2 cos 5 V3 x. 


2 
PSOLUTION Period of 3sin2 V3 x isT, = ~~. 
2V3 


; 2 
Period of 2cos5 V3 x is T,= all 


53 


The two irrational periods are of same kind. 
Hence, the period of the given function is : 


_ LCMof (2n,2n) _ 2n 
HCE of (2V3,5V3) V3 _ 


| EXAMPLE 4.19 Find period of the function 


f(x) =sin V2 x+cos V3x 
2 
| SOLUTION Period of sin V2 x is T,= = 


2 
Period of cos V3 x is T, = = 


V3 
The two irrational periods are not of same kind. 
Hence, we cannot determine LCM. 
Thus, the function is not periodic. 


| EXAMPLE 4.20 Find the period of the function, 


f(x) = [sin 3x] + |cos 6x], [.] denotes the greatest 
integer function. 


PSOLUTION Let f, (x) = [sin 3x}. 


[sin x] is periodic with period 27. 


‘. The period of f; (x) = = 


1+ 12 
Let f, (x) = |cos 6x|= ee 
27 1 
*. period of f, (x) = — = —. 
p 7 (x) D2 - 


Hence period of f(x) = L. C. M. of (= : =] 


Functions 


_ LCM. of (2m, m _ 2 


H.CF. of {3, 6} 3 


Exception to LCM rule 

LCM rule may not always provide the fundamen- 
tal period of the function. There are exceptions to 
this rule. We do not apply this rule, when func- 
tions are co-functions of each other or when func- 
tions are even functions. 

Two functions f(x) and g(y) are co-functions if 
x and y are complimentary inputs. The functions 
sinx and cosx are co-functions as : 


T 
sin xX = cos —-—x 
2 
Similarly, |cos x| and |sin x| are cofunctions as : 
_ 7 
|cos x| = |sin oa Xx | 


Let us find the period of f(x) = |cos x| + |sin x| 
We know that |cosx| and |sinx| are co-functions. 
This suggests that the function may have the pe- 
riod 7/2. We check this as: 


Tl T Tl 
i(x+ 2) =loos(x+=)|+|sin( x+)| 
2 2 2 


Tt ; 
= (x + =) = |-cos x| + |sin x| = |cos x| + |sin x| 


= f(x) 
Hence, period is 77/2. 
Let us work with this problem using LCM rule 
and compare the result. The periods of |cosx| and 
|sinx| are 7. Now, applying LCM rule, the period 
of the given function is LCM of x and 7, which is 
m. Thus the LCM rule does not provide the funda- 
mental period. 
If f(x) is a periodic function with period T, and 
g(x) 1s a periodic function with period T,, then the 
function f(x) + g(x) is also periodic with period T 
which is the L. C. M. of T, & T,, provided f(x) and 
g(x) can not be interchanged by adding a positive 
number in x less than L.C.M. of T, & T). In the 
case when f(x) and g(x) get interchanged by add- 
ing a positive number in x less than L.C.M. of T, & 
T,, then this number is the period of f(x) + g(x). 
Consider the function 


= 1 
y={x}+ {x+3}. 
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4.98 


The period of both the individual functions is 1 
and the LCM is also 1. However, the period of 
the function is 1/2 because, the two functions gets 
interchanged when we replace x by x + 1/2. 


i= [x +5] oh [+5] +{x+ 1} 


[x + | + {x} = f(x) 


1. The period of a |sin x| + b |cos x} = a ifazb 


== ifa=b. 
2 


2. The period of |sin mx| + |cos nx| 


| EXAMPLE 4.21 Find the period of the follow- 


ing functions : (i) |sin2x| + |cos 2x|. (ai) |sin2x| + 
|sin 3x]. 


SOLUTION (1) The period of |sin 2x| is 
{=} 0 
22 2 


. 1f2 
and the period of |cos 2x| is {=} == 


Hence, the period of the given function is 


* LCM of (=5 =. 
2 ao) a 


(ii) The period of |sin 2x| is (7 2 


= \-5 and the 
2\.2 2 


period of |sin 3x] is {= =_. 
23 3 
Hence, period of the given function is 
(= =)= LCM of (1,7) _ o 
HCF of (2,3) 
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Y y = Isin 2xl 


y = Icos 3xl 


m/3 2n/3 nl) 4n/3 5n/3 2x 


From the plot of y = |sin 2x| and y = |sin 3x|, we 
can see that both the curves taken together repeat 
simultaneously at intervals of 7. 

Hence, the fundamental period is 7. 


| EXAMPLE 4.22 Find period of 


f(x) = sin’x + cos*x 


| SOLUTION Here, we see that f(—x) = f(x) 


f(—x) = sin?(-x) + cos* (x) = sin’x + cos*x 
= f(x) 
This means that given function is even function. 
As such, we can apply LCM rule. We, therefore, 
proceed to reduce the given function in terms of 
one trigonometric function type. 


f(x) = sin’x + cos’x (1 — sin’x) 


= sin’x + cos’x — sin’x cos” x 
= f(x)=1- Fe a4 1 G@-cos4x) 
4 2 
4 2 
> f(xy=1- tea 


Note that if we apply the LCM rule, then period 
evaluates to 7. 


D> 


1. The sum of a periodic and a non-periodic 
function may be periodic. 
For example, f(x) = cot x is periodic and g(x) = 


* is non-periodic, but their sum (f + g) (x) = cot 
x 


x ee 
x+ — =cotx+1,x #nm7, ne [is periodic with 
x 


period 7. 
However, y = sin x + 
function. 


; is a non-periodic 
x° +1 
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2. The sum of two non-periodic functions may 
be periodic. 

For example, the sum of two non-periodic func- 
tions y = sinx + x and y =cosx-x 

i.e. y = sin x + cos x is a periodic function. 


Period of product / division of 
functions 


Consider the function h(x) = 


where f, and g; are periodic for all i and j. Let their 
periods be T; and T;. 
If the LCM of all T; and T; exists, then the func- 
tion h(x) is periodic. However, the LCM need not 
be the fundamental period. To get the fundamen- 
tal period, we need to check the LCM using: 

(i) graph of h(x), or, 

(ii) transformation of h(x) into sum of func- 

tions, or, 

(iii) trial of (LCM)/n as period using definition 
For example, the function y = {x}sin x is non- 
periodic as the LCM of {1, 277} does not exist. 
The function y = sin x. cos x is periodic because 
the LCM of ( 27, 27 ) is 2x. However, we need 
to examine whether 27 is the fundamental period 
or not. 1 
We know that y = sin x. cos x = 5 sin 2x. By our 


previous concepts, the period is 7 instead of 27. 
Similarly, the LCM for the function 
y =cos x. cos 2x . cos 3x is 27. 
On trial of 21/2 = r, 

f(x + 1%) =— cos x cos 2x (—cos 3x) = f(x), 
the function is having a period of 7. 
Further trials of 1/2, 1/3, etc. are unsuccessful. 
We can also look for transformation into sum of 
functions : 


1 
f(x) = 5 {cos 4x + cos 2x} cos 2x 
1 
= ri {cos 6x + cos 2x + 1 + cos 4x} 


LCM of §~ a, =} isa. 
go 5 


Thus, the period of the function is 7. 


Functions 


tan x — cotx 
Consider the function f(x) = —___..._, 
| sin x |—| cos x | 
The periods of all the four functions involved are 
m. Their LCM is 7. 


We try T = , (x + =| = f(x), which holds. 


. ,. 
Hence, the period is oe 


, , sinx +sin3x 
Now, consider the function f(x) = 
cos x + cos 3x 


The LCM of periods of all the four functions in- 
volved is 27. We now try to reduce the period. 
If we simplify the function we get 


sin 2x.cos x 


f(x) = = tan 2x, cos x #0. 


COS 2X.COS X 
The period of tan 2x is 


However, the period of f(x) is not . 

We must take care of the loss of domain in 
tan 2x due to cos x # 0. Taking this into account, 
the period of f(x) is 7. 


| EXAMPLE 4.23 Find period of the function 


f(x) = cos x . cos 3x 


| SOLUTION f(x) =cos x. cos 3x 


Period of f(x) is L.C.M. of (2n,=) = 20. 


But 27 may or may not be the fundamental period. 


2 
The fundamental period can be = , where n EN. 


to be the fundamental period : 
f(m + x) = (-cos x) (— cos 3x) = f(x). 


| EXAMPLE 4.24 Find value of n, if period of 


4sin2 
the function f(x) = ee 
1+ cos” nx 


’ SOLUTION The numerator and denominator 
are periodic functions. Hence, period of the given 


function is LCM of the periods of numerator and 
denominator. 


ene N, 1s 77/4. 
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. 2m 1 
Now, period of 4 sin 2nx is T; = —=—. 

2n n 
Using trigonometric identity, the denominator of 


the given function is : 


) 1+ cos 2nx 
1 +cos* nx = ] + ————— 


; 2n 1 
The period of denominator is T, = oa a 
n n 


Hence, the period of given function is LCM of 7/n 
and 7/n, which is t/n. According to the question, 
mT 
—=— => n=4. 
n 4 


| EXAMPLE 4.25 Find period of the function: 


T T 
f(x) = sin®x + sin? [x ¥ =) —COSX COS [x ? =) 


| SOLUTION The given function is not an even 


function as sin*(—x) = —sin*x. We can use LCM tule 
to determine period of the given function. The peri- 


; 1 
ods of sin*x and sin? | x + =) are 27 and 7 respec- 


tively. Using trigonometric identity, 


cosxcos| x +— |=— cos| 2x +— | +cos | = 
3 2 3 3 


| =| 1 
= 0S |e a 
2 3 2 


The period of cos (2x + 1/3) is 2n/2 = 1. Now, 
periods of three terms of the given function are 
2n, m and m. Hence, period of the given function 
is LCM of the three terms i.e. 27. 


Period of composite functions 


If g is a function such that gof is defined on the 
domain of f and f is periodic with T, then gof is 
also periodic with T as one of its periods. Further 
if g is a strictly increasing or decreasing function 
in the range of f, then T is the fundamental period 
of gof. 
For example, let f(x) = sin x and g(x) = 2°. 

gof (x) = 2°"* has period 27. 
Now, let f(x) = sin x and g(x) = x’ 

gof (x) = (sin x)’ has period 7. 
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The period of f is 27. The period of gof in this case 
reduces because g(x) = x’ is non-monotonous. 


> 


1. The composition of a non-periodic function 
with a periodic function may be periodic. 
For example, composition of the non-periodic 
function f(x) = [x] with the periodic g(x) = sin 1x 
i.e. gof (x) = sin 7 [x] is periodic. 
We can check that its period is 2. 
Similarly, the function y = tan (x + sin x) has period 
T=2n. 

f(x + 27%) = tan (x + 21 + sin (x + 27)) 

= tan (x + 27% + sin x) 

= tan (x + sin x). 
2. The composition of two non-periodic func- 
tions may be periodic. 


2 
Consider, f(x) = [x] and g(x) = {* , x€il 


, xel 


We have gof (x) = 2 for all x. Now this is a peri- 
odic function. 


| EXAMPLE 4.26 Find period of the function f(x) 


= sin {x}, where {.} denotes fraction part function. 
| SOLUTION The fraction part function {x} isa 


periodic function with period 1. and sin x is strictly 
increasing in [0, 1). Hence, period otf sin{x} is 1. 


| EXAMPLE 4.27 Find period of function 


tan ‘(tanx). 


+SOLUTION The function tan™'x is strictly 


increasing and tanx is a periodic function with 
period x. Hence, the function tan“ '(tanx) is a pe- 
riodic function with period 7. 


Periodicity involving functional 
equation 


We are sometimes required to determine period 
of a function f(x) based on certain conditional re- 
lation. In such a situation, we should manipulate 
the given condition in such a manner that we ul- 
timately get a relation of the type f(x+T) = f(x). 
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Generally, this requires substitution of indepen- 
dent variable with expression which results in 
existing expressions. This enables us to use the 
given relation repeatedly. This method is better 
understood by working with examples. 


| EXAMPLE 4.28 Let f(x) be a function and k 


be a positive real number such that 
f(x + k) + f(x) = 0 forall xe R. 
Prove that f(x) is periodic. Also determine a period. 


PSOLUTION The given equation can be re- 


written as 
f(x + k) = —f(x) for all x ER. 
Here, our objective is to convert RHS of the equa- 
tion as f(x). Replacing x by x + k, we have 
f(x + 2k) =-f(x + k) for allx e R 
Combining the two equations, 
f(x + 2k) =-— ( f(x)) 
= f(x + 2k) = f(x) for all x ER. 
It means that f(x) is a periodic function and one of 
its period is 2k. 


| EXAMPLE 4.29 Consider those functions f 
that satisfy f (x + 4) + f (x — 4) = f (x) for all real 
x. Prove that any such function is periodic, and 
there is a common positive period 7 for all of 
them. Find the value of p. 


SOLUTION f(xt4+f(x-H)=f() dC) 
Replacing x by x +4 
f (x + 8) +f (x) =f(x+4) (2) 
Substituting the value of f (x + 4) from (1) in (2), 
f(x + 8) + f(x) =f£(x)-f£(x—-4) 
=> f(x+8)=-fK«-4 
Replacing x by x +4 
f(x + 12) =-f(x) 
Replacing x by x+ 12 
f (x + 24) =-f (x + 12) 
f (x + 24) =f (x) 
=> f (x) is periodic with period 24. 


| EXAMPLE 4.30 Prove that f is periodic if it 


satisfies the condition 
f(x + p)=14 {1 -3f(x) + 3f7(@~) — Fx). 


Functions 


| SOLUTION We have 


ff(x + p)— 19 = 1-3f() + 3£7() — £7) = {1 fe P 
=> f(x+p)-1=1-f(x) 


=> f(x+ p)+ f(x) =2 (1) 
Replacing x by x + p, equation (1) reduces to 
f(x + 2p) + f(x + p) =2 (2) 


Subtracing equation (1) from equation (2), we have 
f(x + 2p) — f(x) =0 

=> f(x + 2p) = f(x) 

Hence, f is periodic, having a period 2p. 


| EXAMPLE 4.31 Consider y = f(x), x € R. 


It is given that the graph of f(x) is symmetrical 
about the lines x = a and x = b, where a <b. Prove 
that f(x) is periodic. 


| SOLUTION Since the function f(x) is symmet- 


rical about lines x = a and x = b, therefore we have 
f(a — x) = f(a+ x) 
=> f(x)=f(a-—x) [replacingxbya-x] (1) 
and f(b — x) = f(b + x) 
= f(x)=f2b-—x) [replacing x by b-x] (2) 
From equation (1), we have 
f(x) = f(2a — x) 
= f{2b — (2a -—x)} 
=f{x + 2(b—-a)} 
Hence, f(x) is periodic, having a period 2(b — a). 


| EXAMPLE 4.32 A function f(x) satisfies the 
equation f(x +1) + f(x — 1) = V3 f(x) for all real x. 
Prove that fis periodic. 


‘SOLUTION f(x +1) + f(k-1)= V3 f(x) (1) 
Here, the main strategy is to replace x such that 
we get expression on RHS which is same as the 
expression on LHS. Replacing x by x +1 and re- 
placing x by x — 1 separately in the given equa- 
tion, we get two equations : 

f(x + 2) + f(x) = V3 f(x +1 


f(x) + f(x -2) = V3 f«-) 
Adding these two equations, we get term on RHS, 
which is same as LHS: 


f(x +2) + f(x —2) + 2%) =V3 {f(x+ D+f«-D} 
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= 73 53 f(x} using(1) 
= 3f(x). 
= f(x + 2) + f(x —2) = f(x) (2) 
Replacing x by x + 2 in (2), we have 
f(x + 4) + f(x) = f(x + 2) (3) 


Note that we have not replaced x by x — 2, because 
that yields a relation which has argument form of 
x — 4. As definition of periodic function involves 
addition of a positive constant being added to in- 
dependent variable, we opt to replace x by x + 2. 
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Now, adding (2) and (3), 

f(x + 4) + f(x — 2) =0 (A) 
Replacing x by x + 2 in (4) so that one of the two 
terms becomes f(x), we have 

f(x + 6) + f(x) =0 
= f(x + 6) =- f(x) (5) 
Replacing x by x + 6 in (5), we have 

f(x + 12) =-f(x + 6) 
= f(x+12)=f(x) using (5) 

Hence, the function is periodic and one of the pe- 
riods is T = 12. 


CONCEPT PROBLEMS 


1. Find the period, if any, of the following functions : 


[D] 


2 
(i) £(x)= [ix -5) {is FPF 


(ii) f(x) = [3x . =] 2sin +1 


2 
(iii) f(x) = (cos! *(4x-4)) +1 


(iv) f(x) = sec (cosec x) + sec (Sec x). 


2. Prove that the function of the form f(x) = cos (ax + sin (bx)), where a and b are real nonzero num- 
bers, is periodic if and only if the number a/b is rational. 


3. Let f (x) = sin’x + cos*x + 2 and g (x) = cos (cos x) + cos (sin x). Also let period of 
f (x) and g (x) be T, and T, respectively then show that T, = T). 


4. Is the product and division of two non-periodic function is always non-periodic ? 


5. Iff: R->R isa function satisfying the property f(x + 1) + f(x +3) =2 V x ER then find a period 
of f(x). 

6. Let ||x|| = min, - |x —n]. Prove that f(x) = ||x|| is periodic and find its period. Also, graph this func- 
tion. Notice that this function measures the distance of a real number to its nearest integer. 


7. Prove that the following function are not periodic: 
(i) f(x)=x+xsinx (ii) f(x) =cos x’ 


(iii) f(x) = cos (¥ x |? (iv) f(x) =cosv2 x + cos 2x 


8. Discuss whether the function f(x) =sin (cosx + x) is perodic or not , if yes then what is its period. 
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Functions 


WH PRACTICE PROBLEMS [J] 


9. 


10. 


ll. 


12, 


13. 


14. 
15. 


16. 


17. 
18. 


19. 


Find the period, if any, of the following functions : 


xX . X X . x 
G) f(x) = sinx + tan—+sin— + tan—+......... + sin 
2 2 2 2 


(ii) f(x) =tan (V2x)+ cot (V3x) 
(iii) f(x) = sin’ x sin 3x 
(iv) f(x) = sin (cos (sin (cos x))) + tan * (tan x) 
Find the period, if any, of the following functions : 

(i) f(x) =cos (cos x) + cos (sin x) (ii) f(x) =x+cos (1x) — [x] 
Gi). £@) =e" Sia eco a 5), Gy Fen 
Find the period, if any, of the following functions : 


(i) f(x)=cos2m+ {2x}, {}isFPE (ii) f(x) = 


| sinx |+]|cos x | 


sin x + sin 7x 
cos x + cos 7x 


+ 
cosx |cosx| 


|sinx| | sinx (iv) f(x) = sin(x + sin x) 


(iii) f(x) = Al 


Find the period, if any, of the following functions : 


; . 3X x fe . 3 1X 7 |x| > TUX 
1 £0) = fin? S| + cos’ 3 ii) f(x) =sin? — +2cos —— — tan? — 
Gi) £(x) ; - Gi) f(x) 5 ; ; 
in x |+ 
(iii) f(x) = cos'( =] + |sin!® (=) i tee es) 
2 2 | sin x — cosx | 


Prove that the function of the form f(x) = cos(ax) + tan(bx), where a and b are real nonzero num- 
bers, is periodic if and only if the ratio a/b is a rational number. 


Let f(x) = 2A |cos x| + A” |sinx| + 3. If is the fundamental period of f(x), find A. 


Find the period of the functions : - 
(i) f(x) = sin (cos x ) + cos (sin x) (ii) f(x) = sin cos =| + cos(sinx) 


If f(x) is of period 3 and g(x) is of period 2, then find a period of the function 


X 
— ie) 
g(x) 23] 


Let f(x + 1) + f(x + 5) =f(x + 3)+ f(x + 7) V xe R. Prove that f(x) is periodic. 
Let f(x) + f(x + 3) = 5 for all x € R. Prove that f(x + 12) = f(x) for all x ER. 
If f is a function satisfying f(x — 1) + f(x + 1) = J2 f(x), prove that f(x) is periodic. 


F(x) = 
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4.11 | INVERSE OF A FUNCTION 


Inverse of a function 


Inverse relation is like looking a relation in the 
opposite direction. For example, consider the re- 
lation “husband of”. The inverse to this relation is 
“wife of’. This is an explicit relation very easily 
conceivable. In other situations involving func- 
tions, inverse relations may not be so explicit. We 
shall, therefore, develop mathematical technique 
to obtain inverse function (relation) for a given 
function (relation). 
We use the concept of pre-image and image to 
connect the elements of a function in the direction 
from domain A to co-domain B. The related ele- 
ments are connected by a rule f(x) such that : 

Image = f (x) = f(pre-image) 
Clearly, x is the pre-image and f(x) is image. Now, 
we want to derive a similar rule, f '(x), which 
evaluates to pre-image like: 

Pre-image(s) =f (x) =f ~(image) 
Clearly, x is now the image and f ‘(x) is pre- 
image. 
Once the inverse rule is constructed, it is easy to 
define inverse function. However, we should be 
careful in one important aspect. An inverse func- 
tion, f ' is a function ultimately. This puts the re- 
quirement that every element of the domain of the 
new function f' should be related to exactly one 
element to its co-domain set. 
We must also understand that this new function, 
f', gives the perspective of relation from co-do- 
main to domain of the given function f. However, 
new function f‘ is read from its new domain to 
its new co-domain. After all this is how a function 
is read. This simply means that domain and co- 
domain of the function f is exchanged for f°. 
By definition, every element of domain set of the 
given function f is also related to exactly one ele- 
ment of in its co-domain. Thus, there is bidirec- 
tional requirement that elements of one set are 
related to exactly one element of other set. 
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The process of inversion can be applied to any 
function f having the property that for each y in 
the range of f, there is exactly one x in the domain 
of f such that f(x) = y. In particular, a function 
that is continuous and strictly monotonic on an 
interval [a, b] has this property. 
In other words, we can define inverse function, 
f', only if the given function is an injection and 
surjection function at the same time. Hence, the 
inverse of function f is defined as : 
if f: A > B is a bijective function, then the func- 
tion, f-1 : B > A which associates each element 
b € B and a €A such that f(a) = b is called the 
inverse of the function f. 
Let A= {1, 2, 3, 4} and B= {3, 6, 9, 12} 

f:A—B by f (x) = 3xforallx EA 
Then, the function set in the roaster form is : 

f= {(1, 3), 2, 6), (3, 9). , 12)} 
This function is clearly a bijection as only distinct 
elements of two sets are paired. Its domain and 
co-domains are : 

Domain of f= {1, 2, 3, 4} 

Co-domain of f = {3, 6, 9, 12} 
Now, the inverse function is given by : 

f-':A— Bby f(x) = forallxeA 
where A = {3, 6, 9, 12} 
In the roaster form, the inverse function is : 

f' = {(3, 1), ©, 2), (9, 3), (12, 4)} 
Note that we can find inverse relation by merely 
exchanging positions of elements in the ordered 
pairs. 
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The domain and co-domain of new function f” are: 
Domain of f' = £3, 6, 9, 12} 
Co-domain of f' = {1, 2, 3, 4} 
Thus, we see that the domain of inverse function 
f! is co-domain of the function f and co-domain 
of inverse function f! is domain of the function f. 


Inverse function is unique function 


Let f: A— B bea one-one and onto function, 
then their exists a unique function 
f':B—A< such that 
f(xs)=y of l(y)=x,VxeAyeB. 
This means that there is only one inverse function 
for a given function. The inverse of a bijective 
function is unique. 


Method of finding inverse function 


(i) Check whether the function is invertible 
1.e. bijective. 
(11) Solve the given function for x in terms of y. 
(iii) Substitute x by the inverse symbol f '(x) and 
y by x to find the rule of inverse function. 
(iv) Change the domain and range of the given 
function with that of inverse function. 


| EXAMPLE 4.1 A function is given as 


f:R-—-R by f(x) = 2x + 5 forallx eR 
Construct the inverse rule. Determine f(x) for first 
5 natural numbers. Check validity of inverse rule 
with the values of images so obtained. Find in- 
verse function, if it exists. 


+SOLUTION Now, in order to find inverse 


function, we need to determine that the given 
function is an injection and surjection. 
For injection, let us assume that x, and x, be two 
different elements such that f (x,) = f (x,) 
= 25, +5 = 2x5 +5 

X) =X 
This means that given function is an injection. 
Now, to prove surjection, we solve the rule for 
X as: 


Functions 


We see that this equation is valid for all values 
of y i.e. all values in the co-domain of the given 
function. This means that every element of the 
co-domain is related. Hence, the given function 
is a surjection. 

From, y = 2x + 5, we have 


a=) 
2 
Changing notations, 
—5 
f(x) = is ; 
(x) 5 


The images i.e. corresponding f(x), for first five 
natural numbers are : f(1) = 2x + 5 = 7; f(2) = 9; 
f(3) = 11; f(4) = 13 and f(5) = 15. 

Now, the corresponding pre-images, using inverse 
rule for the two values of images are : 


Thus, we see that the inverse rule correctly deter- 
mines the pre-images as intended. 
The inverse function, therefore, is given as: 


f!-R—o>Rby f(s = es 


| EXAMPLE 4.2 Letf: D-— {0} > R- {0} be 


defined as 
1 , bed 
f(x) = In 1 + +) . Find whether the function is 
= 
invertible or not. 


| SOLUTION f(x)=y=In [1 + | 
x 


Let f(x,) = £(x,) 


=> In (i++) =In (i++) 
Xy X94 


=> X, =X) 
Hence, fis one - one. 


1 
Now, e® =1+ — 
xX 
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=> Pee 
x 


> x= y #0 


ey — 
The range is R — {0}, which is same as co-do- 
main. Hence, f is onto. 

Finally, the function is bijective, and hence in- 
vertible. 


| EXAMPLE 4.3 Assume that the function 


x — 


f:R-{-l} 5R- {1}, fx) = ; 
Determine its inverse. x+1 


—] 
| SOLUTION Put = =y and solve for x: 
X 


is a bijection. 


x —l 
=y>x-l=yxty>x-yx=lty 
x+1 
= x(l-y)=I+y 
rey a) 
IY 
Now, exchange x and y : 
_ 1+x 
l-x 


The desired inverse is 
f':R-{} ~ R-{-] 
1+x 


=| _ ttaA 
he = 1-x 


PEXAMPLE 44 Letf: a > 0, 4] be a 


function defined as f(x) = sin x —cosx + 2. Then 
find f * (x). 


SOLUTION f(x) = V3 sinx—cosx+2 
=2sin [x- 2) +2 
6 


Since f(x) is one-one and onto, f is invertible. 
Now, fof’ (x) =x = 2 sin [rto)-Z)-+2 => 


— sin [stay - 2) = 2-1, 
6) 2 


Note that we have <1 for all x € [0, 4]. 
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f# (x) = sin? (F-1) i. 
2 6 


| EXAMPLE 4.5 Givenf: [0,a] — S, such that 


f (x) =3 cos . Find the largest value of ‘a’, for 


which f has an inverse function f~’. Find f 7. 
State the domain and the range of f and f’. 


SOLUTION From the graph of y =3 cos : 


we notice that the function is one-one in the larg- 
est interval of [0, 27], and the range in that case 
is [— 3, 3]. 

x=f'(y)andf" : [-3,3] > [0, 27] 


cos— = ~ 

3 
as eege 2 
2 3 
=> x= eos! 5 


= f'(y)= 2cos” 


= (x)= 2cos 


| EXAMPLE 4.6 _ Findtheinverseofthefunction 


f(x) = In(x’ + 3x +1), x € [1, 3], assuming it to be 
an onto function. 


SOLUTION Given f(x) = In (x? +3x+ 1) 


(x) = = +3 

(x* +3x +1) 
which is a strictly increasing function. Thus f(x) 
is injective, and it is given that f(x) is onto. Hence 
the given function f(x) is invertible. 
The range of the function is [ In5, In19]. 
Now let y = f(x) = In (x* + 3x + 1) 
then x=f' (y) (1) 

y=In(x’+3x+1) 

= e =x*+3x+] 
=> x°+3x+1-e%=0 


>0V xe [1,3] 
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x= Btv9- 41.0%) _ 34 V5 440") 
9 2 
= -3+V(6+4e") {since x € [1, 3]} 


2 
From (1) and (2), we get 


1 —3+ (5+ 4e”) 
f' (y)= a 
Replacing y with x, we get 


f!: [In5, In19] > [1, 3] 


rigy= 234 (5 + 4e*) | 


2 


| EXAMPLE 4.7 Is the function 
f:[-1, 9] -25| where f(x) = sin (2x1 _x? 


invertible? 


| SOLUTION fis continuous 


(2) 


,..  2(1- 2x’) 

ae 11 —2x2|Vi—x2 
z if See 
ie v2 v2 
=) ~] 


: 1 
if x <—>orx>— 


1- x? V2 V2 


-1 1 
”. f(x) is increasing in (=. =) and is de- 
V2" V2 
—] 
creasing in each of the intervals [-1 =) and 
V2 


F) 
V2° 7 
. f(x) is not one-one, so it is not invertible. 


fEXAMPLE48 A functionf [1, 2) — [1, ©) 


is given by f(x) = 2**~ ). Find f'(x). 


| SOLUTION To check for one-one function, 


we determine the derivative of the function as : 
fxs! 


Functions 


Taking logarithm on both sides, 

log.(f(x)) = x (x — 1) log,2 
Taking derivative on either side of the equation, 
we have : 

f’(x) 

f (x) 
= f’(x) = f(x) (2x — 1) log,2 
f(x) is a positive number. Also, log, 2 1s a positive 
number. 

*. f’(x) = positive number x (2x — 1). 

Now, x lies in the interval [1, °°). The derivative 
is positive in the interval. We, therefore, conclude 
that the function is increasing in the interval given 
by [1, c¢). The least value of the function is given 
as : 

fje2 Y=) 21, 
We interpret the function, when x tends to posi- 
tive infinity. 

lim f(x) = lim 2*&~) = 2° = oo, 

X—0o X—0o 
Thus, range of the given function is [1, °°). Clearly, 
Range = Co-domain = [1, ©). 
Therefore, the function is onto and hence bijec- 
tion. It means that function is invertible. 
Now, we solve the function for x for finding the 
inverse function. Taking log on the base of 2 on 
either side of the equation, 

log,y = log,x(x — 1) = x(x- 1) = x*—x 


= (2x — 1) log,2 


= x’ —x —log,y =0 


7 1+ /(1+ 4 log, y) 


> x= —— 
2 
But, we know that domain of the function is x > 1. 


Also, (1+ 4log, y) = 1. It means that only posi- 


tive sign in the expression is valid. 


a 1+ J(1+ 4log, y) 
2 


Substituting x by f (x) and y by x, we have the 
rule of inverse function as : 


f(x) = 1+ /(1+ 4log, x) | 


2 


| EXAMPLE 4.9 Find the inverse of the function 


x, x <l 
f(x)=4 x’, 1<x<4 
8Vx, x >4 


x x <l 


SOLUTION Given f(x)= 4 x”, 1<x<4 


8V¥x, x>4 
Let f(x) =y => x=f'(y) (1) 
y; y<l 
x= 4 Jy, IsJy<4 
y’/64, y’/64>4 
y; y<l 
={ Jy, 1<y<16 
y’/64,  y>I16 
y; y<l 
flyj=4 Jy, 1s y<16 
y’/64,  y>16 
X, x <1 
Hence f'(x)=4 Vx, 15x16. 
x7/64, x>16 


| EXAMPLE 4.10 Let g:R—R be given by 


g(x) =3 + 4x. If g"(x) = gogo....0g(x), show that 
g"(x) = (4"— 1) + 4"x. If g™ (x) denotes the in- 
verse of g" (x), find g ” (x). 


| SOLUTION Since g(x) =3 + 4x 


. 9°(x) = (gog) (x) = g {g (x)} =g Gt 4x) 
=3+4(3+ 4x) 

or g(x) = 15+ 4x = (47-1) + 4’x 

Now g°(x) = (gogog) x = g {g” (x) } = g(15 + 4’ x) 
=3+4(15+4°x)=63+4 x= (4-1) + 4°x 

Similarly we get g"(x) = (4"- 1) + 4"x 

Now leg g"(x)=y => x=g-n(y) (1) 

. y=(4"-1)+ 4"x 
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or x=(y+ 1-44" (2) 
From (1) and (2) we get g "(y)=(y¥+ 1-4) 4% 
Hence g "(x)=(x+ 1-4") 4%. 


Inverse as composition of functions 


The notion of an inverse function also can be ex- 
pressed in terms of composition of functions. 
Suppose two functions f and g have the following 
composition behaviour g(f(x)) = x. 

We see that x is not only the initial input but the 
final output. The input x is transformed into out- 
put f(x) by f. The output f (x) now becomes input 
for g .The function g transforms f(x) back into the 
original input x. 

Definition. Let f be any function and suppose 
there is a function g with the property that g(f(x)) 
= x,. we then call g the inverse function of f and 
give it the notation f- ' Hence g=f , by defini- 
tion, and f '(f(x)) =x. 


3x +1 
PEXAMPLE 4.11 Let g(x) = i and 


_ 2x+1 
f(x) = —s 
(i) Show g(f(4)) = 4. 
(iii) Show f(f'(x)) = x 


| SOLUTION 
2(4)+1 


G) g(f(4)) =g (oe = 8) 


(ii) Show g=f" 


_ 39)+1 
9-2 
2x+1 
2x +1 3( BE a1 Tx 

ee =x 
x —3 (Sx \-2 7 
x—3 


(il) g(f(x)) = s( 


=> g=f! 


(iii) £(f (x) = (==) 
x—2 
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Note 


(ii) and (iii) together imply f ‘(f(x)) = f(f "(x)= x. 


| EXAMPLE 4.12 A function f(x) is given as : 


f(x) = {a—x}!", where a> 0, x>0Oandnisa 
positive integer. Find f{f(x)}. Hence show that f 
is inverse of itself. 


+ SOLUTION The domain of the given func- 
tion is x > 0. In order to find, the composition, we 


evaluate f(y), where y = f(x). 


= f(f()} =f) = @-y)"" = [a—fa@-xyyyy" 
= f{f(x)} =(a-a—x "= («x !"=x;x>0 

Here, composition is that of function with itself. 
As such, domain of composition is equal to intersec- 
tion of domain of the given function with itself. But, 
the intersection of an interval with itself is same in- 
terval. Hence, we have retained the domain interval 
of the composition same as that of given function. 
Since f(f(x)) = x, fis the inverse of itself. 


Graph of inverse function 


In order to investigate the nature of the inverse 
graph, let us consider a plot of an invertible func- 
tion, f(x). Let (a,b) be a point on the plot. Then, by 
definition of an inverse function, the point (b,a) is 
a point on the plot of inverse function, if plotted 
on the same coordinate system. 

y = f(x) 

y=f' (x) 


Functions 


By geometry, the line joining points (a,b) and 
(b,a) is bisected at right angles by the line y = x. 
It means that the two points under consideration 
are object and image for the mirror defined by 
y =x. 

Thus, the graphs of y = f(x) and y =f (x) are the 
mirror images of each other in the line y = x. 
Consider the graph of f(x) =x° + x° + x. 


Observe the graph of y = f' (x) shown below 
which is obtained by reflecting the graph of y =f? 
(x) about the line y =x. 


ie a 


Note 


Consider the function 
f(x) = 2* + 3%. 
The function is bijective, and hence invertible. 


f: R— R4, where 
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However, the inverse function cannot be expressed 
explicitly. We can write: 

i vk oR 

y =f '(x), where x = 2% + 3%, 
Note that we can draw the graph of the inverse 
function. 
To evaluate f~'(x) we can sometimes use trial and 
error. For example, to find f ‘(5), we guess that 
y = | satisfies the equation 5 = 2° + 3”. 
Hence, f-'(5) = 1. 


| EXAMPLE 4.13 The lines L and K are sym- 


metric to each other with respect to the line y = x. 
If the equation of the line L is y = ax + b where 
a and b are non zero, then find the equation of K. 


| SOLUTION What is being asked for, is the 


inverse of the function f(x) = ax + b. 
Hence if y = ax + b, we solve for x in terms of y : 


namely, x = = 
a 


y—b 


Sys. 
a a 


Hence f ‘(y) = 
Hence, the equation of K is y = ae ’ 
a 


Inverses of non-monotonic functions 


Suppose we try to apply the process of inversion 
to a function that is not monotonic on [a, b]. For 
example, suppose that f(x) = x”, x € (—©, ©). 
We can solve equation y = x” for x in terms of y, but 
there are two values of x corresponding to each y in 
[0, cc), namely, 

x= Jy and x = — Jy 
In a case like this we say that the process of inver- 
sion gives rise to two new functions, say g, and 
g»5, where 


giv) = Vy and 


g,(y) =—y for each y in [0, -). 

To fit this in with the notion of inverse as explained 
above, we can look upon the equation y = x’ as de- 
fining not one function f but two functions f, and f,, 


Telegram @unacademyplusdiscounts 


say, where 
f(x) =x? if 0<x<oo and 
f(x) =x’ if —o<x<0 


These may be considered as distinct functions 
because they have different domains. Each func- 
tion is monotonic in its domain and each has an 
inverse, the inverse of f, being g, and the inverse 
of f, being g,, where g, and g, are given above. 
This illustrates how the process of inversion can 
be applied to non-monotonic functions in piece- 
wise form. We simply consider such a function as 
a union of several monotonic functions and invert 
each monotonic piece. 


| EXAMPLE 4.14 A quadratic function is giv- 


en as: 
f(x)=x?+x41. 

Is the function invertible? If not, then find the in- 

tervals in which it is invertible. Also find the cor- 

responding inverse functions. 


| SOLUTION The given function is a continu- 


ous function valid for all values of x. 
We need to analyze whether function is bijective. 
Let x, and x, be two values. Then, 


2 ee 
Xj) +x,+1l=x,+x,+1 


2 


oe = 


It means that the function is not one-one, but many 
one function. For determining whether function 
is onto function, we investigate the nature of its 
derivative, 
f’(x) =2x+1 

Its root , when equated to zero, is —1/2. The function 
value at x = —1/2 corresponds to the least value of 
the function. 


The function is strictly decreasing in the interval 
(—co, —1/2] and strictly increasing in the inter- 
val [—1/2, °°). Further, we also observe from the 
graph as shown in the figure below that function 
is one-one in the individual intervals. 
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Now, for determining the inverse functions, we 
solve the function for x. 
y =f(x) =x’?+x+1 
=> x’+x+l-y=0 
Solving for x, we have : 


_ -liv(4y-3) 
2 
Substituting x by f—1(x) and y by x, we have the 
rule of inverse function as : 


1 
For the interval [-~, — 7 ' 


ye (4x - 3) 


2 


1 
For the interval >. -| 


1. -1+ VGx=3) 
f (x) = ————_—_. 
2 

Trigonometric functions frequently arise in prob- 
lems, and often it is necessary to invert these func- 
tions, for example, to find an angle with a speci- 
fied sine. Of course, there are many angles with 
the same sine, so the sine function doesn’t actual- 
ly have an inverse that reliably “undoes” the sine 
function. If you know that sin x = 1/2, you can’t 
reverse this to discover x, that is, you can’t solve 
for x, as there are infinitely many angles with sine 
1/2. Nevertheless, it is useful to have something 
like an inverse to the sine, however imperfect. 
The usual approach is to pick out some collection 
of angles that produce all possible values of the 
sine exactly once. If we “discard” all other angles, 
the resulting function does have a proper inverse. 
The sine takes on all values between —1 and 1 
exactly once on the interval [-1/2, n/2]. If we 
truncate the sine, keeping only the interval [—1/2, 
7/2], as shown in the figure below, then this trun- 
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cated sine has an inverse function. We call this the 
inverse sine or the arcsine, and write y = arcsin(x) 
= sin ‘x, 

Graph of y = sin x 


Graph of y = sin! x, x € [-1, 1] 
> 4 
m/2 


—n/2 


Recall that a function and its inverse undo each 
other in either order, for example, (Vx )y> =x and 


x3 = x. This does not work with the sine and 
the “inverse sine” because the inverse sine is the 
inverse of the truncated sine function, not the real 
sine function. It is true that sin(arcsin(x)) = x, that 
is, the sine undoes the arcsine. It is not true that 
the arcsine undoes the sine, for example, sin(57/6) 
= 1/2 and arcsin(1/2) = 7/6, so doing first the sine 
then the arcsine does not get us back where we 
started. This is because 57/6 is not in the domain 
of the truncated sine. If we start with an angle be- 
tween —1/2 and 7/2 then the arcsine does reverse 
the sine: sin(7/6) = 1/2 and arcsin(1/2) = 7/6. 
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Function inverse of itself 


A function is identical with its inverse, 1.e. f(x) = 

f'(x) if fof (x) = x. In such a case, the graph of 

f' matches with the graph of f. For this to hap- 

pen, the graph of f must be symmetrical w.r.t. the 

line y =x. 

For example, if f(x) = = , we also have f” (x) = 
X 


| 1. 
— and the graph of y = f(x) = — is symmetrical 
X X 


w.r.t. the line y = x. 
bf 


x 


A function f is said to be an involution if for all 
x for which f(x) and f(f(x)) are defined we have 
f(f(x)) =x. 

For example, f(x) = V1—x? is an involution. 


| EXAMPLE 4.15 _ If the function f (x) =ax +b 


is inverse of itself then find the ordered pair (a, b). 


*SOLUTION y=f@> x=f'( 


Now y = ax +b 


ele Se yee a! 
a a a a 
figy=%-2 (1) 
a a 
and f (x) =ax +b (2) 
Now in order that (1) and (2) coincide 
a=- () 
a 
lu =—b (2) 
a 


from (1),a7=1 = a=lor-1 

if a=-—l,then b=b > beR 

if a= 1,then2b=0 > b=0 

Hence, the ordered pairs (a, b) are (—1, b), (1, 0) 
where be R. 
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| EXAMPLE 4.16 Find the value of a so that 


f(x) = & = is identical with f(x). 
X 


| SOLUTION We must have fof =x 


(==) 

a| —— |+1 

x+3 

= a 
ax +1 
—— +3 
x+3 

=> axtatxt+3=x(axt+1+3xta) 

= (a?+1)xta+3=(a+3) x’? + 10x 

— a+3=0Oanda’*+1=10 

=> a=-3anda=4+3 

> a=-3. 


Note 


+ 
In general, the function f(x) = ax +b 
with itsinverseifat+d=0. °** 
Equation f(x) = f ~'(x) 


tEXAMPLE 4.17 Find the solution of the 


equation: 


-xt]l= a4 [x-3) 
Z 4 


Xx 


is identical 


SOLUTION Consider the function 
f: E ~| > =. -| where f(x) = x’-x +1. 
2 4 
We note that f is one-one and onto. 


Its inverse is f! [3 ~| -> | ~| ; 
4 2 


1 3 
f = fee —, 
(x) - \ Fi 
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Hence the two sides of the given equation are in- 
verse of each other. We draw the graphs of the 
given functions and observe that they intersect on 
line y = x only. 

Clearly, the intersection point is the solution of 
the equation, 


f(x) =x 
= x*-x+]l=x = x*-2x+1=0 
=> (x-1)*=0 =>x=1., 


This is the answer. It is interesting to know that 
we can also proceed to find the solution by work- 
ing on the inverse function. This should also give 
the same result as given functions are inverse to 
each other. 


f'(x)=x 


Some points of intersection of f and f—1 lie on the 
line y = x. However, it must be noted that f(x) and 
f—1(x) may intersect elsewhere also. 


| EXAMPLE 4.18 If f(x) =—x°, solve the equa- 


tion f(x) = f '(x). 


SOLUTION f()=f'@ = -xX°=-x"'? 


XY =x > x =0,1,-1. 


This can be observed in the figure given below. 
The graphs of y = f(x) and y = f—1(x) intersect at 
three points (0, 0), (-1, 1) and (1, -1). 
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The point (0, 0) lies on the line y = x, while the 
other two points (—1, 1) and (1, —1) lie at equal 
distances from the line y = x in a direction per- 
pendicular to the line y = x. 
Solving f(x) = x, we have 

=x =x => x +x=0 
=> x(x°+1)=0> x=0. 
Here, we see that solving f(x) = x is not sufficient 
for finding all the solutions of the equation 

f(x) =f '(x). 


P EXAMPLE 4.19 If f(x) = -x + sin x, solve 


the equation f(x) =f" (x). 


| SOLUTION To solve the equation 


f(x) =f '(x), we first draw the graphs of both the 
functions to observe their points of intersection. 


y=f{e) 


From, the graph, we realize that only the point 
(0, 0) lies on the line y = x. There are other points 
of intersection (nz, nz), n € I which lie on the 
line y = —x. 

Hence, the solution set is {nz, n € T}. 


EXAMPLE 4.20 Let f(x) = x’? + 2x; x >-1. 
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Draw graph of f ‘(x) also find the number of solu- 
tions of the equation, f(x) = f'(x). 


| SOLUTION We draw the graphs of the given 
function and its inverse, and observe that they in- 


tersect on line y = x only. 


So, f(x) = f '(x) is equivalent to solving f(x) = x 
=> x?4+2x=x 

=> x(x+1)=0 

=> x=0,-1. 

Hence, x = 0, —1 are solutions of the equation 
f(x) = f-1(x). 


Properties of inverse function 


There are few properties of inverse function that 
result from the fact that it is inverse of a bijection. 
We can check the validity of these properties in 
terms of the example given earlier. 

1. Iffis an invertible function then (f-1) ‘=f. 
2. Iff:A-—B be a one-one and onto mapping, 
then f'of=I,andfof'=I,, 

where I, and I, are the identity mappings of the 
sets A and B respectively. 

Proof : We shall first prove that f' 0 f=I,. 
Since f: A Band f!: BA, therefore 
(fof): ASA. 

Let x be any arbitrary element € A and let f(x) = 
y, where y € B. Then by the definition of the map- 
ping ff" (y) =x. 

We have (f' 0 f) (x) =f? (f (x) =f! (y) =x. 
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Thus the function f' o f maps every element 
x € A onto itself. Therefore f' 0 f = I,. 


Now we shall prove that f of" = Ip. Since f° a 
B— Aandf:A-—B, therefore (fof): BB. 


Let y be any arbitrary element € B and let f'(y) 
= x, where x € A. Then f(x) =y. 


We have (fo f ')(y) = f(f ‘(y)) = f(x) =y. Thus the 
function f o f ' maps every element y € B onto 
itself. Therefore fo f' = Ip. 


| EXAMPLE 4.21 Letf:[-1, 1] >R, 


f(x) =3+x+ tan x. Find Ge G) 


| SOLUTION Since f is invertible and 9/2 lies in 
the range of the function, we have [+ = (>) = ~ 
Note that f' (£(2)) = 2 is not true since 2 does not 
lie in the domain of the function. 
3. Letf: A> B, g:B- C be two invert- 
ible functions. Then gof is also invertible with 
(gof) | =f ‘og’. This is called reversal law. 


got 
| ) ) | 
(gof)’ 


Proof : To show that gof is invertible with 
(gof)! = flog’, it is enough to show that 
(f 'og ‘Jo(gof) = I, and (gofo(f tog”) = Ie. 
Now (f ‘og ‘)o(gof) = ((f ‘og ') og) of, 
(f 'o(g ‘og)) of 
(f ‘olg) of, by definition of g! 

=] 
Similarly, it can be shown that (gof)o(f ‘og ”) = Ip. 
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W CONCEPT PROBLEMS [E] 


2, 


10. 


ll. 


LZ, 


13. 


; ie | a 
. Assume that f: R - {1}-— R —- {1} is a bijection, where f(x) = 3 al Find f7. 
xX — 


Let f and g be invertible functions satisfying f(1) = 2, {(2) = 3, £3) =1 
g(1) =-1, g(2) =3, g(4) =-2, find (fo g)“(1). 
Prove that the inverse of the fractional function , 


fr-|-£)r-]2|,t09- eet Gi-scn0) 
Cc Cc cx+d 


is also a linear fractional function. Under what conditions f(x) is identical with its inverse. 
A function f : [2, 0) — [5, ©) is defined as f(x) = x” — 4x + 9. Find its inverse. 


1 1 
. Find all the real solutions to the equation x= ri = ,/x+ r 
Given g:R—-R, g(x) = 2x + 8 andf : R-{-2} > R—{0}, f(x) = — ; find (g o f ')(2). 
xX 


Prove that if ab # — 4 and f : R — {2/b} — R -{2/b}, f(x) = zi = then f=f". 


bx — 


W PRACTICE PROBLEMS [K] 


8. 


For what values of m is f(x) = (m + 2)x* — 3 mx” + 9mx — 1 invertible ? 


Let f : [0, 2°) — [0, 0) be given by f(x) = Vx+ Vx . Show that f is bijective and that its inverse 


-V1+4x*y 
——<————————— 1X, 


ist: [0, «) > f(x) = 2 
Determine f—1(x), if the given function is invertible 
(i) f: Ce, -l Ce, -2), f&) =-«+1)’-2 Gi) fF: Be [-1, 1], f(x) = sin( x - =) 


Determine the values of m for which the function f(x) = (m* — 4)x + |m|, x © (—e, e) has an in- 
verse. Find the inverse function. 
Let f : N > N defined by f(x) = x + (-1)*"’. Then prove that the function is inverse of itself. 
x? ‘ x <0 
x? , Osx<l 
Iff(x)=42x-1 , 1<x<2 then show that 


= 
— , x >3 
9 


Gi) f'ChH=-1 Gi) f-'(-8)=-2 Gi) f(D) =1. 
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14. Let f: [1/2, 1] > [-1, 1] is given by f(x) = 4x° — 3x, then show that 
f ' (x) = cos(1/3 cos’ x). 


3x — 


has an inverse that can be written in the form 


15. The function f (x) = 


f(x) = as. _ Find the value of (b +c + d). 
CX 


— oe 


16. Find the inverse of the function f(x) = ~ oD, 


e~+e™% 


17. Ifthe functions f and g are defined from R to R such that :f(x) = e* , g(x) = 3x — 2, then find func- 


tions fog and gof. Also find the domain of functions (fog) ' and (gof)”. 
18. If f(x) = (ax + b)*, then find a function g such that f(g(x)) = g(f(x)). 


19. Let f(x) = Va—x?+3x?-3bx+b° +b. Find b if f(x) is inverse of itself. 


20. A function f : >| —- Z| is defined as f (x) = x*—3x + 4. Then compute f ™ (x) and find 


the solution of the equation, f (x) = f~'(x). 


4.12 | FUNCTIONAL EQUATION 


Definition. Functional equation is an equation 
where the unknown is a function. A functional 
equation asks for a formula satisfying certain fea- 
tures. On solving such an equation we obtain one 
or more functions as solutions. 


| EXAMPLE 4.1 Let f: R — {0} > R be any 
function such that f (x) + 2 f (=) = 3x. Find the 
X 


sum of the values of x for which f (x) = 1. 


1 
? SOLUTION f(x) +2f (<) = 3x (1) 


Replacing x with (=) ; 
X 


(=) L99@e= (2) 


x x 
Multiplying (2) by 2, 2f (=) +4f(x)= 
X 


Substracting (3) — (1) 


3£(x)= © -3x 
x 


= (oS cex 
X 


Solving, f (x) = 1, we get 
2-x?=x 
= x*+x-2=0 
= eye HL 
Thus the sum of values of x for which f (x) = 1 
is —l. 


| EXAMPLE 4.2 Let f(sinx) + 2f(cosx) = 3 V x 


e. Find f(x). 


SOLUTION f(sinx) + 2f(cosx) = 3 (1) 


Replace x by - X. 


f(cosx) + 2f(sinx) = 3 (2) 
Putting the value of f(cos x) from (1) in (2) 
oe) panes 


= 3+ 3f(sinx) = 6 
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=> f(sinx) = 1. 
Let u = sinx. Then 0 <u <1 for0<x< = 


Hence, f(u) = 1, ue (0, 1) 
i.e. f(x) =1,x € (0, 1). 


| EXAMPLE 4.3 Find all functions f: R-~R 


such that 
x’ f(x) + f(1 — x) = 2x —x* 


| SOLUTION From the given equation, 


f(1 — x) = 2x—x*— x’ f(x) 
Replacing x by 1 — x, we obtain 
(1 —x)* f{(. — x) + f(x) = 201 - x) -(1- x)’ 
This implies that 
f(x) = 2(1 —x) -(1-x)*-(1-x)2 f1-) 
= 91 =x) (1x) 
— (1 —x)*(2x — x* — x’f(x)) 
which in turn, gives 
f(x) = 2(1-x) - (1 -x)* 
— 2x(1— x)? + x“(1 — x)’x” f(x) 
Solving now for f(x), we get 
_ 2(l—x)-(1-x)* —2x(1— x)? +x*(1-xy’ 


ie) 1-(1-x)’x? 


— (l-x)(2-(1- x)’ — 2x(1- x) +. x*(1-x)) 
7 (1—(1—x)x)(1+ (1—x)x) 
_ (l= x)(2-(1-3x + 3x?— x?)— 2x + 2x? +x4—x°) 
7 (1-x+x2\(l+x—x?) 
=]- ? 
We now check. If f(x) = 1 — x” then 
xf(x) + f(1 — x) =x’°(1 — x’) + 1-(1 -x)’ 
=x?-x4+1-1+2x—x?=2x- x", 
Hence, f(x) = 1 — x’ is the only solution. 


| EXAMPLE 4.4 Determine all functions f sat- 


isfying the functional relation, 
2(1- 2x) 


aes xER-{0, 1}. 


1 
+f=; — 
f(x) +f [ +} where 


| SOLUTION Given 


Functions 
1 2(1 — 2x) 2 2 
+ = {| se | TO CO TT CO 
os ) x(I-x) x 1-x os 


; 1 ; 
Replacing x by a we obtain 
—X 


(—)+0 ™ = 2(1 -x)- 
1-x a j|-—__ 
1-x 1-x 
= (+ )+#{1-2) =-2x42 (2) 
1-x x x 


; ey 
Again replacing x by [1 — 4 in (1) we obtain 
Xx 


‘(1-2 +s] +. --_+_ 
x 1-(1-=] — 1-(1-= 
»,« »,« xX 
= s(1-—) +f9= > -2x (3) 
X x —1 
Substracting (2) from (1), we get 
f(x) - ‘(1 ~ | 2 (4) 
x 1-x 


Now adding (3) and (4) we get 


2x 2 

2f(x) = —— - ——_ 

&) x-l 1-x 
aie o = 
x—l 


| EXAMPLE 4.5 Determine all functions 


f: RR such that f(x) f(y) — f(xy) =x + y for all 
x ye R. (1) 


| SOLUTION Putx=y=0in()). 
Hence f(0) £(0) — f(0) = 0. 
This implies that £{(0) = 0 or f(0) = 1. 
If £(0) = 0 then f(x) f(0) — £(0) = x + 0. 
Hence, x = 0 for all x E R, a contradiction. 
Hence, f(0) = 1. 
Substituting y = 0, in (1) we get f(x) -— 1 =x. 
Hence, f(x) = x + 1 is the only solution of (1). 
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| EXAMPLE 4.6 Letfbeafunctiondefinedfrom 


R* > R°. If (f (xy))” = x for all positive numbers 
x and y and f (2) = 6 then find f (50). 


| SOLUTION Putting x =25 andy =2 


(£(50))” = 25(£(2))° 
=> (f(50))? = 25(6)" 
=> f (50) = 30 or — 30 (rejected) 
Alternative : Putting x = 1/y, we get 


1 
rU)= ¥ £°O) 
Also f (2) = 6, so putting y = 2, we have 


f7(1) = > fOQye > x 36 = 18 


= f(1)= V18 = 3V2 


“. f2(y) = 18y 
= f(y) = 3y2y 


= f(50)= 3V100 =30. 


| EXAMPLE 4.7 Letf, g: R—R be functions 


satisfying for all real numbers x and y the equality 
f(x + g(y)) = 2x + y + 5. Find an expression for 


a(x + f(y). 


| SOLUTION Ify =0 then f(x + g(0)) =2x+5. 


Hence, f(x) = f[(x — g(0)) + g(0)] = 2(« — g(0)) +5 
= 2x — 22(0) + 5 
We deduce that f(0) = —2g(0) + 5 and hence, 


~29(0) + 5 =f] Cay) + g(y)] = 2a) ty +5 
= g(y) = 9(0) + - 


This gives g(x + f(y)) 


= 9(0) + x+2y—2g(0)+5 x+2y+5 
. 2 — 


| EXAMPLE 4.8 Find all the functions g : R > 


R satisfying g(x + y) + g(x — y) = 2x” + 2y for 
all x and y. 


*SOLUTION If y = 0, then 2g(x) = 2x’, that is, 


g(x) = x’. Let us verify that g(x) = x” works. 
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We have g(x + y) + g(x—y) =(k ty)? + (x-y)’ 
=x? + 2xy ty? + x? — 2xy ty? = 2x? + 2y”, 


from where the only solution is g(x) = x”. 


PEXAMPLE 49 If 
fix ty + 1) = (JF(x) + VfQ)) and 


f(0) = 1 V x, y e W. Determine f(x). 


SOLUTION Given 

fixty +1) = (VF@+VFM) 
Putting x = y = 0, 

f(1) = (./£(0) + J£(0) )? =(1 + 2)? = 2? 
Again putting x = 0, y = 1 


f(2) = (J£(0) + Vf) )? = + 2)’ = 3? 
and for x = 1, y = 1 


£3) = (Jf@ + Jf)? = (2 +. 29° = 4. 
We guess that f(x) = (x + 1)’ and prove this using 
induction. 
The statement is true for x = 1. 
Assume that it is true for x = n. 
We now prove that it is true for x =n + 1 also. 


f(nt+ 1) =fmt+0+ 1 =(Vf(n) + VEO) Y° 


=(¥(n+1 +vV1 


=(n+1+ 1)’, which is true. 
Hence, f(x) = (x + 1)’ for x € W. 


| EXAMPLE 4.10 Leta function f satisfy 


f(x + 1) = f(x) + x V x € N where f(1) = 0. 
Find f(3) and a formula for f(x). 


SOLUTION x=1=>£(2)=f1)+1>£2)=0+1 
x =2 = £(3) = £(2) +2 > £3) =3. 
Now, f(x + 1) —- f(x) = x 
We put x = 1, 2, 3, ....., n —1 and the resulting 
equations 
x=1—>(2)-f(1)=1 
x=2 => £(3)-f(2) =2 
x=3 => f(4)- £3) =3 
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x=n-l1 > fin) -fn-l=n-1 
On addition, we get 
fin) -—f(1) =1+2+3+...+n-1 


> f(n) = “ ) 
= f(x)= Ma sce N. 


| EXAMPLE 4.11 Letfbea function from the set 


of positive integers to the set of real numbers 1.e. 
f: N—-R, such that. 
@) f() = 1 
(ii) f(1) + 2f(2) + 3f(3) + ... + nf(n) =n (n+ 1) fm) 
for n > 2 then find the value of f (1994). 


| SOLUTION 


Given f(1) + 2f (2) + 3f(3) + ... + nf(n) 
=n(n + 1) f(n) (1) 
Replacing n by (n + 1) then 
f(1) + 2f(2) + 3f(3) + .... + nf(n) +n (n+ 1) fn + 1) 
=(n+1) (n+ 2) ffm+ 1) (2) 
Subtracting (1) from (2) then we get 
(n+ 1) f+ 1) 
=(n+1)m+2)fm+1)-n(Mm+l) fm) 
=> nf(n) = (n+ 1) f(n+ 1) 
From which we conclude that 
2f(2) = 3f(3) = 4f (4) =... = nfm) 
Substituting the value of 2f(2), 3f@G), .... in terms 
of nf(n) in (1), we have 
f(_) + m—1) nf () = nfm + 1) f(y) 
= f(1) = 2n f(n) 
fd) 1 


“. fn) = — 
) 2n 2n 


(-* £1) = 1) 
1 


3988 


= f(1994) = 
2.1994 


| EXAMPLE 4.12 Let f be a function satisfying 


2f(xy) = f£(x)ty + (f(y) }x and f(1) =k # 1. 


Prove that (k-1) }’ f(r) =kn+ 1-k 


r=1 


Functions 


| SOLUTION Given that 
2f(xy) = f(x)" + fy)” (1) 
Replacing y by 1, we get 
2f(x) = f(x) + (f(1))* ...(2) 
or, f(x) = f(1)* =k* f°; f(1) =k} 


¥ f(r) = f(1) + f(2) + oe. + (2) 


r=] 

=kb+k 4k +... 

_ k(k®=-1)_ k™!-k 
(k -1) (k -1) 


or (k-1) ¥ £() = (k"*t!~). 
r=] 


Note 


Here, we have some important functional equa- 
tions and their solutions. These equations can be 
solved using some advanced techniques. Howev- 
er, at this stage one can guess these solutions and 
verify them to be true. 

If x, y are independent variables, then : 


(i) f(xy) = f(x) + fq) => f&) =kinx, ke R. 
(ii) f(xy) = f(x) . f(y) => f(x) = 0orx",ne R 
(iii) f(x + y) = f(x) . f(y) => f(x) = 0 or a*,a>0 
(iv) f(x + y) = f(x) + f(y) => f(x) =kx, ke R. 


| EXAMPLE 4.13 _ Find the natural number ‘a’ 


for which 


> f(a+k) = 16(2"- 1) where f satisfies 
k=l 
f(x + y) = f(x). f(y) V x, y € N, and f(1) = 2. 


| SOLUTION Given f(1) = 2. 


We put x = 1, y = 1 in the given equation : 

f(1 + 1) = f(1) . f(1) = 2’ => f(2) = 2? 
Now, f(3) = f(2 + 1) = £(2).£(1) = 27.2 = 2°. 
We predict that f(n) = 2", n € N and prove this 
using induction. 


Now, ¥ f(a)£(k) = 16(2n - 1) 
k=] 
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= f(a) ¥ £(k) = 16(2"- 1) 
k=1 


=> 2°(2'+ 27+... +2") = 16(2"- 1) 
2(2" -1) 


=> 27. =16(2"-1) >a=3. 


Polynomial Functional Equations 


Consider an equation such as 

f(x — 1) f(x + 1) = f(@f(x)), (1) 
where f is a polynomial with real coefficients. Let 
d = deg f. The left hand side of the equation is 
of degree 2d, whereas the right hand side is of 
degree d2. Thus 2d = d’, implying that d = 0 or 
d = 2. A polynomial of zero degree is constant, 
and the only constant f(x) =c satisfying this equa- 
tion isc =Oorc=1. 
The case d = 2 can now be considered. We can 
verify that f(x) = (x - 1)’ in this case. 


| EXAMPLE 4.14 Leta polynomial function 


f(x”) = x? f(x) + x° - 1 V xe R where f(2) = 7, 
find f(x). 


?SOLUTION fy=xf~)tx-1 0.) 


Let the degree of the polynomial f(x) be n. 
Then the degree of L.H.S. of (1) is 2n and the 
degree of R.H.S. is 0 or n+ 3. 

The degree is 0 when f(x) is —1. Since, f(2) = 7, 
this is not acceptable. 

If the degree of R.H.S. is n + 3, then 

2n=n+3>n=3. 

Let f(x) = ax° + bx? + cx+d. 

Placing f(x) in (1), we get 
ax® + bx*+ cx” +d =ax°+ bx’ + cx" + dx? +x°—-1. 

Comparing the coefficients, 

b=0 

b=c > c=0 

0=d+1l> d=-l 

Hence, f(x) = ax? — 1. 

Since, {(2)=7, 7=8a-1 
=> 8a=8 => a=l1f(x)=x°-1. 
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| EXAMPLE 4.15 Leta polynomial function f 


satisfy 
f(x) +f (<| = f(x) .f (<| VxeR- {0} 
X X 


Prove that f(x) =+ x" +1, wherene W. 


| SOLUTION 
Let f(x) = apx" + ayx™ +... ta", ay #0. 


We place this into the given equation, 
(agx" + a,x” |) +... +a,) 


ag ay 
ca Gerdes aaa 
x X 


= (apx" + ax™ | +... +a,) 


ay ay 
x | —t+ ‘asc @ 
n n-l n 


2n-1 


(agx7" + axon + .. tax") 
+ (a) + a,X + ....a,_ 1x" | + a,x") 
=(apx"+ a,x" 1+ ..+a 
x (A497 tayxt....a,)X  +4a,X ) 
Since, the equation is valid for all x except 0, 
we compare the coefficients of various powers of 
x on both sides : 


x7", ay = ag, >a,=lasa,#0. 
xn a, = aga, 1 +aya, = a1, =0 
2n-2, = 
xX ; ay? — VU, 
Similarly we prove that a, ,=0,.....,a, = 0. 


Finally comparing the coefficient of x”: 
2a, = ay” + a,” 

=> 2=a/+1 >a,=#1 
Placing these coefficients in f(x), we get 
f(x) =4 x" +1. 


EXAMPLE 4.16 If f(x) is a polynomial func- 

tion satisfying f(x). f (=) = f(x) +f (=) Vxe 

R — {0} and f(2) = 9, nied find f (3). : 
SOLUTION 


f(x) = 1 + x" using the previous example 
As £(2) = 9, we have f(x) =1+x°? 
Hence, (3) = 1+ 3° = 28. 


| EXAMPLE 4.17 Given f (x) is a polynomial 


function of x, satisfying f(x). f(y) = f(x) + f(y) + 
f(xy) — 2 and that f (2) =5. Then find f (3). 
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| SOLUTION 


Given f(x) . f(y) = f(x) + f(y) + f(xy) - 2 
Put y = I/x, 


f(x) .f (=) = f(x) + f (=) + f(1) -2 
x xX 
Put x=l,y=1 

fqd).fd)=2f0)+fd)-2 

f?(1)-3f(1)+2= 0 

(fd) 1) ¢€d0)-2)=0 >fd)=lorfd)=2 

But f (1) 1, as in this case f (x) = 1 for all x. 

f (1) =2. 1 1 
Hence f(x). f (=) = f(x) +f (=) 

X X 

using the previous example 

f(x) =+x"™+1 

f{(2)=+2"+1=5 => n=2 using (+) sign 
o f(x) =x?+1 => fG) = 10. 

The next method for solving polynomial equa- 
tions involves the use of the following principle. 
Suppose f(x) is a polynomial which is periodic 
in the sense that there exists some a # 0 for which 
f(x + a) = f(x), for all real x. Then f(x) = c for all x. 

Now let us consider how this can be applied 
to functional equations. Suppose a solution, say 
fox) has been found to a given polynomial equa- 
tion. We must ask whether this is the only solu- 
tion, or whether there are other. We can write a 
general solution in the form 

f(x) = fg(x) + (3X), 

where g(x) is some polynomial whose form is 
to be determined. It may be possible to show that 
g(x) satisfies the conditions of the above princi- 
ple, and thereby to conclude that all solutions of 
the equation have the form fp(x) + c. 

To illustrate this, consider all polynomials 
satisfying the equation 

f(x + 1) - f(x — 1) = 6x” + 2. 

By inspection, we can observe that f(x) = x’ is 
a solution But is it the only one? 

Letting a general solution have the form 

f(x) = x° + g(x), we plug into our equation to 
obtain 

g(x + 1) — g(x - 1) = 0 for all x. 

So g(x) is a polynomial satisfying the condi- 
tions of the above principle with a = 2. 


Functions 


Therefore f(x) = x° + c. It is immediately seen 
that any value of c will work. 


PEXAMPLE 4.18 Find all polynomials P(x) 


such that 
xP(x — 1) = (x — 15) P(x). C1) 


| SOLUTION We observe that x divides P(x). 


Thus we can find a polynomial P,(x) such that 
P(x) = xP,(x). Putting this in (1) and effecting 
suitable cancellations, we obtain 

(x— 1) P\(x-1) = (K-15) P|) ...(2) 

This shows that (x — 1) divides P,(x). If we 
introduce P,(x) = (x — 1) P,(x) and substitute this 
in (2), we obtain 

(x — 2) P(x — 1) = (x — 15) P, (x). 

We can also write this in the form 

x(x — 1) (k-2) P, (&K- 1) = (K-15) PQ). 

Continuing this process, we obtain a polyno- 
mial P, (x) such that 

x(x — 1) (K-2).... (K-15) P}5 &K&-D 

=(x— 15) P(X) =x K- I) (K—2)... (K-15) P, (). 

Thus we arrive at the conclusion that 

P15(x— 1) = Py 5(x). 

If P,.(x) is not a constant polynomial, then 
P,,(x) = 0 has a root o in C. But then P,,(a@— 1) = 
P,5(x) = 0 so that o — 1 is also a root of P,.(x) = 0. 
Continuting this argument, we see that a, a — 1, 
a — 2,.. are all roots of P,,(x) = 0. This is clearly 
impossible since the equation P,;(x) = 0 can have 
at most finitely many roots. We conclude that 
P,5(x) is a constant and hence. 

P(x) = cx(x — 1) (x -— 2) (x -3)... K-14), 

for some constant c. 


PEXAMPLE 4.19 Find all polynomials P(x) 


such that 
P(x) P(x + 1) = P(x’). 


| SOLUTION Suppose © is a root of P(x) = 0. 


Then the given relations shows that 0”, ot ot’, a 
are also roots of P(x) = 0. 

It follows that |o| = 0 or |o| = 1, for otherwise 
we get an infinite set of roots of P(x) = 0. 


Functions and Graphs for JEE Main & Advanced 


Similarly o— 1 is a root of P(x) = 0 and hence 
each of (a — 1)”. (a— 1)... isa root. We conclude 
again that jo — 1|=0 or 1. 

Suppose |o| = 1 and |o — 1| = 1. Writing 
a = cos9 + 1 sin 9, we see that 2 cos 9 = 1. Thus 
cos 8 = 1/2, giving us 9 = 77/3 or 52/3. If 8 = 77/3, 
consider a” which is also a root of P(x) = 0. 

Then & — 1 is also a root of P(x) = 0 and 


2 
lox? -1f = [cos -1) + sin? ay =3, 
3 3 


Thus we have a root o” — 1 of P(x) = 0 which 
is of absolute value > 1. 

But then this leads to an infinite set of roots of 
P(x) = 0. Similarly is the case when 9 = 52/3. We 
conclude that a = 0 or a — 1 = 0. This simplies 
that P(x) is of the form cx™(1 — x)”, for some con- 
stant c and non-negative integers m, n. 

Substituting this in the given equation, it is 
easy to check that c = 1 and m = n. Thus the class 
of polynomials satisfying the given relation is 
P(x) = x™ (1 — x)™ where m = 0 is an integer. 


| EXAMPLE 4.20 Find all functions f: N > N 


such that 
(a) £(2) = 2; 
(b) f(mn) = f(m) f(n) for all m, n in N; 
(c) f(m) < f(n) whenever m <n. 

(The property (b) is often referred to as mul- 
tiplicativity condition. The condition (c) simply 
says that f is strictly increasing on N). 


tSOLUTION One important tool we have 


while solving equations on N is the principle of 
mathematical induction. We use it here to solve 
our problem. 
We see from (b) that f(1) = f(1-1) = £(1)’. 
Since we are in N, we conclude that f(1) = 1. 
Similarly, taking m = n = 2 in (b), we obtain 
f(4) = £(2)2 = 4. 
Now using (c) we can fix f(3). 
Because 2 < 3 < 4, we known from (c) that 
f(2) < £(3) < f(4). 
But f(2) = 2 and f(4) = 4, and 3 is the only 
natural number between 2 and 4. We conclude 
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that f(3) = 3, thus getting the value of f(3). 
Now we use this information to conclude that 


£(6) = f(2.3) = f(2) fG3) = 6. 
We use the fact that 4 < 5 < 6 and (c) to conclude 
that r = f(4) < f(5) < £(6) = 6. Hence, f(5) = 5. 
We now know how to proceed in order to com- 
plete the proof by induction. Suppose we have 
proved that f(1) = 1, f(2) = 2...., (2k) = 2k, for 
some natural number k. Using (b), we have 


f(2k + 2) = f(2) fk + 1) = 2(k + 1) =2k +2. 


We have used the fact that k + 1 < 2k and the 
induction hypothesis. Since (c) implies that 2k = 
f(2k) < f{(2k + 1) < {(2k + 2) = 2k + 2, we con- 
clude f(2k + 1) = 2k + 1. It follows by principle 
of induction that f(n) = n for all natural numbers. 


| EXAMPLE 4.21 Find all functions f: R~R 


such that 


(a) f(—x) = — f(x) for all real x; 
(b) f(x + 1) = f(x) + 1, for all real x; 


@ (4) _ f(x) 


= for allx #0 
X x 


| SOLUTION Putting x = 0 in (a), we obtain 


f(0) = 0. Using (b), we see that f(1) = 1. An easy 
induction using (b) shows that f(n) =n for all nat- 
ural numbers n. Another application of (a) now 
implies that f(n) = n for all integers n. 


1 
Consider 1+ — , for allx #0 and x #- 1. Us- 


X 
ing (b) and (c), we obtain 


g(1+—|=1+1(—]=14=0. 
xX x x 


On the other hand, we write 

1 x4 | 

14+4—= — =: 
x x (x /(x +1)) 


and this gives in view of (c) another expression 


r(1+4) =r 1 iF f(x /(x +1) 
x xI(x+l)) (xx+l)’ 
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But we also have 


seery -t(t- er) meer 


f(x+l) (x41)? -1-f(x) 
tay x +P 


Using this expression, we obtain 


(1+) _ (x+1)’ -1-f(«) 

x (x +1)? 

Now comparing two expressions for, (1 oF | 
we see that i 
x? + f(x) =x* + 2x — f(x), for allx #0, x 4-1. 
But we know that f(0) = 0 and f-1) = -—f(1) =- 1. 

Thus f(x) = x holds good for all real numbers x. 


| EXAMPLE 4.22 _ Find all functions f: Q > Q 


such that 
f(x + y) + f(x -—y) = 2f(x) + 2f(y), C1) 
for all rational x, y. 


| SOLUTION Ifwesetx=y=0in(1),wesee that 


f(0) = 0 and hence f(2x) = 4f(x). 


By an easy induction, we can show f(nx) = n°f(x) 
for all natural numbers n and rational numbers x. 

Taking x = 0, we also observe that f(y) = f(y) 
so that f(nx) = n’f(x) for all integers n. 

If x = p/q is a rational number, then 

q'f(x) = f(qx) = f(p) = p*f(1). 

We thus obtain f(x) = cx’ for all rationals x, 

where c = f(1). 


? EXAMPLE 4.23 Letf:[1,°)—[I, ©) satisfy 


(a) f(x) < 2(1 + x) for all x € [1, ©) 
(b) xf(x + 1) = f(x)2 — 1 for all x € [1, ©) 
Prove that f(x) <x + 1. 


| SOLUTION We have 


f(x) = xf(x + 1) +1<x(2(x+1]))+1 
=1+4x + 2x’ 


Functions 


<2(1+ 2x +x’) = 2(1+ x)’. 


It follows that f(x) < (1 + x). Using this fresh 
bound, we obtain 


f(x)’ =xf(k + 1) +1 < J2 x(2+x)t+1 
= V2 x7+2V2x+1 
< V2 (x?+2x+1) 
= J2 (x+1)’. 
Thus we obtain another bound: f(x) < a “(x + ]), 
Continuing by induction, we arrive at 
f(x) < 2! (1 +x) 
for allk € N, and x € [1, ©). It follows that 
f(x) <1+-x for all x € [1, ©). 


PEXAMPLE 4.24 Let f : 1 31 satisfy the 


equations 


f(x") = [f0/’, 
f(x + 1) = f(x) + 1. 
Prove that f(x) = x for all integral x. 


| SOLUTION From (1) we see that f(x) > 0 for 


all x = 0. In addition, by mathematical induction 
on (2) we get 

f(x +n) =f(x) +n ...(3) 

for all positive integers n. Substituting x — 1 
for x in (2) and applying mathematical induction 
again, we see that (3) holds for all integers n and 
all real x. 

Now applying (1) we get 

[f(x — D]° = [fd 9°. 

Using (3) on this identity yields. 

[1+ £Cx)]° = [fe - 1) 

We can expand this, noting in passing that 
[f(-x)]* = [£(x)]’ to obtain the fact that 

f(—x) = — f(x) ..(4) 

for all real values of x. Equation (4) immedi- 
ately implies that f(0) = 0. So, this fact and (3) 
together imply that f(n) = n for all integers n. 


| EXAMPLE 4.25 Ifa function f satisfies 


f(x + y) < f(x) + f(y) for all real x and y and f(x) 
< x for all real x, find f. 


() 
2) 
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SOLUTION First, we get x =y = Oin a Seca os x) B) 
f(x + y) < f(x) + f(y) (1) using f(0) = 0. 

to obtain Combining f(x) £ x with (3) we have 
£(0) < 2£(0) or £(0) = 0. (2) f(x) 2-f(-x) 2-(- x) =x. 

Because we also have f(0) < 0 by f(x) < x, it fol- Combined with the inequality f(x) < x, we can 


lows that f(0) = 0. Next sety =—xin(1). We get | conclude that f(x) = x. 


7 


10. 


11. 
12. 


13. 


CONCEPT PROBLEMS [F] 


. Acertain function f (x) satisfies f (x) + 2 f (6 —x) 


= x for all real numbers x. Find the value of f (1). 
If 2 f(x*) +3 f(1/x’) = x*-1 (x #0) then find f(x’). 


. If function f(x) is satisfying 2f(sin x) + f(cos x) = x for all x € R then express f(sin x) as a poly- 


nomial in x. 


. Let f be a real valued function such that 


f(x) + 26( 2) = 3x for all x > 0. Find f (2). 

Check that a solution to 

f(x) =x ', x £0, is given by f(x) =— x", 

where sgn(x) denotes the signum function. 

Find all polynomials P(x) which satisfy the relation P(x + 1) = P(x) + 2x + 1. 


1 1 
If f(x) is a polynomial function satisfying f(x) . f (=| =f(x) +f (=) Vxe R- {0} and f(3) =-8, 
then find f(4). . = 


a PRACTICE PROBLEMS [L} 


8. 


Let f (x + y) =x +f (y) for any two real number x and y, and f (0) = 2. Find the value of f (18) 


f(x) 
Let f be a function satisfying f (xy) = — for all positive real numbers x and y. If f (30) = 20, 
then find the value of f (40). 
If a function F is such that F(0) = 2, F(1) = 3, F(x + 2) =2 F(x) — F(x + 1) for x = 0, then find F(5). 


1 1 1 
Letf ( + +) v4 - ~) = 2f(x) .f (2) Vxye Randy £0. If f(0) = 0, then show that f(1) = f(2) = 0. 


Suppose f is a real function satisfying f (x + f (x)) = 4 f (x) and f (1) = 4. Then find the value of 
f (5). 


Find all the functions f that satisfy f(xy) = yf(x). 
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14. Find all functions f: R-{-1} — R such that 
(f(x))* . f (= =} = = 64x. 


15. Let f satisfy f+ 1) =(-1)"*' n-2 f(n), n= 1 If f(1) = f(1001) find 
f(1) + £(2) + £3) + .... £1000). 
16. In the equation below f is a function from R to R. Find f: 
G@) f(xt+y)-2f(—y) + f(x) — 2f(y) =y -2 
(ii) f(x +y) + 2f(x —y) + f(x) + 2f(y) = 4x + y 
(iii) f(x) f(x + y) = fy)’f(« - y)’e* ** 
(iv) f(x +y) + f(x—y)-(y + 2) f(x) ty’ - 2y) = 0 
17. Suppose f: R > R is such that f(xy) = xf(x) + yf(y), for all x, y € R. Prove that f(x) = 0 for all x € R. 
18. Suppose f: R > R is such that f(xf(z) + f(y)) = zf(x) + y, for all real numbers x, y, z. Prove that f(x) =x 
for all real x. 


19. Find all pairs of functions f, g : R  R which satisfy 
(a) gis an one-one function; 
(b) f(g(x) + y) = g(x + f(y)), for all x, y € R. 
20. Letf: R- R satisfy f(3)=1, Vxe R f(x+ 3) = f(x) +3, fk + 1) < f(x) + 1. Put 
g(x) = f(x) —x + 1. Determine g(2008) 
21. Prove that f(n) = 1 — nis the only integer valued function defined on the integers that satisfies the 
following conditions. 
(a) f (f(n)) =n, for all integers n; 
(b) f(f(n + 2) + 2) =n, for all integers n; 
(c) f(0)=1. 


TARGET PROBLEMS for JEE ADVANCED 


function will be defined throughout the number 
scale, except for one of its point : x = — b/2a if 
a> 0 and is defined nowhere if a< 0. 


| PROBLEM 4.2 Find the domain of definition 


of the function, 


| PROBLEM 4.1 Discuss the domain of defi- 


nition of the function, f(x) = log (ax? + bx +c) for 
different values of a,b,ce R. 


SOLUTION If b*-4ax > 0 & a> 0, then the 


function is defined throughout the number scale 
except for the interval x, <x < xy, where x, & x, 
are the Joots of the trinomial. 

If b*?-4ac>O0&a< 0, then the function is 
defined only for x, <x <x, .Ifb?-4ac <0 & a> 
0, then the function is defined through the number 
scale. If b? —4ac <0 & a< 0, then the function is 
defined nowhere . Finally, if b? — 4ac = 0, then the 


x2 42x -3 
-4x-3 
where [ ] denotes the greatest integer function. 


SOLUTION f(x) = a Nn 


= 0 < [2 tan mx] or [2 tan mx] > 1 


f(x) = = [2 tan m x JOS & 


Functions and Graphs for JEE Main & Advanced 


x? + 2x —3 (x +3) (x-1) 
4x? — 4x 37° ** (2x3) (2x41) 
>c¢ Ce UCI2, pwe.=) <0 


Now 


and 


0 < [2 tan mx] < 1 not possible. 
.. [2tanmx]>1 => 2tanax22 => tanzx21 


Tl Tl 
=> ntt+ ri <x <nw+ a ne I. 


1 
ee a ..(2) 


Common solution of (1) and (2) is 


1 1 
[n+ ijn+s] where n= 0,n>2 or n<-—4. 


| PROBLEM 4.3 _ Find the domain of the func- 


1 
[|x -2]|]+[|x—10|]-8 
resents greatest integer function. 


| SOLUTION 


Here, f(x) = 
when 


[Ix —2]]+[}x-10]] -8 40 (A) 


Here we have three cases: 
Casel: x<2 


[2 -x] + [10-x] -8 £0, 


= 2+ [-x] + 10+ [-x]-8 40, 

= 2[-x] +440 

=> '|-x| 4=2 

= -x¢€ [-2,-l 

or x ¢ (1, 2] ...(2) 
Case2: 2<x<10 

=> [x-—2]+[10-x]-8+0 

= [x] -2+10+ [-x]-820 

=> [x] + [-x] #0 

=> x¢ {2, 3,4......., 10} ..(3) 
Case3: x= 
= [x-2]+[x-10]-840 

= 2[x] #20 

= [x] #10 

= x ¢ [10, 11) (A) 


tion f(x) = where [ | rep- 


] 


(x-2i)+1x—loy—8 * defined 
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Thus for f(x) to be defined 
xe R- {(1, 2) u £2, 3, 4, 5, 6, 7, 8, 10} U 
(10, 11)} 


PROBLEM 4.4 If f(x) =4x° —x’-2x+1 and 


Min {f(t):0<t<x} 
g(x) = 3-x 


; O<x<l 
;1l<x<2 


then evaluate a) +e( 3) +e(5] 
enevaluate §| 7 8\ 7 8\ 7]. 
SOLUTION f(x)=4x°-x?-2x+1 


f’ (x) =12 x*-2x-2=2(6x’-x-1) 


1+ J1+4x6 
: i 
2x6 
ye it>_6& 4 =_1 1 
12 12° 12 2° 3 


f’ (x)=2(2x-1)Bx+) 
f’ (x) > 0 for x> 2 


f’ (x) < 0 for 0<x< > 
ee I 
*. f(x) is minimum at x= 5 in (0, 1) 
1 ; ; 
Also =I in f (x) is decreasing 


in =I f (x) is increasing 


II 
as 
xX 
a 
Nl 
ww 
| 
aN 
N | 
 ” 
i) 
| 
i) 
x 
ay 
+ 
— 
lI 
RLS 
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| PROBLEM 4.5 Find the range of the function 
f(x) = cosx sin x +/(sin” x +sin? a)} 
| SOLUTION 
y = COS X sin x +/(sin* x + sin” a) 


Dividing by cos’x we get, 


y sec’x = tanx + Vtan’ x + sec” xsin* o 


= y’ sec’x — 2y tanx sec’x — sina sec’x = 0 
= y” (1 + tan’x) — 2y tanx — sin’ 0 = 0 [ sec’x 0] 
y’ tan’x — 2y tanx + y?—sin’a = 0 
tan x is real we have D > 0 
4y* — 4y” (y* — sin? a) > 0 
4y* (1—-y*+sin’o) >0 > y’?<1+sin’o 


— Vl+sin?a<y<vVl+sin?o 
Range of f(x) = |-v! +sin? a, V1+ sin? a. | 


| PROBLEM 4.6 Find the range of the expression 


_ tan’ @—2tan9-—8 
_ tan? @—4tanO—5” 
for all permissible values of 9. 


| SOLUTION Let x= tan0, where x € R for all 


permissible values of 0. 
x= 2428 


=> — 
4 x? —4x —5§ 


=> x*y — 4xy - Sy =x*-2x-8 

= (y — 1)x* + 2x(1 —2y) +8 -—5y =0 

. xe RhenceD2=0 

= 4(1 —2y)* -4(y — 1(8 —5y) > 0 

= (4y* —4y + 1) - (13y -8—5y’) 20 

= 9y*-17y+ 920 (1) 
since coefficient of y* > 0 

and D = 289 —- 324 <0 

Hence (1) is always true. 

Therefore range of y is (— ©, ©) 


Functions 


| PROBLEM 4.7 Find the range of the expression 


_ (cot? 0+ 5)(cot* 0+10) 
cot” 6+1 
for all permissible values of 9. 


SOLUTION Let x=cot’@ +1, where xe [1, -) 


for all permissible values of 0. 


2 


They (x +4)(x +9) ee 36 
X x 
Ga) 
=|vVvx —-—=| +25 
(K-) 


Hence the range of y is [ 25, ©). 


| PROBLEM 4.8 Find the range of the follow- 


ing functions 
1 { V2x741 
(i) y=cos : ae 


x +1 
(ii) y = log, (2 — log 5 (16 sin’ x + 1)) 


a 


2 


SOLUTION (i) yoo’ | 
x +] 


| Ix? +] 
= Sin a ae 5 
(x* +1) 


| x4 | x? 
= sin > aD = sin >) 
(x* +1) 1+x 


x2 


We know that 0 < —; <] 
x~ +1 


2 T 
=> 0<sin! - ee = yet), 
x“ +1) 2 2 


*. The range of y is [0, 7/2). 
(ii) y = log, (2 - log 5 (16 sin’ x + 1)) 
Now for y to be well defined 
2 — log jp (16 sin’ x +1) > 0 and 16 sin? x + 1>0 


The second inequality is true for all x € R. 
=> y is well defined for 16 sin?x+1<2 
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i.e. for 0 < 16 sin? x <1 
ie. 1<16sin’x+ 1 <2. 


=> 0S log 5 (16 sin’x + 1) <2 
= 0<2-log 5 (16sin’x+1)<2 


=> —-o<y<l 
*. Range of y is (-°, 1]. 


| PROBLEM 4.9 _ Find the range of the function 
f (x) = sin! x?+ | In./x —[x] \ 


1 
_|| --"_:——_—_—_—_ 
GOL [7 
where {.} and [.] are fractional part function 
and greatest integer function respectively. 


| SOLUTION The domain of function is (1, 1) 


— {0} because x — [x] = 0 for integral value of x, 
hence the middle term will not be defined. 
Also [{k}] = 0, whenever k is meaningful. 


. £(«)= sin! x? + tan! CL + 2 x’), 
; = al 
sincecot ! x = tan’! — when x >0. 
x 


The function is continuous and is even. 
The least value of the function will occur when 


x — 0 and is - 


*. The maximum value= lim f(x) 
x41 


=sin'1+tan! (1+ V2) 
am 3m £470 
oe a es 
2 8 8 
am 77 
*. The range of f (x) is (=, ™) 


| PROBLEM 4.10 Find the range of the function 
V1+x"* 


f(x) = sin! {ja 5510 


Vv1+x4 
SOLUTION Consider g(x) = a0 


+5x'° 
Also g(x) is positive V x € R and g(x) is con- 
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tinuous V x € Rand g(0)=1 = and lim g(x) =0. 
X—co 


= g(x) can take all values from (0, 1] 


= Range of f(x) i.e. sin—1 (g(x)) is C 4 


| PROBLEM 4.11 Find the range of the fol- 


lowing functions _ 
(i) f(x) = log, (sinx*™ + 1) where 0 <x < 17/2. 


(ii) f(x) = log, (2 sin x + tan x — 3x + 1) where z 


TU 
<x<—-., 


3 
+SOLUTION (i) O<x<7/2 => 0<sinx <1 


.. Range of log, (sin xX 41) for0<x<7/2 
= Range of log, (x* + 1) for0<x<1. 


Let h(x) = x*¥+1= e*%8* +] 
 h’(x) = e*%* (1+ log, x) 


= h’(x)> 0 for x > I/e and h’(x) < 0 for x < I/e 
*. h(x) has a minima at x = I/e. 


tim (2 
Also lim h(x) = 1+ e?™!’* 
x30" 


_ ys ella) 
=1+e°=2and lim h(x) =2. 
oo) 
1 
. O<x<l => 1+ (=} <(x*+1) <2 
1 ec 
= log, | 1+ (=) < log, (x* +1) < log, 2. 


(OA - eee ; 


1+(/ey* 


- 
*. Range of f(x) = oe c +e Jos | 
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Gi) Let h(x) = 2 sin x + tan x — 3x +1) 
= h’(x) = (2 cos x + sec2 x — 3) 
= 2cos® x —3cos’x +1 
cos” x 
» (x) > 02 cos? x-3 cos?x+1>0 


1 
(cos x — 1)° cos x + | >OV xe [n/6, 1/3] 


=> h(x) is an increasing function of x 
= h(1/6) < h(x) < h(73) 

= <log, h(x) < log, (1 +2 V3 - TC). 
*. Range of f(x) is 


og, [2 + x _ 5 } to. (1+ 2/35 n)| 


| PROBLEM 4.12 If 


; = 
g(x) = [4c0s' x —2cos2x =o - 7) ; 


then find the value of . 


| SOLUTION We have 


1 
= 4cos* x —2 cos 2x — — cos 4x — x’ 


1 
= 4cos* x —2(2 cos” x-1)- - (2 cos” 2x — 1) 
7 
—xX 
= 4 cos’ x —4 cos’ x + 2 — (2cos* x — 1)? + . 


1 

3 "| (; y 

={——x’ |. We get g(x) = | —- x : 
€ get g(x) 5 


’ 2 
= ss) =(5-cev' J’ =(3-(5-x"}) 


= X. 


Hence g(g(100)) = 100. 
* PROBLEM 4.13 Letf:R° OR, f(x) =e" and 


um 1 

:[-l, 1] —- |-=,= 
g:[-L 1 ae 
domain and range of fog (x). 


| SOLUTION Domain of f(x) is (0, ©). 


|. g(x) = sin’ x. Find the 


Functions 


™ 1 
Range of g(x) is | -—,—| . 
ge of g(x) 7 | 


The values in range of g(x) which are accepted by 


1 
f(x) are [0.F 


= 0<g0) <> > 0<sin'x< 


Nila 


=> <x<0 
Hence domain of fog(x) is x € (0, 1]. 
The range of fog(x) is the range of f(x) = e* under 


the domain (o. 4 _which is (1/ e”?]. 


? PROBLEM 4.14 Let f(x)=x’-1 and 


_ (I f(|x |), Xx e(-l, OU (0, I) 
ae 1, otherwise 


Then find the range of ¢n ([|g(x)|]), where [ . ] 
denotes the greatest integer function. 


SOLUTION | f(x} ) |=1-—x*,xe 1,0) U 
(0, 1) 

= [lfc lxl) |] =9, xe C1, 0) U0, 1) 

Hence g(x)=0,xe (1, 0) U(Q, 1) 

= [lg@]|]=0,xe (1,0) U0, D 

and [ |g(x)| ]=1,x e R-{(1, 0)U (0, 1} 

= Range of @n ([ | g(x)]|]) is {0}. 


2+x,if x20 
+PROBLEM 4.15 If f(x) = 


2-x,ifx<0 
then find (fof) (x). 


SOLUTION (fof) (x) = f{f(x)} 


_ (2+F(x), f(x)20 
7 ees f(x) <0 
x20 


x>0 


x <0 


2+x20 and 
2+x<0O and 
2-x20 and 
2-—x<0O and 


2+2+x, 
2-—(2+x), 
2+2-x, 


2-—(2-x), x <0 
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4+x, x20 


—-x, xed 
= . Hence (fof) (x) 
4-x, x<0 


xX, xed 
_ {[4+x, x20 
4—-x, x<0 


| PROBLEM 4.16 = If f and g be two linear func- 


tions from [—1, 1] onto [0, 2] and o : R* — £-1, 1} > 


R be defined by (x) = ho , then show that 
g(x 
ooex+0(0(5)) >? 


| SOLUTION Leth be a linear function from 
[—1, 1] onto [0, 2]. 
Let h(x) = ax + b. If a> 0, then h(x) is an increas- 
ing function and h(—1) = 0 and h(1) = 2 
=> —-a+b=0Oanda+b=2 
=> a=landb=1 
Hence h(x) = x+ 1. 
If a < 0, then h(x) is a decreasing function and 
h(-1) = 2 and h(1) = 0 
=> —at+banda+b=0 
=> a=-landb=1 
Hence h(x) = 1-x 
Now according to the question 
f(x) =1+x and g(x) =1-x 
or f(x) =1-x and g(x)=1+x 

f(x) 1-x a 


a 


1+x 


1-x 


Case1: When 0(x) = (=) ,x#-l. 


“aye 


Case 2: When 6(x) = (=) xe 


cen 
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In both cases, |O(f(x)) + O(O(1/x)) | 


> 2. 
vx 


| PROBLEM 4.17 If an even function f is de- 


fined on the interval (—5, 5), then find the real val- 


ues for which fey =f (2), 
x+2 


| SOLUTION It is given that function fis even. 


Hence, arguments of the functions on the two 


2 
x4 owherex> 0)={ -—-| +2 
X 


+1 
sides are related either as x = — (1) 
ing Xx+2 
or as—x= .(2) 
Xx+2 
From the first relation, x? +x — 1 =0 
-1+V5 
> x= 
2 
From the second relation, x? + 3x + 1 =0 
345 
> x= ; 


We see that values are within the specified do- 
main. Hence, all the four solutions satisfy the 
given equation. 


PPROBLEM 4.18 Let f(x)= ef") and g 


(x) = ,[e”'senx], x © R where { } and [ ] denotes 


the fractional part and integral part functions re- 
spectively. Also h (x) = /n + /n then for all real x, 
show that h(x) is an odd function. 


PSOLUTION Lete!*! sgnx=y 
h(x) = /n (f(x)-g(x)) =/n el¥#U! 
={y}+[y]=y=el*!sgnx 


e* if x >0 
. h(x)=e|/x|sgnx= 40 if x =0 
-e*~ if x<0 
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e* if x <0 
h(—x) = 40 if x =0 =—h(x) forall x. 
—e" if x >0 


Hence, h(x) is an odd function. 


| PROBLEM 4.19 If f(x) satisfies the relation 


f(x + y) =f(x) + f(y) for all x, y € R and f(1) =5 then 


find Df (1) Also prove that f(x) is odd. 
n=l 


SOLUTION Here f(r) =f (r—1+1) 


= f(r -— 1) + f(1) {using the given property } 
. fm) =fa-1)+5 (1) 
= {f(r -— 2) + 5} + 5, using (1) 
fr—2)+2.5= {f@-—3)+5}4+2.3 
=f(r—3)+3.5 
=f(r—-1)+(r-1).5 
=f(1)+5@-1)=5+5@-1)=5r 


m m 
= > f(n) = D5n =50 +2434... +m) 
n=! n= 

— 5m(m +1) 

; . 

Now, putting x = 0 and y = 0 in the given rela- 
tion, 

f(0 + 0) = f(0) + f(0); £(0) = 0. 
Also, putting — x for y in the given relation 

f(x — x) = f(x) + f(-x) 
”. £(0) = f(x) + fCx) 
*. 0 =f(x) + fC), 1e., f(x) = f(x). 
So, the function is odd. 


| PROBLEM 4.20 Find period of the follow- 


ing functions: 
_ x X 
(i) f(x) =sin a + COs 3 


3x x 2x 
i) f(x) =sin — —cos — —tan —. 
(i) f(x) - 3 ; 
(iui) f (x) = x — [x] + | cos mx | + | cos 27x | + 


a + | cos n7x |. 


Functions 


| SOLUTION 


(i) Period of sin x/2 is 4x while period of 
cos x/3 is 6m. L.C.M. of 4 and 6 is 12. 
Hence period of sin x/2 + cos x/3 is 12 7. 


; Z 2 
(iv) Period of f(x) is L.C.M. of cea =. 
3/2 1/3 
ie at OR on = 12K 


—~ =L.CM. of —, 
3/2 3 (3 


(ii1) x — [x] has period 1 
| cos x | has period mt 


| cos 7x | has period - =] 
| cos 27x | has period _ = 
| cos nx | has period oS 
L.C.M. {h eed =] 


*. f(x) has period 1 


| PROBLEM 4.21 Find the least and the great- 


est values of the function defined by f(x + A) = 1 
+ 2f(x)-f?(x) V xe R, and find whether it is 


periodic or not. 


| SOLUTION The given function is defined if 
2f(x) -£7(x) > 0 => f(x)[f(x) - 2] < 0 
=> 0<f(x)<2 (1) 
Also from the given function, it is clear that 
f(x+A)>1> f(x) 21 (2) 
From (1) and (2), we conclude that 1 < f(x) < 2. 
Again, we have {f(x + A) — 1} = 2f(x) —f7(x) 
= ff(x+A)- 1}? =- {(f(%)-A)734+1 GB) 
Replacing x by x + 1 in above equation, we get 
{f(x + 2A) — 1}? =- {f(« +A) - 177 4+1...4) 
From (4) — (3), we get 
{f(x + 2A) — 1}* = {£(%) - 1}? 
= f(x+2A)=f(x) using 1 < f(x) <2. 
= fisa periodic function with period 2A. 


Functions and Graphs for JEE Main & Advanced 


| PROBLEM 4.22 Let f (x, y) be a periodic 


function satisfying f(x, y) = f(2x + 2y, 2y — 2x) 


for all x, y. Show that g(x) = f(2* , 0) is a periodic 
function with period 12. 


SOLUTION Since f(x, y) = f(2x + 2y, 2y — 


2x)(1) 
or fd, ID =f(21+2 0, 210-21) 
“. £(2x + 2y, 2y — 2x) 
= f{(2(2x + 2y) + 2Qy — 2x), 2Qy — 2x) -2 
(2x + 2y)) = f(8y, — 8x) ...(2) 
From (1) and (2) we get f(x, y) = f(8y, — 8x) ...3) 
or f(I, II) = f(8II, — 8D 
”. {(8y, — 8x) = f(8 (-8x), -8 (8y)) = fC 64, — 64y) 
. (A) 
From (3) and (4) we get, f(x, y) = f(-64x, —64y) 
. (5) 


or f(1, ID) = f(64I, -64ID 
“. £- 64x, — 64y) = fC 64 - 63x), -64(- 64y)) 
= f(2)*x, 2!*y) ...(6) 
From (5) and (6) we get f(x, y) = f(2'’x, 2!y) 
= f(x, 0) =f(2’*x, 0) 
Replace x by 2* then f(2*, 0) = £(2** ”, 0) 
= g(x) = g(x + 12) { 8(x) = £(2*, 0)} 
Hence g(x) is periodic with period 12. 


?PROBLEM 4.23 Let > f: A — B be any 


function where A is a set containing the positive in- 
tegral solution of the inequality cosec™ (cosec 2) 


> x’ — 3x and B is the set of all divisors of the 
natural number 2010. If f@) < fG) Vi<j, then 
find the total number of mappings from A to B. 


| SOLUTION Wehave cosec ! cosec 2>x”—3x 


= x’-3x-(m-2)<0 
3-V1+4n 34+ V1+4n 
= 7° 


*, Positive integral solutions of above inequal- 
ity are 1, 2,3. 
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Now 2010=2 x3 x5 x 67, total number of 
divisors of 2010 = 16. 
So A contains 3 elements and B contains 16 ele- 
ments. Number of mapping are as follows : 

f(1) <f(2) <f(3) => 16C,; = 560 

f(1) = £2) < f3) => 16C, = 120 

f(1) < (2) = £3) => 16C, = 120 

f(1) = £22) =f3) => 16C, = 16 
Hence, the total number of mappings = 816. 


Alternative : 


A 


a,’s are in increasing order from i= 2 to 15. 


Number of mappings from A to B such that f (i) 
< f(G) Vi<j is equivalent to number of linear 
arrangement of 


d,,d,, eocecee 16 2.3 
alike alike 


d,,d3,....d)¢ are divisors 


in increasing order. 


= 18¢, = SOLVES) = 51 


? PROBLEM 4.24 Consider a function f(x) = 


+ 
; ,x € R— {1} where ais areal constant. If 


x 16= 816. 


f is not a constant function, find the following 
(i) f-—l,isitexist (a1) the range of f 


wi) (Fey) -*Ce(4(3)))} 
‘SOLUTION 


(i) y=f@=~ 


2 «el 
x—] 
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(x-—l)-—(x+a) _ -(at+}) 

(x -1)° (x +1)’ 
since f is not constant hence a # — 1. 
Hence f’ (x) is either always increasing or 
decreasing. 
Therefore f —' is defined 


f" (x) = 


Hence, the range is R — {1} 


(iii) Again f (x) = ~*2 
x+a 
f(x)+a = 
f[f@]= = = x _ 
f(x)-1 ae 
x—l 
_Xtatax—a_ x(atl) =e) 
xta-x+l at] 
Now (x) , Sa 
> a Xx > 
(fof\(x) x © 7 
—+a 
1+ ax 
. £(g()) = i = (1) 
1-x 


Functions 
ae 
Similarly, ‘(<] ae camel 
xX 1” 1-x 
x 
1+ ax 
r(c(1))= ee - Leeetaree 
Xx l+ax | l+ax—l+x 
1-x 
] 
word(s! 
X x(l+a) x 
+a 
9) ae 2) 
—_] 1-x 
x 


Hence from (1) and (2) 


| . r( #(#(=))} | = 
f (f(x)) Xx 
*PROBLEM 4.25 Let f (x)= («+ 1I)& + 2) 


(x + 3)(x + 4) + 5 where x € [-6, 6]. If the range 


of the function is [a, b] where a, b € N then find 
the value of (a + b). 


SOLUTION f (x)=(x°+ 5x +4)(x?+5x+6)+5 


=[(x* + 5x+5)—1] [+ 5x+5)4+1]4+5 
= (x?+5x+5)?-14+5 
f(x) =(x*+5x+5)?+4 
Hence f (x) has a minimum value 4 when x? + 
5x+5=0. 


5+5 
ie. when x= 
2 
~(5+ V5 

Here x= mtn) e [-6, 6] 
Also maximum occurs at x = 6 
f (X) |max = (36 + 30 + 5)°+4= (71)? + 4 = 5041 

+4=5045 


Thus, the range is [4, 5045]. 
. a=4, b=5045 >at+b=5049. 
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| PROBLEM 4.26 Find the period of the fol- 


lowing functions : 


(i) f(x)=sgn (e *) + sin x + |sin x|+ min (sin x, |x) 
(ii) Er ab xs + 2 [— x], where [x] 


denotes the greatest integer function . 


1 ,x>0 
SOLUTION (i) sgn(x)= 40 , x=0, 
-1 , x<0 
sgn (e *)= 1 [we *>0] 


sgn(e “) is constant function which is periodic 
with any length. 
Period of sin x is 27 and period of |sin x| is 7 
*. Period of sin x + |sin x| is 27. 
min (sin x, |x|)=sinx (°° sin x <|x)) 
Its period is 27. 
Hence f(x) = 1+ 2sin x + |sin x| is periodic with 
period 27. 


(ii) Let f(x) = En + x5] + 2 [-x] 


If x € I then f(x) = [x] + A + [x] + > 


+ 2 (-[x]) =0-1=-1 
Similarly if ¢ x I then f(x) =— 3. 
With the help of graph, the function is periodic 
with period 1. 


| PROBLEM 4.27 Let /, be the line 4x + 3y =3 


and /, be the line y = 8x. L, is the line formed by 
reflecting /, across the line y =x and L, is the line 
formed by reflecting /, across the x-axis. If 0 is 
the acute angle between L, and L, such that tan 0 
= a/b, where aand b are coprime then find (a + b). 


PSOLUTION |, :4x+3y=3 


3-—4x 
f(x)=y= 


AL) 
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Since f (x) and f '(x) are the mirror images of each 
other in the line y = x, hence we find f ~'(x). 
Nowy=f(x) > f‘(y)=x 


from (1)x = . fvy)= a y) 


301 - 
- f(x) = “— > 4y =3—3x 
L, =3x+ 4y-3=0>5>m,=-—3/4 
Similarly L, = y =— 8x with m, =- 8 
If 8 is the acute angle between the lines 


3 
m,—-m oy —29 
tan =) ™2—™ | |__4__ -|= 
1+m,m, 1+(-8)(- 28 
29 
28 


=> a=29and b=28 
* at+tb=294+ 28 = 57. 


| PROBLEM 4.28 LetAdenote the set of all real 


numbers other than 0 and 1. A function f: A> R 


satisfies f(x) + f [1 — +) = In |x| for all x € A, then 
X 


find the value of f(2009). 


| SOLUTION {f(x)+ (1 — +) =fn|x| ....(1) 


—] 
Replacing x by — , we get 
X 


(= )+4( )= a 2) 
X l-x X 
Again replacing x by in (1), we get 
r( }+£009 =n ...(3) 
1-x l-x 


Adding (1) and (3) and substracting (2), we get 
Xx 


fix) = tn} 


* £(2009) = tn 
2008 
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?PROBLEM 4.29 Letf:R—{2} > R bea func- 


tion satisfying the following functional equation, 

2x +29 
sous 

R — {2}. Determine f(x). 


| SOLUTION We have, 


ieee (ee) +50x+40 (1) 
2 x—2 


200) + at ( ) = to0x + 80, v x « 


Replacing x by in the given functional equation 
we get, 


2x +29 
2x+29) 3 (= )+29 
e-9 ) 29 [A \_9 
x—2 
+50{ = 7) +40 
x—=72 
= [A ) =F 109 +50{ ==) a0 8., 
x —2 2 —2 
(2) 


Putting (2) in (1), we get, 


2x+2 
f(x) = f(x) - 75 [ 1 ~ 60 + 50x + 40 


x — 


> ? Kx) —£(x) =20-50x+75 (a 
4 x—2 
2x +2 
=> > K(x) =20-50x+75 (2) 
4 x—2 
5 faiea deo 
(x — 2) 


| PROBLEM 4.30 Prove that f(n) = 1 — nis the 


only integer valued function defined on integers 
such that 


Gi) f(f(n)) =n for all n € I and 


Functions 


(ii) f(f(n + 2) + 2) =n for all ne I and 
(ii) £(0) = 1. 


| SOLUTION The function f(n) = 1 —n clearly 


satisfies conditions (i), (ii) and (ii1). Conversely, 
suppose a function f : I — I satisfies (4), (11) and 
(111). Applying f to (41) we get, f(fi(n + 2) + 2))) 
= f(n) and this gives because of (1), 

f(n + 2) + 2 = f(n), (1) 
for all n € I. Now using (1) it is easy to prove by 
induction on n that for all n € I, 

f(0)— nif nis even 


f(n) = os 
f(1)+1-nif nis odd 


Also by (iii), f(0) = 1. Hence by (a), f(1) = 0. 
Hence f(n) = 1—n forallne I. 


| PROBLEM 4.31 How many polynomials p(x) 


of degree atleast one an integer coefficient satisfy 
16p(x’) = (p(2x))”, for all real numbers x ? 


SOLUTION Let p(x) =a ,x"+a,_,x"  +...4+ 


a'x + a) witha, #0, n> 1. 
L6p(x)" = (p(2x))° 
= 16(a,x*" +a,_x2"* +...+a,x” + ag) 
=(2"ax"t+ 218 xt + + 2ax ta)” 
Since the coefficients on both sides of the equality 
must agree, we must have 
l6an = 27"a", = 2*=27"a, 
Since a, # 0. As a an is integer, we must have the 
followins n= 1, a, = 4, n = 2, a, = 1. Clearly we 
may not have n 2 3. Thus, such polynomials are 
either linear or quadratic. 
Also for x = 0, 16p(0) = (p(0)” and therefore ei- 
ther p(0) = 0 or p(0) = 16. 
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For n= 1 we seek p(x) = 4x + a. 

Solving 16(4x’” + a) = (8x + a)”, we get a=0 
Therefore, p(x) = 4x. 

For n = 2, let p(x) = x? + ax + b. 

Solving 16(x* + ax” + b) = (4x? + 2ax + b)’, 

we geta= 0. 

Since, p(0) = 0 or p(0) = 16, we must test p(x) = 
x’ and p(x) = x* + 16. It is easy to see that only 
p(x) = x’ satisfies the desired properties. 
Therefore, 4x and x’ are the only two polynomials. 


| PROBLEM 4.32 Suppose that f(x) is a func- 


tion satisfying |f(m + n) — f(m)| < * for all posi- 
m 
tive rational number m and n. Prove that, for all 


aie numbers k, 


DIF) - 
SOLUTION Letm =n=2i, 


e(2"*") -— £(2')| < 1 
(2) — £(2")| < [£(2") — £2*)| + |f(2"* - £2) 
oe ee f(2')| <k-i 


sda - Kte=) I) 


a 1) 


k 
Hence >d|f@*) - 
i=] 


+PROBLEM 4.33 In each of the following 


cases, find all polynomials with real coefficients 
which satisfy the equation. 

(a) f(x? +x) =f(x) f(x+ 1) 

(b) f(g(x)) = f(&) g(x). 


| SOLUTION (a) First note that if x is a root of 


f(x) then so is x? + x. Similarly, if x + 1 is a root 
of f(x) then so is x2 + x. The latter statement is 
equivalent to saying that if x is a root of f(x) then 


(x— 1)? + (x-1l)=x’?-x 


Telegram @unacademyplusdiscounts 


is also a root. However, if x # 0 is any root of f(x) 
in the complex plane, then 

max (|x? + x|, |x” — x|) > [xl 
Thus, if there were a nonzero root, we would be 
able to generate an infinite sequence of distinct 
roots. This could only happen if f(x) were a con- 
stant polynomial with f(x) = 0 or f(x) = 1. 

The only other possibility is that f(x) is not con- 
stant, and 0 is the only root. In this case, f(x) = x* 
for some k. 


(b) Examining the degree of each polynomial, 
we observe that 

deg f- deg g =deg f+deg g. 
This is satisfied in nonnegative integers if both 
degrees are zero or both degrees are two. In the 
first case, we must have 

f(x) =c, g(x) = 1. 
where the constant c is arbitary. 
When the degrees of both polynomials are two, 
we must have some point x in the complex plane 
such that g(x) = 0. Then 

£(0) = f(g(x)) = f(x) g(x) = 0. 
This implies that f(x) can be written in the form 
f(x) = cx (x + a) for some constant a. It is easily 
checked that f(x) = c (x* + ax) 

g(x)=x’+ax—a 
is the general solution where a and c are arbitrary. 


REMEMBER 
1. Two functions f(x) and g(x) are equal func- 
tions, if: 
(i) Domain of f (x) = Domain of g(x) = X 
(ii) f(x) = g(x) forall x e X 
2. 
(i) (f+ g) (x) = f(x) + g(x) for all x e D, ND, 
(ii) (f— g) (x) = f(x) — g(x) for all x e D, ND, 
(iii) (fg) (x) = f(x) g(x) for all x e D, ND, 


(iv) 
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Foo - Ee allx ¢ D; ND,- 
g g(x) 
{x|g(x) # 0} 


3. Methods of finding range : 


(i) 


(ii) 


(111) 


(Iv) 


(Vv) 


Using concepts of (a) quadratic functions, 
(b) A.M.—G.M. inequality, and (c) trigono- 
metric functions. 


The set of y—coordinates of the graph of a 
function is the range. 


Let y = f(x) > x = g(y). Write conditions , 
if any, on transformation from y = f(x) to x 
= g(y) and al so write condition on ‘y’ so 
that g(y) produces real values of x lying in 
given domain. 


Find out all the critical points of f(x) in (a, b) 
ie. interior points where f’(x) = 0 or it does 
not exist. 
Let M = max {f(a), f(c,), f(c,), .... , 
f(C,) , £(b)} 
and m = min {f(a), f(c), f(c,), ..., f(c,), 
f(b)} 
Thus, the range is [m, M]. 


Range of a composite function is evaluated 
from inside to outside. This means that we 
need to evaluate innermost function and 
then the one outside it. 


4. Tests for one-one and many-one functions 


(1) 
(i1) 
(iii) 


(iv) 


Solving f (x,) =f (x) 
Horizontal Line Test 


If the function is either strictly increasing 
or strictly decreasing then it is one-one. 


If possible, find an element in the co-do- 
main which is image of more than one el- 
ement of the domain, then the function is 
many -one. 


5. Tests for onto and into functions 


(i) 


A function f is onto if range of f = co-do- 


(ii) 


Functions 


main of f. It is into if range of f Cc co-do- 
main of f 


If possible, find an element in the co-do- 
main which is not an image of any element 
of the domain, then function is into. 


6. Let us consider mappings from set A to set B 
where they contain m and n elements respec- 
tively. No of ordered pairs in A x B = mn. 


(i) 
(il) 
(iii) 
(iv) 
(v) 


No. of relations from A to B = 2™ 
No. of functions = n™ 
No. of one-one functions = "P,,,n =m 


No. of bijective function = n! ifm =n 
No. of onto functions 


n 
= y(-p* nc, .r",1<n<m. 
r=] 


7. Algebra of even/ odd functions 


f(x) = odd, 
g(x) = odd, 
f(x) + g(x) = odd, 


odd, 


even, 


even 
even 


neither, even 


f(x) g(x) =even, odd, even 
f(x)/g(x) =even, odd, even 
fog(x)=odd, even, even 


8. Properties of even / odd functions 


(i) 


(il) 


(111) 


(iv) 
(v) 


A function which is both even and odd is 
the zero function. f(x)=0 V xe R. 


A non-zero constant function defined on R 
is an even function. 


A function whose domain is symmetric 
about origin can be written uniquely as 
sum of an even and odd function. 


f(x) = f(x) + f(x) ‘ f(x) — f(x) 


2 2 
es oH 
even odd 


An even function is many-one. 


If x = 0 lies in the domain of an odd function 


(vi) 


(iv) 


(v) 


(vi) 


Functions and Graphs for JEE Main & Advanced 


then f(0) = 0 1.e. graph must pass through 
origin. 


Even extension : let f(x) be defined in [0, 
a], then, even extension is defined as 
f(x); O<x<a 
BX) = lex), -a<x<0 
; f(x); O<xSa 
Oddextension g(x)= 
—f(-x); -a<x<0 


If T is the period of f(x), then period of 
function y = pf (ax + b) + q; a,b, p,qe R 
is T/lal 

|sin x|, |cos x|, |cosec x|, |sec x|, [tan x| and 
|cot x| are periodic functions with period 7. 
Functions sin"x; cos"x; cosec"x and sec"x 
are periodic with period m when n is even 
and 27 when n is odd. 


On the other hand, tannx and cot'x are peri- 
odic with period m whether n is even or odd. 


If f is periodic with period T, then iS 
also periodic with period T. . 


If f is periodic with period T then (f(x))'" 


is also periodic with period T. 


If f(x) 1s a periodic function with period T, 
and g(x) is a periodic function with period 
T,, then the function f(x) + g(x) is also pe- 
riodic with period T which is the L. C. M. 
of T, & T,, provided f(x) and g(x) can not 
be interchanged by adding a positive num- 
ber in x less than L.C.M. of T, & T,. In the 
case when f(x) and g(x) get interchanged 
by adding a positive number in x less than 
L.C.M. of T, & T,, then this number is the 
period of f(x) + g(x). 
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(vii) Consider the function h(x) 


cp Ete f(x) 


©. 9 Reena Zn(X)- 


where f; and g; are periodic for all i and j. Let their 
periods be T; and T;. 

If the LCM of all T; and T; exists, then the func- 
tion h(x) 1s periodic. However, the LCM need not 
be the fundamental period. To get the fundamen- 
tal period, we need to check the LCM using 


(a) 
(b) 


(c) 


(viii) 


graph of h(x), or, 


transformation of h(x) into sum of func- 
tions, or, 


trial of (LCM)/n using definition 


If g is a function such that gof is defined 
on the domain of f and f is periodic with T, 
then gof is also periodic with T as one of 
its periods. Further if g is a strictly increas- 
ing or decreasing function in the range of f, 
then T is the fundamental period of gof. 


10. Some points of intersection of f and f~ lie on 
the line y = x. However, it must be noted that 
f(x) and f ‘(x) may intersect elsewhere also. 


11. 
(1) 
(il) 
(iii) 
(iv) 
(v) 


If x, y are independent variables, then : 
f(xy) = f(x) + f(y) => f(x%)=kmnx,ke R. 
f(xy) =f(x).fG7) = f@®)=O0orx"neR 
f(x + y)=f(x) . f(y) > f(x) =0ora*,a>0 
f(x + y)=f(x) + fy) = f(x) =kx, ke R. 


Let a polynomial function f satisfy 
1 
f(x) +f (=) = f(x). (<}r Vxe R- {0} 
x 


then f(x) =+ x" + 1, where ne W. 
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OBJECTIVE EXERCISES 


SINGLE CORRECT ANSWER TYPE 


. Avvalue of ‘a’ for which the range of the function f(x) = [x [x] ]. ([ . ] represent the G. I. F.), 


x € [0, a] has exactly 7 integers is 
(A) 5.5 (B) 4.75 (C) 3.75 (D) None 


. The range of the function f(x) = Jsin(cos x) + Jcos(sinx) is 
(A) [1,14 Vcos! | (B) | Veosi,1+ cos! | (C) | Vcosi,1+ vsin1 | D) |1,1+-Vsin1 | 


. The domain of the fucntion f(x) = log, 2 (logs ([x*]- 3)) ([.] denotes greatest integer function): 


(A) [-3,-2] U [2, 3] (By 3,2) 253) 
(C) C3,- V5] U INS, 3] (D) 2V2.-2) U2,2V2) 
. Let f(x)= f cot(5+ 3x) (cot(5)+cot(3x))—-Vcot3x +1 , then domain is 
(A) R= {M2} ne (B) (2n+1)F,nel 
_ jnn nn-5 _ jnm—5 el 
(C) R {af 3 }.nel (D) R | ; jn 
. The range of function f : [0,1] > R, f(x) = x? —x* + 4x +2 sin” x is 
(A) [-1-2, 0] (B) [2, 3] (C) [0,447] (D) (0,2+7] 
. The domain of definition of the function f (x) = log 103°" =o" = 1 a J cos '(1—x) is 
(A) [0, 1] (B) [1, 2] (C) (©, 2) (D) ©, 1) 
. The domain of f(x) = P(X)Co cq), where P (x) = 19x — 9 — 2x? and Q(x) = Vx —4 is 
(A) [4, 9] (B) [0, 9] (C) {1, 2,......, 8,} (D) £4, 5, 8} 


_ Let f(x) = sin**x — cos”*x and g(x) =1+ 5 tan |x|, then the number of values of x in interval [—10z, 


20] satisfying the equation f(x) = sgn (g(x)), 1s 
(A) 6 (B) 10 (C) 15 (D) 20 


. Iff (x) 1s defined on domain [0, 1] then f (2 sin x) 1s defined on 
cay U {|= Qnn HEL 2nn + a (2n+ vx} 
nel 


(B) U zor, 2nt + | 


ne I 


10. 


11. 


en 


13; 


14. 


15. 


16. 


17. 
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©) U [ann 5220+ 1x] 


nel 


(D) None of these 


The range of the function, f(x) = ¥—x?7+4x-3 + oe [sin - | 1s 
(A) [0, 2] (B) [0, 1] (C) [1,4] (D) None of these 


If f(x) = log 2, [Zins +2 | and g(x) = {x} then range of g(x) for the existence of f(g(x)) is 
—X 


(A) (0. 1)-/-4| (B) (0. 2)-/4| (C) (0. 3)-/4 (D) none of these 
e e € e € e 


The number of one-one function f: {1, 2, 3, ........ , 10} > £1, 2, 3.......,10} such that f() 41 but f(f@)) 
for each 1 = 1, 2, 3,......,1015 
(A) 945 (B) 315 (C) 675 (D) None of these 
A linear function f whose composition f9 fg ......... eee of (with f applied six times) is equal to 2x — 1 
for all x is 

1 i iS 1 1 1 
(A) 26x—26 (B) 25x-26 (C) 26x-264]1 (D) None of these 
If f(x) = Sink + sin3x + sin 5x +sin 7x_ , then the fundamental period of f(x) is 

cos x + cos 3x + cos 5x + cos 7x 

(A) Z (B) a (C) x (D) none of these 


If the two roots of the equation (c — 1) (x? +x +1)?-(c+ 1) (x* +x? + 1) =0 are real and distinct and 


f(x) =1=* then f(f(x))+f [*(2) _ 
Xx 


1+x 
(A) -c (B) c (C) 2c (D) none of these 
Let f: RR bea given function and A Cc R and B CR then 
(A) fA UB) =f (A) UfB) (B) fANB)=f (A) nf(B) 
(C) f(A% = [f(A)]° (D) None of these 
Xx for O<x<l 


Let f(x) = | 1 for 

0 otherwise 
and f, (x) =f, (-x) for all x 
f, (x) =—-f, (x) for all x 
f, (x) =f; (x) for all x. 


Which of the following 1s necessarily true ? 
(A) f, (x) =f, (x) for all x (B) f, (x) =-f, Cx) for all 
(C) f, (-x) = f, (x) for all x (D) f, (x) +f, (x) = 0 for all 


18. 


19. 


20. 


21. 


22. 


23, 


24. 


25: 


26. 


pag 


28. 
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If f(x) is even, periodic function defined for all x € R and has period |then 


1) _ 1 
A) f| x+—] =f B) f|— =f|}=- 
(a) #45) oto adel Ca ad Ci 
(C) f(xt+ 1) =f2x+1) (D) f(O) can not be zero 
If f : [a, 0c) > Ris defined as f(x) =x + 1 then it is injective when 
(A) a<-l = (B) 0<a<l 
(C) a>] (D) ae [-1,0) U (0, 1) 
If f(x) = tan”'x + cot ’x + sin (3x) + cos (2 ). then 
(A) f(x) 1s periodic with period 27 (B) f(x) 1s periodic with period 
(C) f(x) 1s periodic with period 6x (D) f(x) is non-periodic 


If f : (00, a] > [b, ©) defined as f(x) = x? — 6x + 10 is a bijective function and let the maximum value 
of a be a and the minimum value of b be B, then the ordered pair (a, f) is 

(A) <3.) (By. {=9,37) (C) GB, 1) (D) (1, 3) 

The number of functions f from {1, 2,.... 20} onto {1, 2,......,20} such that f(k) is a multiple of 3 when- 
ever k is a multiple of 4 is 


(A) 5!.6!. 9! (B) 5°. 15! (C) 6. 14! (D) 15! .6! 
The period of cos (x + 4x + 9x + 00... +n’ x) is 2/7 , thenn € N is equal to 
(A) 2 (B) 3 (C) 4 (D) 5 


The number of bijective functions f : A > A, where A= {1, 2, 3, 4} such that fC1) 4 3, {(2) 4 1, £3) 4 4, 
f(4) #2 1s 


(A) 11 7 23 (C) 12 (D) 9 

) oe ; ; oe 
Let f(x) = {4 ° 2% If f(x) is an even function on R then the definition of f(x) in (0, °°) is 

4x > 
4x ,0<x<l 4x ,0<x<l 
(A) f(x)= (B) f(x) = 
—4,x>l 

,0<x<l 
(C) f(x) = I : (D) none of these 
If f(x) =- = ee = | then f! (x) equals 

= x Ey - 
(A) (B) (sgn x) (C) xX (D) none of these 
1- |x| 1-|x| 1-x 


Letf: RR, g:R-R be two given function such that f 1s injective and g is surjective then which 
of the following is injective 


(A) gof (B) fog (C) gog (D) fof 
f(x) x [f=] #0 and n¥N then f(x) is a/ 
x) = § — | 1 | 7x and n en f(x) is a/an 
(as son xn el/x +e lx 
(A) even function (B) odd function 


(C) one-one function (D) invertible function. 


29. 


30. 


31. 


32. 


34. 


35. 


36. 


37, 


38. 
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Let M be the set of all 2 x 2 matrices with entries from the set of real numbers, R. Then the function 
f:M—R defined f(A) =|A| for every Ae M, is 

(A) one-one and onto (B) neither one-one nor onto 

(C) one-one but not onto (D) onto but not one-one 


If f(x) = 2 tan 3x +5 -V¥l—cos6x and g(x) is a function having the same period as that of f(x), then 
which of the following can be g(x) ? 


(A) (sec? 3x + cosec’3x) (B) 2 sin 3x + 3 cos 3x 
(C) 2¥1—cos? 3x +cosec 3x (D) none of these 


The function f is not defined for x = O, but for all non zero real numbers x, f (x) + 2f (+) = 3x. 
The equation f (x) = f (— x) is satisfied by - 

(A) exactly one real number (B) exactly two real numbers 

(C) no real numbers (D) all non zero real numbers. 


Given f (x) = 8 + a and g (x)= 4 + 4 then g(x) is 


l1-x 1+x f(sin x) f (cos x) 
(A) periodic with period 2/2 (B) periodic with period x 
(C) periodic with period 2x (D) aperiodic 


2 
Let g:R- (0, 4 is defined by g(x) = cos—1 [a= . Then the possible values of ‘k’ for which g 


is surjective function, 1s 


of 4] off os) 


If f (x) =x’ + bx +c and f (2 +t) =f (2 -t) for all real numbers t, then which of the following is true? 


(A) f(1)<f2)<f(4) (B) f2)<fd)<f4 
(C) f(2)<f(4)<f(d) (D) f(4)<f(2)<f(d) 
n(n+1) 


The period of the function, f (x) = [x] + [2x] + [3x] + ....... + [nx] - 


denotes the greatest integer function, 1s 
(A) 1 (B) n cc) 1 (D) non periodic 
n 


The minimum value of the function 


x , Where ne N and [ | 


f (x)= sin Xx 4 __cOsx ie tan x es cot x re 
/1—cos X V1—sin? x sec? x-l /cosec? x—-1 
(A) 4 (B) -2 (C) O (D) 2 


Let set A consists of 5 elements and set B consists of 3 elements. Number of functions that can be de- 
fined from A to B which are neither injective nor surjective, 1s 

(A) 99 (B) 93 (C) 123 (D) none 

Let f(x) =x and g(x) = |x| for all x € R. Then the function @(x) satisfying [@(x) - f(x)]* + [@(x) - g(x)]’ 
=0 1s 

(A) 9x) =x, x € [0, 2) (B) p(x) =x,.xER 

(C) o(x) =x, x € (-9, 0] (D) o(x)=x+t |x|,xeR 


39. 


AQ. 


Al. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 
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Define the function f (n) where n is a non negative integer satisfying f (0) = 1 and f (n) 1s defined for 
n-l 

n>Oasf(n)=n-: »Y f(i). Let 2™ be the highest power of 2 that divides f (20). The value of m is 
i=0 

(A) 18 (B) 19 (C) 20 (D) 21 


If for all x different from both 1 and 0 we have fl(x) = — ‘i f(x) = ; | , and for all integers 
X- —xX 


fra (f,(x)) if n is odd 
n> 1, we have f, , »(x) = then f4(x) equals 


f.41(£)(x)) if n is even 


(A) x (B) x-1 (C) f(x) (D) £,(x) 
If f(x) satisfies x + |f(x)| = 2 f(x) then f' (x) satisfies 
(A) 3x + |f"(@x)| = 2f7 (x) (B) xt{f'@|=2f" ~&) 
(C) £7 (x) — |x| = 2x (D) 3x-|f"(w)| = 2f7 (x) 
The period of f(x) = — eae 2 s] 
| sin x —cosx |+|sin x —cosx | 

(A) 22 (B) t (C) 2/2 (D) none of these 
If f(x) + fk + a) + f£(K + 2a) +00... + f(x + na) = constant V x € R, and a £0 and f(x) is periodic, then 
period of f(x) 1s 
(A) at+)a Ca. (C) na (D) e™ 
If the period of Sostsm(nx)) ,ne Nis 6a, then 

tan(x /n) 
(A) 3 (B) 2 (C) 6 (D) 1 


[.] denotes the greatest integer function, 1s 


2 
n°o+n-2 n(n+l n(n + 1 
(ee aes n(n + 1) (B) n(n + I) 
2 2 2 
n?+n-2 n(n + 1) n?+n+2 n(n + 1) n 4n+2 
(C) 4 —3 — (D) ———— 
2 2 2 2 2 
Let f: R+ > R be a function defined by f(x) = (Inx)? + (nx)? + 3(/nx) + sin? x. Then f is 
(A) one - one and onto (B) one - one and into 
(C) many one and onto (D) many one and into 
The domain of f(x) = In (ax? + (a + b)x? + (b +c) x +c), where a> 0, b” — 4ac = 0, is 
b b 
A) (-l, 2) - 4¥-— B) (1, °)- 4¥-— 
were-fa » 00) 
(C) C1, 1)- |- 7 (D) none of these 
a 
( x 41- 3x] 


The range of the function f: R > R, f(x) = 1S 


Vx? +14x 


(A) (0, ) (B) (-l, ~) (C) (-, -1) (D) None of these 


49. 


50. 
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If P(x) be a polynomial satisfying the identity P(x?) + 2x? + 10x = 2x P(x + 1) + 3, then P(x) is 
(A) 2x+3 (B) 3x-4 (C) 3x+2 (D) 2x-3 
9 
f(x-1)+f«K+1)= V3 f(x), V xe Rif f(2) =9, then the value of »y f(2 + 12r)is 
r=0 
(A) 80 (B) 90 (C) 100 (D) 110 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


SI. 


52. 


53. 


54. 


55. 


56. 


eye 


58. 


59. 


Suppose that the functions f (x) and g (x) satisfy the system of equations f (x) + 3g(x) = x? +x +6 
2 f(x) +4 g (x) = 2x? +4 for every x. 
Find the value of ‘x’ for which f (x) = g (x) can be equal to 


(A) -2 (B) 2 (C) -5 (D) 5 

Let f: - < a — [0, 4] be a function defined as f(x) = V3 sinx—cosx +2. then f (x) is given by 
A) sin? | X=2)-2 B) sin! (252) +z 

(A) 5 : (B) ; P 

(C) a ~cos! (252) (D) None of these 


Let f(x) = max {1 + sinx, 1, — cosx}, x € [0, 2a] and g(x) = max {1, |x-—1|} x e R, then 
(A) g(f(0)) = 1 (B) gfU))=1 (C) f(g) = 1 (D) f(g@)) = sin 1 
Let a function f defined on the set of all integers satisfy f(0) # 0, f{(1) = 3 and f(x) . f(y) =f(k ty) +f(« 


—y) for all integers x and y. Then 
ed (B) £3) =21 (C) £4) =47 (D) £(7) = 843 


The real function f has the property than whenever a, b, n € N such that a + b = 2”, the equation f(a) + 
f(b) = x” holds. Then 


(A) £2) =2 (B) f(14)=14 (C) f118)=11 (D) £(46) = 25 

P(x) 1s a polynomial function satisfying xP (x —n) = (x — 1) P(x) for some n € N and for all x € R, then 
P(x) may be 

(A) x?+2x (B) 2x (Cc) x? (D) —2x 

If f(x) = sin ({x} + sinax) 1s periodic with period ‘1’ then ‘a’ may be equal to (where {x} denotes frac- 
tional part of x): 

(A) 0 (B) 22 (C) 4x (D) x 


x“+ 2x -3 


2 
The domain of definition of the function, f(x) = [2tan wx] 982m) & - 4x = where [ | denotes the 


greatest integer function is n i ,nt+ 1) ; nel then 

(A) n=0 (B)-n<-—4 (C) n=4 (D) none of these 
Which of the following is an odd function 

(A) (g(x) — g(-X) (B) (gs) - gx)’ 


(C) log coe (D) xg(x).g(-x) + tan (sin x) 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 
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A bijective function from R to R is given by | 
(A) e*sgnx (B) cot (cot 2x) (C) x |x| (D) Ine***"* 
“D : 
For the function f(x) = —S!#2-*— - SINXTCOSX y 4ngt+ Z ne I which of the following does 
sin X — Cos X tan? x—1 4 
not hold good? 
(A) fis even 
(B) fis odd 


(C) fis neither even nor odd but periodic with period 2x 
(D) fis neither even nor odd and is aperiodic. 


Which of the following functions have the same period? 
(A) f (x) =sin’x + cos*x +2 


2! ] = 
(B) g(x) f(sinx) + co where f (x) = 


(© i@= | sin x |+| cos x | 
| sin x — cos x | 
(D) k (x) = cos(cos x) + cos(sin x) 
Let f(x) = x° — 2x, g(x) =x°—x | x |, h(x) = 3x? -| x] +6, k(x) = x* - 2x + |x + 1 |. Which of the fol- 
lowing functions is either odd or even? 


(A) kog (B) koh (C) fog (D) fohog 
Which of the following functions are aperiodic (where [x] denotes greatest integer function) ? 
(A) f(x) =24 (DE! (B) f(x) = +cosx 
X 
(C) f (x) =tan (2 — x) (D) f(_)=x+sinx 
A period of the function, f(x) = x + a-— [x +b] + sin mx + cos 22x + sin 3ax + cos 4mx + ...... + sin (2n 
— 1) mx + cos 2 nx for every a, b € Ris 
(A) 2 (B) 4 (C) 1 (D) 0 
If f: RR is defined as f(x) = e*! — e~, then the correct statement(s) is / are 
(A) fis one - one onto function (B) fis many one into function 
(C) range of f 1s [0, 0) (D) range of f 1s (—ee, co) 
2 

The function f : (2, ©) — [8, -) defined by f(x) = - is 

x — 
(A) one to one function (B) many-one function 
(C) into function (D) onto function 


Which of the following statements are incorrect ? 

(A) If f(x) and g(x) are one-one then f(x) + g(x) 1s also one-one. 
(B) If f(x) and g(x) are one-one then f(x). g(x) 1s also one-one. 
(C) If f(x) is odd then it is necessarily one-one. 

(D) none of these 


Let f: [- 1, 1] onto [3, 5] be a linear polynomial. Which of the following can be true? 

-1\)_7 1/15) _1 1 -1)_ 
A) f/—]|=- B) fj} =] == C) £(0) #4 D) f| —|+f| — |] =8 
- (S}) 2 (8) i 4 ae a q (Ss) 
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70. Letf:R —R defined by f (x) = min. (| x |, 1-] x |) 


Then which of the following hold(s) good? 
(A) Range of f is (ee, 1] (B) f 1s aperiodic. 
(C) fis neither even nor odd. (D) fis neither injective nor surjective. 


Comprehension - 1 


Consider the function f(x) = 
x _— 
71. What is the domain of definition of f(x)? 
(A) [-1, 1) (B) [-l, 1] (C). (ogi [lyes) (9) {9 = Lo) 
72. f-l(x)= 
2 
1- x? 1+x Lee Lex? 
A ) C (D 
on 1+ x? . tea - 1— x? x? —] 
73. The graph of f most resembles : 
Y Y¥ 
(a) me (b) : 
Y ¥ 
(c) (d) 
x XxX 
(A) a (B) b (C) ¢ (D) d 


Comprehension - 2 


> 


For x #0, 1, define f,(x) =x, f,(x) = 1, £,(x) =1-x, £,(x) = — Lae tas = 
This family of functions is closed under composition, that 1s the composition of any two of these func- 
tions is again one of these. 

74. Let F be a function such that f,oF =f,, then F 1s equal to 
(A) f, (B) f, Oe (D) fy 

75. Let G be a function such that Gof, = f;. Then G is equal to 
(A) f; (B) fy (C) f; (D) f, 


76. 
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Let J be a function such that f,oJof, = f,. Then J is equal to 
(A) fe (B) f; (C) fy (D) f, 


Comprehension - 3 


fgg 


78. 


79. 


Let f(n) be the number of ones that occur in the decimal representation of all the number from 1 to n. 
There is a pattern in the function f(10") : {(10) = 2, (107) = 21, f(10°) = 301....... £10") =n.10"-1 +1. 


The value of £(110) is 
(A) 2+1 (B) 30 (C) 33 (D) None of these 
n 
The value of >> f(10") is 
r=1 
(A) 1] nto" +n—-10=1 ) 1 n10?-n+l0-=! 
9 9 9 9 
(C) Uno" —n- 10° =1) (D) None of these 
100 | 
The value of Yi. '¢. 9! is equal to 
i=l 
(A) £(10'°° - 1) (B) £(10'%) -1 (C) (f(10))!" - 1 (D) None of these 


Comprehension - 4 


80. 


81. 


82. 


83. 


84. 


Let f(x) = x° +x + 1. Suppose g is a cubic polynomial such that g(0) =—1 and the roots of g are square 
of the roots of f. 


The equation f(x) = 0 has 

(A) atleast one positive root (B) atleast two negative roots 

(C) exactly one negative root (D) None of these 

The polynomial g(x’) is identical with 

(A) f(x’) (B) (f(x))’ (C) 2f(x) fx) (D) -£(x) £(-x) 

The value of g(9) is 

(A) 889 (B) 899 (C) 961 (D) None of these 

If f: A— B defined by f(x) = /3|x|-2x-1 is bijective function A & B respectively cannot be 
(A) A= {x:x<— 1}, B= [0, ) (B) A= (x:xs 1},B=[0,~) 

(C) A= {x:x <-—5}, B= [0, ~) (D) A= {x:x2>1}, B= [0, ~) 

If f(x) is a polynomial of degree 2 such that f(0) = 1 & f(x + 2) — f(x) = 4x + 2 then the polynomial is 
(A) x*+x4]1 (B) (x-1)*+3 


2. 
a 220) 4d 
(C) x?-2x +1 (D) (x 1) | 
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Comprehension - 5 


85. 


86. 


87. 


Let a function f(x) be defined as follows for n € W, f(0) = 0 and forn>0,k € W, 
f(n-1)+3 if n=6k,6k+1 

fx)=<f(n-l)4+1 if n=6k+2,6k+5 
f(n-1)+2 if n=6k+3,6k+4 


The value of f(30) is 
(A) 54 (B) 60 (C) 66 (D) None of these 
The function satisfies the rule for alln € W 
(A) fnt+3)=fm)+6 (B) fnt+4=fm)t+8 (C) fn+6)=fm)+6 (©) fn+6)=fm)+ 12 
30 
The value of »Y f(n) 
n=1 
(A) 900 (B) 930 (C) 960 (D) None of these 


Assertion (A) and Reason (R) 


87. 


89. 


90. 


91. 


92. 


(A) Both A and R are true and R 1s the correct explanation of A. 
(B) Both A and R are true but R is not the correct explanation of A. 
(C) Ais true, R is false. 

(D) Ais false, R is true. 


Consider the function 

FK)= CP "Coy g) OP Cy) 

Assertion (A) : Domain of f(x) is singleton. 

Reason (R) : Range of f(x) is singleton. aie 

Assertion (A): Let S,=1—-2+3-4+.....+(-1"7'n. The value of » Sn = 52009 
nt if nis odd = 


Reason (R) : Sn = 
—— if nis even 


Assertion (A) : Range of the function f (x) = cot !{-x} where {x} denotes the fractional part function, 


i. (2,2 | 
4 2 
Reason (R) : Since 0 < {-x} < 1, cot—1 {-x}_ would be vary from (2,2 | 


Assertion (A) : The function f(x) = x* + 2x + 3 defined from R to R is not injective. 
Reason (R) : Every polynomial function of even degree defined from R to R is always not injective. 


Let g:R —R defined by g(x) = {cos a[x] + e*}, where [x] denotes the greatest integer function and 
{x} denotes the fractional part function. 


Assertion (A) : g(x) 1s a periodic function. 


Reason (R) : {x} is a periodic function. 


93. 


94. 


oS 


96. 


Dh, 


MATCH THE COLUMNS FOR JEE ADVANCED 


98. 


99. 
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Assertion (A) : f is an even function, g and h are odd functions, all 3 are polynomials. Given 
fd)=0,f@2)=1,fB)=-5, g (1) =1, g C3) =2, g 6) =3,h (1) =3,h GB) =5 andh (5) = 1. The value 
of f(g(hc1))) + gchf(3))) + hcf(g(-1))) 1s equal to zero. 


Reason (R) : If a polynomial function P(x) is odd then P(O) = 0. 


3 
Consider the function f (x) = In In [24 ©) , 
4e x 


Assertion (A) : The range of the function f (x) is R+. 
Reason (R) : For two positive reals a and b, a - b > Jab ; 


Let f(x) = as 


Assertion (A) : The range of f (x) = ( — 5 is the set of all real number. 
x(x — 


Reason (R) : The range of g (x) = _ ee __ isRifae (c,d),a,c,de R. 
(x —c)(x—d) 
Assertion (A) : There are exactly 5 integer in the range of the function f(x) = 2 ee 
moe 


Reason (R) : If the range of a function is [m, M] then the number of integers in the range is [M — m] 
where [ . ] is the G.LF. 


Assertion (A) : If a function f satisfies f(x) + {2x + y) + 5xy =fG3x—-y)+ 2x* + 1 for all x, y € R, then 
the value of £(10) is — 48. 


2 
Reason (R) : By setting y = we see that the function 1s f(x) = —- = tol, 


Let p and q be positive integers and let f be a function defined for positive real numbers and attains only 
positive values such that f(xf(y)) = xpyq. 


Column-I Column-IlI 
(A) f(t) is equal to (P) t? 
(B) (f£(1))* f(t) is equal to (Q) +? 
(C) 2P(f(t)Pf (4) is equal to (R) t?” 
(D) ff (f(t))’ is equal to (Ss) 
Column-I Column-IlI 


(A) Let f: [- 1, %) — (0, e) defined by f (x) = er tt (P) one-one 
then f (x) is 
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(B) Letf: (1, 2) > [3, e) defined by f (x)= V10-2x+x?, (Q) into 
then f (x) is 
(C) Let f: R I defined by f (x) = tan°a[x? + 2x +3] (R) many one 
where [ ] denotes greatest integer function, then f (x) is 
(D) Letf: [3, 4] > [4, 6] defined by f (x) =|x - 1| + (S) onto 
Ix —2|+|x+3]+|x—4| then f (x) 
(T) periodic 


100. Column-I Column-IlI 
(A) Let f (x) be a function on (— -, ©) andf(x+2)=f(x-— (P) 4 
2). If f (x) = 0 has only three real roots in [0, 4] and one 
of them 1s 4, then the number of real roots of f (x) = 0 
in (— 8, 10], is 
(B) Letry, rp, r3........ , I,, be n positive integers, not necessar- (Q) 5 
ily distinct, such that (x + r,)(x +15) ...(k +1) =x" + 
56x" Ft, + 2009 The possible value of n is 
(C) Ifxandy are positive integers and 2xy = 2009-3y, then (R) 8 
the number of ordered pairs of (x,y), 1s 


Git <2 
(D) If x, y € R, satisfying the equation ae a (S) 9 
then the difference between the largest and smallest 


> 2 
value of the expression a a , 1S 


101. Let f£:R— [a, ©), f (x) =x? + 3ax +b, g(x) = sin 7 (ae R). 


Column-I Column-Il 


(A) The possible integral values of ‘a’ for which f(x) is many one (P) -2 
in interval [— 3, 5] is/are 


(B) Let a =-— 1 and gof(x) is defined for x € [-1, 1] then (Q) -1 
possible integral values of b can be 
(C) Let a = 2, a = — 8 the value(s) of b for which f(x) is (R) 0 
surjective is/are 
(D) Ifa=1, b= 2, then integers in the range of fog(x) is/are (S) 1 
102. Column-I Column-II 


(A) (P) 2 


The period of the function f (x) = sin (cos x) + cos(sin x) 
equals kz then k is equal to 2 
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(B) The integral value(s) in the domain of definition of the (Q) 3 
3x* -7x+8 


| where [ *] de- 
+X 


function, f (x) = are os 
notes the greatest integer function, is 


(C) Let f(x) = sin [a] x. If f is periodic with fundamental (R) 4 


period 2, then the possible integral value(s) of ‘a’ is/are 
(where [] denotes the greatest integer function) 
(D) If the values of x satisfying the equation [x]? — 5[x] +6 (S) 5 
= 0, then integral value of x, is/are (where [ ] denotes the 
greatest integer function) 


REVIEW EXERCISES for JEE ADVANCED 


1. Find the domain of the following functions : 


(Ix|=3)(2—I) 


@ £0) PR 


(ii) f(x) = log, |4 —x*| + log, [-14 


x) 
2 


wa —§ 
Gu) f(x)= |-log, , [ x 
(inte 3) 2x —3 
2. Find the domain of the following functions : 


6 2(x-2) 
(i) V¥4%4+83> 9 —52-270°D 


(ii) log, (Vx-1- /5-x) 


(iii) J/1—log, log, (4* -12) . 


3. Find the range of the following functions, where [.] denotes greatest integer function : 


. e* 
1 = ,x> 0, 
@ y [x]+1 


(ii) y =|sin x| + |cosx|,0<x<zaz 

wee ee 0) ee | -1/.2 ] 
11 = sin |x° +—|+cos | x°-=], 
(iii) y 1] 1] 


4. Find the range of the following functions : 


(i) f(x) = tan” ‘oe. (Sx? —8x+ ‘) 
5 


10. 


11. 


12. 


13. 


14. 
15. 


16. 
inp 
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(ii) f(x) = cos” [loge al , where [.] denotes greatest integer function. 
m4 
(iii) f(x)= Vtanx +-Vcotx . 


Find the domain and range of the following functions : 
2 
. —5x+4 
Gi) y = log V2 (sinx —cosx)+3). Gh neo 9 eee 
v5 | ( ) x? -3x+2 
(iii) f(x) = Jcos(sin x) . (iv) y= sec! (log, tan x + log.anx 3) 
Find the range of the following functions : 


' [x] 
(i) f(x) =sin7 [sina sax!) 


sin x 
(ii) f(x) = log, (cos a™***), a> 1 
(iii) y = f(x) where 2* + 4” = 4 

Find fog(x) if f(x) = [x] + {x} and g(x) = [x] + {x} and also find the range of fog(x). 


Find the set of values of a for which the function f : R > R given by f(x) =x? + (a+ 2)x? + 3ax + 5 is 
one-one. 


Classify the following functions as injective, surjective both or none : 
(a) f: ROR, f(x) =x? — 6x? + 13x-6. 
(b) f: at, +00] > R, f(x) = (x2 +x +5) (x? +x — 3), 


Find all functions f defined on the set of all real numbers with real values, such that 
f(x’ + f(y)) =y + f(xy’ for all x, y. 


a. =l[<x<0 
Prove that f : (-1, 1) — R defined by f(x) = a is a bijective function. 
=, 0<x<l 
—X 


Let f : X — Y be a function defined by f(x) = asin (x + m) +bcosx+c.Iffis both one-one and onto, 
find sets X and Y. 4 


Check whether f : (- 0, 2) U (3, 2) > R f(x) = In (x? — 5x + 6) is a bijective function or not. If not then 
choose a suitable longest domain and co-domain for which the above function becomes biyective. 


2n-l 
If f(x) = —4 (a > 0), show that f(x) + {11 -x) = 1. Hence or otherwise, evaluate >> ot (| 
a” +a r=1 2n 
If {2 —x) ={(2 + x) and f(7 — x) = f(7 + x) and f(0) = 0 then find the minimum number of roots of f(x) 
= (0, where |x| < 100 


Let g(x) = f(x) — 1. If f(_) +f. —x) =2 V xe R, then find the line about which g(x) is symmetrical. 


Let f:R- C ~ defined as f (x) = cot '(x? — 4x +a). Find the smallest integral value of a such 
that f (x) is into fiinetion. 


18. 


1. 


20), 


21. 


22. 


Ls 


24. 


25. 


20. 


rae 


28. 


2). 


30. 
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Letf:R— [-2, 2] be defined by f(x) = cos [2 a x +sin - 7 n x, [x] denoting the greatest integer 


function. Prove that f 1s an into function. 


Find period of : f(x) = (cos 2x + tan 2x) + (cos 2°x + tan2?K) +c + (cos 2°x + tan 2"x) 
. 2x , x<l x+2,x<0 
Letf: R-R and g:R—-R be functions defined by f(x) = g(x) = 
2x7-1, x>1 2x ,x20 


findG@)f+g cifg (du) fog 

If for all real values of u and v, 2f(u) cos v = f(u + v) + f(u — v), prove that, for all real values 
of x: 

(a) f(x) + f(-x) = 2a cos x. 

(b) f(m—x)+fCx)=0. 

(c) f(t—x ) + f(x) =—2bsinx. Deduce that f(x) = a cos x — b sin x, where a, b are arbitrary constants. 
Let f and g be real valued functions such that f(x + y) +f(k-y) =2 f(x). g(y) Vx,ye Randf:R-> 
[—1,1] onto function then prove that | g(y)| Vy € R. 


Prove that if the graph of the function, y = f(x), defined throughout the number scale, 1s symmetrical 
about two lines x = a and x = b,(a <b), then the function is a periodic one. 


Find the inverse of the following function : 


(a) f:R > (CI, 1), f(x) = a, 
1+x 


X, —-~<x<l 
(b)f: ROR, f(x)= 4x’, 1<x<4 
9X 4<x<0co 
Let f: W > W where f(x) = f(x — 1) + f(x - 2) for x > 2. Also, (0) = 0 and f(1) = 1. Prove that 
(a) f(x +1)>f(K)Vx>2 
(b) f(5x) 1s divisible by 5 V x in the domain of f. 
(c) there exists precisely three integers for which f{f(x)} = f(x). 
pax? ,x<-l 
Find the range of f(x) = sin’ x ,-1<x<1. 
{x7} x>1 
2x 


If f(x) = ene , 2(X) = |sin x| — |cos x| and © (x) = f(x) g(x) (where [.] denotes the greatest integer 
function) then find the respective fundamental periods of f(x), g(x) and @ (x). 


Find all real values of x for which the expression ,/log ; a log 2443 is a real number. 


-4 4 
If f(x) + f(x + a) + f(K + 2a) +0. + f(x + na) = constant V x € R and a> 0 and f(x) 1s periodic, then 
find the period of f(x). 


Find the domain of the function y = f(x) where 3y + i ago, 
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31. Check whether the given functions are onto or into. 
(a) f: ROR, f(x) =x? - 4x + [sin x] 


(b) f: RF, 1], f(x) = SAX 
x“ +] 
32. Let f be defined for all x € R, so that (f(x))n = f(nx), n is an odd integer. Find f(x) 
33. If f(x) is an odd function, then find the parity of the function g(x) = f(f(x)) + xf(x*) + sen(f(x)). 


' = +cos?! 1 


35. Find the fundamental period of the function f(x) = cos (tan x + cot x). cos(tan x — cot x). 


TARGET EXERCISES for JEE ADVANCED 


1. Find the domain and range of 
f(x) = [log;cos Vx? +5x+6 ] + sec '[{x}+1], where [.] denotes the greatest integer function and {.} 
denotes the fractional part function. 

2. Ifa function is defined as f(x) = logo) g(x) , where g(x) = |sin x| + sin.x, p(x) = sin x + cos x, 0 <x 
<1. Then find the domain of f(x). 


3. Find the domain of the following functions : 


(i) f(x) = sin! (log. ix] =x] 
(ii) f(x) = o's) +tan7! E : 1 + én ( Ix [x]] 


where [.] denotes greatest integer function 


(iui) f(x) = [4sin? x—1 log... a 
x _— 


4. Find the range of the following functions : 


(i) f(x) = /£n(cos(sin x)) 


34. Find whether f(x) is into or onto : f : R > (-a, 2) f(x) = sin™ 


(i) f(x) = (tan! x)? + 2 
1+x? 
e x <0 
l-e* 
au) f*)=4vl-x , Os<x<l. 
x—-l ; een Z 


5. Find the domain and range of the following functions : 


(i) f(x) = log, (vx = de= x] | 


10. 


11. 
12. 


13. 


14. 


ley 


16. 
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(1) y= sec’! (2x — x’). 


Gul) y= ( —cos x) 


x 
T 


(iv) y= mel | sin x , where [.] denotes the greatest integer function. 


Let f(x) = x” — 2x, x € R and g(x) = f(f(x) — 1) + £(5 — f(s). Show that,g(x)>0 Vxe R. 


21 +2 


fog(x) exists, then find the maximum possible range of g(x). 


; g(x) = {x}, where {x} denotes the fractional part of x. If the function 


F TU TU 
x+] > x<] tan x : rar 
Draw the graph of f(x) = ‘ and g(x) = and hence find fog(x) 
and gof(x). (x-I)"; x>1 tan x — 2; Ze 
1+ x, x20 
If f(x) = and 
3- x’, x <0 
tan x, O0<x<7/2 
Q(X) = then find fog(x). 
cosecx, —1™/2<x<0 


Compute the inverse of the function 
f:R-{1} OR’ - {2}, f(x)= 2x-1_ Also find domain and range of f). 
Find the minimum value of ‘a’ and “b’ for which f(x) = x” : [a, oo) => [b, co) be an invertible function. 


Check whether f: R > R, f(x) = [x] Px {x} (where [.] and {.} represents greatest integral and fractional 


part function respectively) is an invertible or not, if yes then find its inverse. Also solve the equation 


f(x) =f 7!(x). 


Let f(x) = x? +3x-3,x>0.n points X1, Xo, X, are so chosen on the x-axis such that : 
n n 
@) Ly fx, =f] 45x, |. 
N j=1 N isi 


(b) Sf 7'(x;) = »y X; , where f! denotes the inverse of f. Find the A.M. of X; ’S. 


i=] i=l 


4 TUX 


tan, |x |<l 
f(x) = 2 . Prove that f(x) is an odd function. 
x|x |, |x |21 
If g: D—R bea function such that g(x) = In In In In .......... In (4(x? +x + 1) + sin(ax)), (log operated 


n times, n € N), then find the least value of n for which g becomes onto. 


Let f(x) = max {sint: 0 <t<x} h(x) = [f(x) — g(x)]_ where [.] 1s G.LF. g(x) = min {sint: 0 <t <x} 
Find the range of h(x). 


17. 


18. 


19. 


20. 


21, 


22, 


23. 


24. 


25. 


26. 
2], 


28. 
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Find whether f(x) 1s one-one or many-one : 
(i) f(x) =In (K+ ¥x? 41 )&7P (i) f(x) = cos (2 (sin x+ x) 
Leff: R > [-1, 1]. Find whether 


1 
xX _ 
= 1 x0 


f(x)= 4 1 is into or onto. 
ex +] 
1 . =O 
Xx 
For what value of ‘a’ is the function from R > (0, 2), f(x) = cos! [a=1=2" is onto. 
Cc + 


If f and g are two distinct linear functions defined on R such that they map [-1, 1] onto [0, 2] and 
h:R- {-1, 0, 1} > R defined by h (x) = G9) then show that |h(h(x)) + h(h(1/x))| > 2. 


g(x) 
Let f : [3, ) > [1, ) be defined by f(x) = x**™. Show that f is a bijective function and find its inverse. 
How many solutions exist for the equation f(x) =f” lx). 
Let f(x) = max {1 + sinx, 1 — cosx, 1}, x € [0, 27a] and g(x) = max {1, |x — 1|} x € R. Show that gof(x) 
is a constant function. 
Check whether the following functions are even, odd or neither even nor odd : 

; 2x(sin 2x + tan x 
(i) f(x) = 2x(sin 2x + tan x) 

2] x +20 ae. 


T 


[.] denotes greatest integer function. 


.. 1-t 
i) f(x) = | 4n| —— dt 
(ii) f(x) J (iE 7. 
Ifa,be R’, f(at+x)=b+ [b? + 1 — 3b*f(x) + 3b {£(x)}? — {£(x)}7]'" for all x © R, prove that f(x) is 
periodic. 
Find the values of “p’ so that gof is defined whenever f(x) 1s defined, where 


a | 7 2 
f(x) = 900s ( 2sinx +1 and g(x) = ao t + px 
px 


2/2sin x 


2 
f:ROR, f()= oe ae _ If the range of this function is [- 4, 3), then find the value of m? + n’. 
+ 
If f(x) satisfies the equation 
f(x—3) f(x+4) f| (x+ I(x —2)-(x -1) | 
2. 4 —5 =( 
5 6 15 


for all real x, then show that f(x) 1s periodic with period 7. 


Find out the integral values of n if 37 is a period of the function f(x) = cos nx . sin (5/n)x. 


29. 


30. 


al: 


BZ. 


34. 


35. 
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A function f maps every sequence of integers to another sequence of integers as follows : 


1,if n= 0 
na if n#0 


(f(a))n = 


If (£(b)),, = b,, find 319, 


n-l? 


Let f be a function from the set of positive integers to the set of real numbers 1.e., f : N— R, such that 


G@) f)=1 


ii) £11) + 2 £22) +3 £3) + ..... tn f(n) =n (n+ 1) f(m) for n > 2, then find the value of (£(1994))‘. 


Let f(x) + f(y) = e(xvi - y” +yvl- x? ) Prove that f(4x° — 3x) + 3f(x) =0, V xe - 


| 


prove that f(x) =0, Vxe 1-45] U (+. 


V2) \V20 


1 1 
— , —| also 
V2 + 


Find all functions f defined on the set of positive reals which take positive real values and satisfy: 


f(x(f(y)) = yf(x) for all x, y; and f(x) > 0 asx 3 ©. 


Find all functions f defined on the non-negative reals and taking non-negative real values such that: 


f(2) = 0, f(x) # 0 for O <x < 2, and 
f(xf(y)) f(y) = f(x + y) for all x, y. 


Let S be the set of all real numbers greater than —1. Find all functions f : SS such that 
f(x + f(y) + xf(y)) = y + f(x) + yf(x) for all x and y, and f(x)/x 1s strictly increasing on each of the in- 


tervals —1 <x <0 and 0 <x. 


Determine all functions f : R > R such that f(x - f(y) ) = f( f(y) ) + x f(y) + f(x) — 1 for all x, y in R. 


Previous Years' Questions (JEE ADVANCED) 


( A. Fill in the Blanks 


1. 


Z, 
3. 


= 


2 
The values of f(x) = 3 snl i ~x? lie in the interval 


2 
The domain of the function f(x) = sin7!(lo g> =. is given by 


aps esate [IIT - 1983] 


[IIT - 1984] 


Let A be a set of n distinct elements. Then the total number of distinct functions from A to A 1s .......... 


and out of these............ are onto function [IIT - 1985] 
/ 2 
If f(x) = sin In sea , then domain of f(x) is........... and its range 1S............... [IIT - 1985] 
—X 


which map [—1, 1] onto [0, 2]. 
[IIT - 1989] 
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6. Iffis an even function defined on the interval (—5, 5), then four real values of x satisfying the equation 


f(x) = iGers are ...... [IIT - 1996] 
x+2 
( B. True/False 
7. If f(x) =(a—xn)!™ where a <0 and nis positive integer, then f[f(x)] = x. [IIT - 1983] 
2 
8. The function f(x) = xt 4x4 30 is not one to - one. [IIT - 1983] 
x“ —8x+18 
9. If f,(x) and f,(x) are defined on domains D, and D, respectively, then f,(x) + f,(x) is defined on 
D, UD,. [IIT - 1988] 


( C. Multiple Choice Questions with One Correct Answer 


10. Let R be the set of real numbers. If f R > R is a function defined by f(x) = x’, then fis: 


[IIT - 1979] 
(A) Injective but not surjective (B) Surjective but not injective 
(C) Biyective (D) None of these 
11. The domain of definition of the equation of the function y = —_1 4 KF? is [IIT - 1983] 
logig(1— x) 
(A) (3, -2) excluding — 2.5 (B) [0, 1] excluding 0.5 
(C) [-2, 1) excluding 0 (D) None of these 
12. Which of the following functions is periodic ? [IIT - 1983] 


(A) f(x) = x — [x] where [x] denotes the largest integer less than or equal to the real number x 
(B) f(x) = sin 1/x for x 4 0, {(0) = 0 

(C) f(x) =x cos x 

(D) None of these 


13. If function f(x) = — tan (#) ;(-1 <x <1) and g (x)= V¥3+4x- 4x? . then the domain of gof is - 


[IIT - 1990] 
(A) CLD @) |-1,2] © |-14] © [4-1] 
22 2 2 
14. The value of b and c for which the identity f(x + 1) —f (x) = 8x + 3 is satisfied, where f(x) = bx? + ex + 
d, are [IIT - 1992] 
(A) b=2,c=1 (B) b=4,c=-1 (C) b=-l,c=4 (D) None 
15. The value of the parameter a, for which the function f(x) = 1 + ax, a # 0 is the inverse of itself, if- 
[IIT - 1992] 
(A) -2 (B) -l (C) 1 (D) 2 
16. Let f(x) = sin x and g(x) = In |x|. If the ranges of the composite function fog and gof are R, and R, 
respectively, then [IIT - 1994] 


(A) R, ={u:-1<u<1I},R,={v:-o<v<0O} 


17, 


18. 


19. 


20. 


21. 


22: 


29; 


24. 


25. 


26. 


Zi 
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(B) R, = {u:-e<usl},R,={v:-Isv<0O} 
(C) R, = {u:-1<u<1]},R,={v:-©<v<0O} 
(D) R, = {u:-I su<l},R,= {v:-~<v<0} 
Let f(x) = (x + 1)°- 1, (x>~-1). Then these set {x : f(x) =f! (x)} is - [IIT - 1995] 
(A) {o,-1=34i5, =3-iN8 | (B) {0,1,-1} 
(C) {0, -l} (D) Empty 
If f(x) = sin’x + sin? [x+ m) + cos X COS [x + m) and g (5) = 1, then (gof) (x) = [IIT - 1996] 
(A) -2 (B) -1 (C) 2 (D) 1 
If the function f : [1, 0) is defined by f(x) = 2*“~ ), then f! (x) is - [IIT - 1999] 
x(x-l) 
(A) (4) (B) ; (1+ (i+ 4log, x] 
(C) 5 (1 ~ fi+4log, x} (D) Not defined 
The domain of definition of the function, y (x) given by the equation, 2* + 2% =2 is: [IIT - 2000] 
(A) 0<x<1 (B) 0<x<1l (C) -o<x<0 (D) -o<x<l 
Let £(6) = sin 6 (sin 6 + sin 30). Then f(6) - [IIT - 2000] 
(A) >0 only where 6 > 0 (B) <0 for all real 6 
(C) = 0 for all real 8 (D) <0 only where 0 <0 
-1 , x<0 
Let g(x)=1+x-[x]&f(_)= 4,0 , x=0. Then for all x, f(g (x)) 1s equal to [IIT - 2001] 
1 , x>0 
(A) x (B) 1 (C) f(x) (D) g(x) 
If f: [1 ,°¢) — [2, -) is given by, f (x) =x + i , then f 1 (x) equals : [IIT - 2001] 
X 
[2 [2 
+ —4 - —4 

@ —— @®— c) —*— s ?Mi-yx’-4 

2 1+ x? 2 
The domain of definition of f (x) = pa is : [IIT - 2001] 

x° +3x+2 

(A) R-{-1,-2} (®) (2, %) (C) R-{-1,-2,-3$(D) © 3,%)-{- 1, - 2} 
Let E = {1, 2,3, 4 } & F = £1, 2}. Then the number of onto functions from E to F is [IIT - 2001] 
(A) 14 (B) 16 (C) 12 (D) 8 
Let f (x) = ~~ ,x #— 1. Then for what value of ao is f f(x) = x? [IIT - 2001] 

X 
(A) V2 (B) - ¥2 (C) 1 ©) =1. 


Suppose f(x) = (x + 1)” for x > — 1. If g(x) is the function whose graph is the reflection of the graph of 
f(x) with respect to the line y = x, then g(x) equals - [IIT - 2002] 


28. 


29. 


30. 


31. 


a2: 


34. 


35. 


36. 
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GA) =a =i 0 (B) > x>ol 
(x+1) 
(C) ¥xt+1,x>-1 (D) V¥x-1,x>0 
Let function f: R > R be defined by f(x) = 2x + sin x for x > R, then f 1s [IIT - 2002] 
(A) one-to-one and onto (B) one-to-one and onto 
(C) onto but NOT one-one (D) neither one-to-one nor onto 
If f :[0, 0) — [0, o), and f(x) = ; X then fis; [IIT - 2003] 
+X 
(A) one-one and onto (B) one-one but not onto 
(C) onto but not one-one (D) neither one-one nor onto 


Domain of definition of the function 


f(x) = [sin (2x)+ : for real valued x, is - [IIT - 2003] 


ld acd alt J a al lt 

ee | ra a | 4 7 ( 4) 7 | a 

Range of the function f(x) = x+x42. xe Ris [IIT - 2003] 
x°+x+1 

(A) (1, °) (B) (1, 11/7] (C) Cd, 7/3) (D) (1, 7/5] 

If f(x) = sin x + cos x, g(x) = x” — 1, then g(f(x)) is invertible in the domain - [IIT - 2004] 

(A) [0, 2/2] (B) [-0/4, 7/4] (C) [-V3, V3] (D) (V3, 2] 


If the functions f(x) and g(x) are defined on R > R such that f(x) = 


0, x e€rational 
X, xX € irrational © 


0, x €irrational 
g(x) = then (f — g) (x) 1s [IIT - 2005] 
xX, x €rational 
(A) one-one & onto (B) neither one-one nor onto 
(C) one-one but not onto (D) onto but not one-one 
X and Y are two sets and f: X > Y. If {f(c)=y;¢ CX, y c Y} and {f '(d) =x; dc Y, x CX}, then the 
true statement is [IIT - 2005] 
(A) f(b) =b (B) f (f(a) =a 
(C) f(£"(b)) =b, bcy (D) f' d@)=aacx 


Let f(x) = x’ and g(x) = sin x for all x € R. Then the set of all x satisfying (f 0 g 0 go f) (x) 
= (g 0 go f) (x), where (f 0 g) (x) = f(g(x)), 1s :- 
(A) +Vnn ne {0,1,2,.....3 (B) +Vnn ,ne {1,2,.....3 


Let f(x) = x* and g(x) = sinx for all x € R. Then the set of all x satisfying (f o g o g of) (x) = (go g of) 


(x), where (f o g)(x) = f(g)x)), 1s [IIT - 2011] 
(A) +v7n#,n € {0,1, 2,...} (B) +/n¥,n € {1,2,...} 
(C) 2 oir re n=? 1.0198) (D) 2nn,ne {...,-2,-1,0, 1, 2,...} 


2 
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37. The function f: [0, 3] > [1, 29], defined by f(x) = 2x? — 15x? +36x +1, is [IIT - 2012] 
(A) one-one and onto. (B) onto but not one-one. 
(C) one-one but not onto. (D) neither one-one nor onto. 
( D. Multiple Choice Questions with One or More Than One Correct Answer 
38. Ify =f(x) = —_ then [IIT - 1984] 
x —_ 
(A) x=fy) (B) fC) =3 
(C) y increases with x for x < 1 (D) fis a rational function x 
39. If f(x) =3x—5, then f /(x): [IIT - 1998] 
1 x+5 
A) 1s B) -—— 
(A) ar (B) ; 
(C) Does not exist as f is not one-one (D) Does not exist as f 1s not onto 
AO. If g (f(x)) =|sin x| and f(g(x)) = (sin Vx )?, then [IIT - 1998] 
(A) f(x) = sin? x, g(x) = Vx (B) f(x) = sin x, g(x) = |x| 
(C) f(x) =x’, g(x) = sin Vx (D) f and g cannot be determined 
4]. Letf: 1, 1) 3R be such f(cos 40) = sre for@e (0,7) U Gea Then the value(s) of i} is 
(are) [IIT - 2012] 
=f 2 2. 
(A) 1-,/3 B) 1+,/3 
ee 2 [2 
(C) 1 3 (D) 1+ 5 


( E. Subjective Problems 


2 
42. Find the domain and range of the function f(x) = F x 


x2 


Is the function one-to-one ? [IIT - 1978] 


43. Letfbea one-one functions with domain {x, y, z} and range {1, 2, 3}. It is given that exactly one of the 
following statements is true and the remaining two are false f(x) = 1,f(y) # 1, {(z) #2 determine f" '(1). 


[IIT - 1982] 

44. Find the natural number ‘a’ for which y f(a+k) = 16 (2"- 1) where the function f satisfies the rela- 
tion f(x + y) = f (x). f(y) for all natural eater x, y and further f(1) = 2. [IIT - 1992] 

45. A function f:R—R, where f(x) = ox + $n—8 . Find the interval of values of a for which f is onto. 
Is the function one-to-one for a = 3 ? Justify an answers. [IIT - 1996] 


46. Let f(x)=Ax*+Bx +C where A, B, C are real numbers. Prove that if f(x) is an integer when ever x is 
an integer, then the numbers 2A, A+ B and C are all integers. Conversely, prove that if the number 2A, 
A+B and C are all integers then f(x) is an integer whenever x 1s an integer. [IIT - 1998] 
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( F. Match the Column 


47. Column-I Column-II 
(A) The set {RE( 22 ; } z is acomples number (P) (—co, —1) U (1, ce) 
Vane es 


(B) The domain of the function ¢() = gin” (se | (Q) — (-~, 0) U (0,0) 
1 tan 8 1 
(C) If £(0)=|-tan®@ 1 tan 8| than the set (R) [2, 00) 
—] —tan@ 1 


TU 


(D) Iff(x)= oie (3x — 10), x > 0, then f(x) is increasing in (S) (—co, -1]U[1,-) 
(t) (—ee, 1] U[I, e2) 


[ ANSWERS 


E concept PROBLEMS [A] 


1. @) No; (11) No 
2. (b) and (c) are ; (a) is not 
3. (a)is; (b) and (c) are not 


GOOD  =QOH*O€ 


5. g(x) and h(x). 


7. (1) True (11) False Gu) True 
8. (1) and (111) are functions 


Not a function. 
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| PRACTICE PROBLEMS [A] 


10. 64 
11. 5050 
IZ 23, 


13. (b) and (c) 

14. (b), (c) and (d) 

15. (c) Equals —3. (d) f(x) = 3x for all x. 

16. @) f(x) =1, f(x) = 2x, f(x) =-1. 
Gi) f(x) =3.2* , f(x) = 0, f(x) = 2[x], where [x] is the greatest integer less than or equal to x. 
(iii) f(x) = 0, f(x) = 2x, f(x) =x° 
(iv) f(x) =0, f(x) = log*x, f(x) = 4 log®x 


i PRACTICE PROBLEMS [B] 
1. (i), (ii), (iv) 


2. A(x)= AOR (9) =2 {x4 


3. Vx? 4164Vx? —8x +25 


b(h — | 


h 


4. 
5: 

x+2 ,-2<x<0 x+1]l ,-2<x<0 
6. (a) 42 ,OSxs2 (b) 4x ,OSx<2 


4-x ,2<x<4 6-2x,2<x<3 
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14+1/2 , -2<x<0 
(c) 414+x/2 ,0<5x<2 
2x-4 ,2<x<3 

8. (a) y=10°%% -1,x>0 


3 
(b) yous 38) —-X,xX€ (- 2. V2) U (2, ©) 


(c) y=-4+4 Vx+1 x>-l. 
9. (a) y=1+vx741,xeR, 

(b) y=1-V1-x? xe [-1, 1]. 
10. yy ae = 0, 


| PRACTICE PROBLEMS [C] 


1. @) Yes (11) No 
2. (a) (2,%) (b) ©, 1) UC, 2) 
ni : : 
(c) [-1,1] (d) R- or , where n is an integer. 
5. All have different graphs. 
6. (1) eg je de e ses = 
x” x” Xx X 
Giiy ——1——_ (yx -ax 45-2 
x” —4x°+5x-2 X 
25 10 
(v) 5x-20+ as 
X xX 
7. @) [-4,2] (1) [-4, 2] (au) [-4, 2] 
Gv) [4,2)UG,<)  (v) -2 (vi) 0 
(vii) O (vill) undefined 
(x) 5 (x) 1/5 
8. a) 13 (1) 5981 Gaui) 10 
2 
cE 2428 
x—3 
—4 
9. fig=4— ,3<x<4 
x—3 
—4 
A> 4<x<6,x#5 
x° —7x +10 


Domain: x € [0, 6] — {3, 5} 
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Functions 


i PRACTICE PROBLEMS [D] 
1 @ Km,= IO, 1) U (2, ¢) (ii) = 4 


Git) (— ¥2,0) U0 + V2,3) 
2. @ R-{0,1} (ii) xe [2, 4) (iii) [4,-2] U [0,2] Gv) [0, 1] 
3. @ B4) (ii) {nm:neT} (iii) [10°, 10%) (iv) [2, 0) 
4. (i) (+, -3) UU (2,0) U ©, 2) UG, &) 

(ii) (-3, -2) U(, 2) U GB, ~) 

(iii) R — {-3, -2, 2, 3} 
5. @) (1,2)UGB,~) (ii) xe [4,6] 

(iii) {1} (iv) {-1/2} 
6. @) [-1,-1/2] vu [0, 1/2] vu {1} 

Gi) V8 ,-1] U[1, v8) (iii) [2, ©) (iv) R- {0} 
7. @) [2nz- sin! (V2 —1),2nz)U 2Qnn+ 7, 2nn+2+ sin! aD —l)|,nel 


(ii) (Qnx—cos! (-1/4), 2nn] U {2nn+ 2/2} 
Qi) [2nx — 2/2, 2nn + n/2] 


9 ~ v3,-1 Ud, V3) 

10. (=. s)u(> 1) (S.=] 
9°95 2 2 

11. (8,10) 12. 6 


| PRACTICE PROBLEMS [E] 


1. D-:R-{(4+2V5),(4-2V5)} 
nla thes 9 
4 20 
2. @) F-L1 (ii) [6, 10] 
3. @) [0, V3] (ii) [o, 4 (iii) E > | (iv) [0, °) 
4. (i) {1, 2V3} (ii) [9, 00) 


5. (i) (3/4, 2] (ii) {0} 


6. [-1, 1/2] 

7. 1 

8. 28 

= [iss—8, ore 
3 a 


12. (i) [1, ©) 


2 
11, B =] 
4 


13. G) [2,10 | 


.. 3 
(11) (- 9, log, q! 
E concert PROBLEMS [B] 


1. @ (f0g)(x)= 4x?-6x +1 
(iil) (g 0 g) (x) =4x-9 
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Gi) [-1, 3] 


(i) [ 6, e) 


(iii) 0,2 ]u] 5] (iv) R 


(ii) (g of) (x) = 4x? -6x +1 
(iv) (£0 f) (x) =x* + 6x? + 14x? + 15x +5 


2. (a) range of f= {1, 2, 4}, range of g = {1, 2, 3, 4}, range of h= {1, 3} 


(ii) 
x |(fog) |(hof) | (gog) 


3. (ii) 60 
4. (ii) 2x-1 
5. 
6. (i) [0, V3] (ii) (-c°, 0] 
(iv) VI-x (v) - v3, v3] 


+X 


1 
8. Given f(x) = log - and g(x)= 


10. Infinitely many 
11. None 
12. No. 


3x +x? 
1 


(iii) — 80 
(iii) 4x —3 


(iii) [-2, 1] 


(vi) —VV3—x? +2 


then show that fog (x) equals 3f(x). 
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[x| 
X 
gof and gog 
_x2 <0 
fog=x’, gof= as 
—-x x>0 


i PRACTICE PROBLEMS [F] 


IY. 
20. 
pee 


23. 


24. 


25. 


26. 


4 
4 21. (b) Infinitely many 
y =8x*- 8x? +1. 


f{f(x)} =2+x,xe [0, 1] 


=4-x, xe 1,2] 

=2-x, xe [2,3] 

f(e(x)) = {x}+]1, -l<x<2 

_ 5, 2<x<3 

ees x°+1, —-I<x<l 

og (x) = : 
2x? +1, 1<x<v2 

2  _9< 

sor (x+1)° , —-2<x<l 

x+3, x=] 


or simply (x + 1)*,-2<x<1. 


Functions 
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Gy ise 
xX if n=3m,mel 


if n=3m+lmel, 


il a, — 
if n=3m+2,mel 


x 
Domain = R — {0, 1} 
6+4x ,-2<x<l 
—2x ,-l<x<0 
, O<x<2 
6-2x,2<x<4 


28. f(g(x)) = 


| PRACTICE PROBLEMS [G] 


1. All except g(x) 2. (a)Yes; (b) Yes (c) Yes 

3. (a) No, (b) yes 4. No 

De Da As Sys 2) Gy. 4s Sy); 

6. No 7. Domain : [-1,2),Range: |, 2,27 Leis many one 


E concert PROBLEMS [C] 


not surjective. 
. [-1, 3] 
3. (1) imyective but not surjective 
(11) neither injective nor surjective 
(111) bijective (iv) neither injective nor surjective 
(v) surjective but not injective 
. f(in)=n+1, gm) =n-1 
5. (itt) 
both one-one and onto. 


15. 
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Functions 


neither one-one nor onto 
Let A= {1, 2} and B = {a, b, c}. 


Yes 

many one into 

(a) 9 (b) 6 

Ge] 

(1) one-one onto (11) one-one into (111) one-one onto 


| PRACTICE PROBLEMS [H] 


17. 


18. 


20. 
23. 
24. 


pies 


(1) many-one, into 
(—°0, —2| U [2, co) 
only (iv) 

6 


. x-l if x>l 
consider f(x) = x + 1 and g(x) = 


1 if x=1 
{1D), 2, 3).(3, 4), 4, 25, 4G, D, @, 4); G..2), (4, 3) & 101.1), 2, 9, G, 3),452)$ 


i PRACTICE PROBLEMS [I] 


(i) Even (11) Neither 
(1) Odd (iv) Neither 
y =f, + f, where f, = (sin(x + 1) sin? (2x — 3) + sin(x — 1) sin? (2x + 3))/2, fo = (sin(x + 1) sin? 
(2x — 3) —sin(x — 1) sin’ (2x + 3))/2 


TU . WW nu. wv 
y =f, +f, where i ee cos X — sin uaa 2x, ee pce ares sin 2x. 


Odd extension is not posssible since f(0) is 0. 


—xX-—sin (cos x) + tan (sin x) 


even. 
even 

even 

All are even 
—] 

3 
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E concept PROBLEMS [D] 


1 @il (11) = (au) 7/4 (iv) 2/2 
4. No 

5. 4 

6. The function is periodic of period 1. If x € |0, 1| then ||x|| = min (x, 1 — 1). 


8. Yes, 21 


| PRACTICE PROBLEMS [J] 


9. () 2nn; (11) non-periodic; (iil) 1; (iv) 7% 
10. i) 2/2; (11) 2; Gu) 27; (iv) 7 
11. @) Not periodic (il) = Gu) 27 (iv) 22 
12. a) 107; ai) 12; (iu) 27; (iv) = 
14. 2 

15. @)2z (11) 42 

16. 36 

18. 4,-2, 2 


E concert PROBLEMS [E] 


3 
1 fle@= a 
x -] 
9 
3 at+d=0 


A. POH 244 e-5 
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(eae) 


| PRACTICE PROBLEMS [K] 


8. co, -3] u [0, -) 


10. @)-1+ V-x-2 


ee 21 5 9 
11 — -siIn xX 
(11) : 


11. R—(42}, gy = Som 
m* —4 

x? ; x <0 

x? 0O<x<l 


b) 


13. If f(x) = 49x] 


x? 


1<x<2_ then show that 


9 


; x >3 
9 
Gy) ££ Clje=1 Gi). f~ C8y=-2 Gi) f'()=1 
1/2 
15. 1 16. y =log,( =*" 
3-x 


17. (fog)(x)= e*** (gof ) (x) = 3e* — 2; Domain (0, ©), (— 2, ). 
18. g(x) = > "| 19. b=1 
a 


20. fl (x)=3+ ee x= 


Hl concept PROBLEMS [F] 


4 2 
1 2 5 ~ 2X +x -3  , 5k 
3 5x? 6 
6. P(x)=x’t+e 7 = 15 


| PRACTICE PROBLEMS [L] 


8. 20 
9. 15 


Functions 


4. 2000 
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10. 13 
12. 16 


13. f(x_)=kx,keR 


14. f(x)= Py paca) 
l-x 


16. @)f(K)=x+l1 Gi) f(x) =x 

(iii) f(x) =+ &? (iv) f(x) =x? 
19. f(x)=x +a, g(x) =x +b where a and b are arbitrary. 
20. 1 


Bossective EXERCISES 


ic 2. BC 4. B 
oC 6. C 7. D 8. C 
9. A 10. A ll. A 12. A 
13. D 14. C 15. B 16. D 
ieee) 18. B 19. C 20. C 
vil 6 22. D 23. B 24. D 
25. A 26. B 27. D 28. A 
29. D 30. A 31. B 32. A 
33, 34. B 35. A 36. B 
37. B 38. A 39. C 40. C 
41. D 42. C 43. A 44. C 
45. D 46. A 47. A 48. B 
49. A 50. B 51. AD 52. BC 
53. AB 54. ACD 55. ABC 56. BD 
57. ABC 58. ABC 59. ABD 60. CD 
61. ABD 62. ABD 63. BCD 64. BD 
65. AB 66. BC 67. BD 68. ABC 
69. ABD 70. BD 71. D 72. D 
73. B 74. D 75. A 76. C 
We 78. D 79. B 80. C 
81. D 82. B 83. D 84. D 
85. B 86. D 87. B 87. B 
89. B 90. A 91. A 92. D 
93. A 94. D 95. A 96. C 
97. D 98. (AJR), (S); (B) 4); (C)- R); DP) 


99. (A)Q,R; (B)P,Q; C)Q RT; DPS 


L. 


Telegram @unacademyplusdiscounts 


Functions 


100. (A)S); (B) -(P); (C) — (Q); (DR) 
101 (A)PQRS BWPRQR (CS MRS] 
102. (A)R; (B)P,Q,R, 8; (C)R; DYP, Q] 


REVIEW EXERCISES FOR JEE ADVANCED 

qa) [-3, -2] UQ, 2) U Q, 3) 

(ii) (—, -1/2) U (3/2, o) — {+2} (iii) (—ce, -2] U (5, ©) 

(i) [3, ©) Gi) 3.5] (iii) (logy 13, 2] 

(i) [1, 2) Gi) [1, J2] (iii) {p} 

(i) Ry (-, 4 (ii) (=| (iii) [2, e) 

(i) Dp :x ER, R,:[0, 2] (ii) Df: R- {1, 2},R-:R-{], 3} 
(ii) Dp: R, Re | cosl, 1| 

(iv) Dp :xe [ann, 2n7t + =) U [enn + n),(2nn + =) 


-|x[x=2an+ or 2am 2h nel 
4 4 


nfs SHB 

3 «3 2 

; Tv 3 oe 

0) {2 +t (1) (— 9, 0] (ul) (— 9°, 1) 
(iv) fog(x) = x; Range 1s (— ©¢ 9) 

ae[l, 4] 

(a) bijective(b) Injective but not surjective 

f(x) =x 


x=|-Z-o, 2-0). ¥=[e-1, c+y], where a= tani S422) Ja? +b? + V2 ab 
a 


2 2 
Domain = (—°e, 2), Co-domain = (— ce 0) 
2n — | 
21 
x= 1/2 


20. 


24. 


26. 


— 


- 
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3x + 2, x <0 2x*+4x, x<0 
(i) y = 44x, 0<x<l (ii) y = 44x?, 0<x<l 
2x7 +2x-1, x21 4x°-2x, x2] 
2x +4, x <—] 
2x7 +8x+7, -1<x<0 
(ili) y= 44, 0<x<l 
2 
ae — 
2 
+ 2 x €(-l, 0) X, ale oa 
(i) (a) = (b) dVx, 15x <16 
|" xe(0,1) log, x, 16<x<oo 
1-x 
ae 
oo 
m, 7, 10/2 
(ee, — 2)— {-V5} 
(n+ l)a 
Ix|<v2+v3 
(a) Into (b) Into 
f(x) = 0, 1,-1, ax, a> 0.33. odd 
into 
m/2 


TARGET EXERCISES FOR JEE ADVANCED 


Df = SS -]u 2 SS) ang isI—N. 


1 1/3 
(1) (— 2, -2] U -(5) ) (ii) (—2, 2) - {-1, 0, 1} 


10. 


11. 


IZ. 
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Functions 
(iii) xef-eyUl-“ -4] U [ann don + = | 
6 6 6 6 

and x# Inn +, nel, n#0,-1 

7 
(a) {0} (11) B * (i) [0, e2) 
ai) Df : [4, 6], Rf: - 1 
(ii) Dy :(-0, 1-V2 JU{I}U[14+V2, 0%), Ry o}U(E, n| 
Gi) Dp :x ER, R,:[0, 2] (iv) Dr: U (2nn, (2n+1)m), Ry :(-e9, 0] 


neN 
(0, 10°) U (107, 1077) 


TU TU 
._ < 
tanx+1 ; 7<XSZ 
fog(X)= Jtanx-1 : 7 <xStan1(3) and 


(tanx —3)° ; tan !(3)< X <5 


tan(x +1) : aes 4 
2 4 
1 
tan(x +1)-2 . ee 
gof(x) = 
1 
tan((x —1)° : lexsit/= 
(x 17’) j 
T T 
tan((x—1)*)-2 ; 1+ JE excite 
(x1) 4 
2-cot*x; -n/2<x<0 
fog(x) = ; 
sec” X; O<x<7/2 
l 
fq) = —282* Domain : Rt — {0}, Range :R- {1} 
log, x—1 
aes. bee 
e 


f '(x) = [x] + {x}’, solution is the set of integers 
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15. n=3 
16. 0,1,2} 


17. (@) many-one (11) one-one18. Into 


19. a=2 21. 1 23. (a) odd (11) even 
1 
25 PS-5 26. 16 28. +3,+15 
29. Dogg = 2010! 30. 3988 
32. f(x)=1/x. 33. f(x) =0 for x> 2, and 2/2 —x) forO <x <2. 
34. f(x) =— x/(xt+1). 35. f(x) = 1-2/2. 


Mi Previous Years’ Questions (JEE ADVANCED) 


fg 


2. [-2,-l] U[], 2] 


nn, n! 
4. (2,1), [-1, 1] 


5. xt+land-x+1 


6. “325° “12 V5 T 8. T 9. F 
2 2 
10. D 11. ¢ 12. A 13. B 
14. B 15. B 16. D 17. Cc 
18. D 19. B 20. D 21. C 
22. B 23. A 24. D 25. A 
26. D 27. D 28. A 29. B 
30. A 31, Cc 32. B 33. A 
34. D 35. A 36. A 37. B 
38. AD 39. B 40. A 41. AB 


42. 
44. a 
45. 


47. 
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